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The Jacobi polynomials P,(,a’ﬂ)(t) satisfy the Jacobi equation :

(1—t2)y" (t)+(B—a—(a+B+2)t)y (t)+n(n+a+B+1)y(t) = 0.
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The Jacobi polynomials P,(,a’ﬂ)(t) satisfy the Jacobi equation :
(1-t2)y"(t)+(B—a—(a+B+2)t)y (t)+n(n+a+B+1)y(t) = 0.
Let ¢, g[y](t) be the Jacobi differential operator :

1

Lo ply](t) = EIETE (—(1 — 1)1 4 t)5+1y/(t)>/

So, P,(,O"B)(t) is a solution of

Coplyl(t) = n(n+a+ B+ 1)y(t)
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Everitt and al. gave the expansion of the n-th composite power of
43, involving a sequence of positive integers P(@B)S(n, k)

(1= 97+ 0760 b0 = (-1 (PO s(n, (1 — 141+ 077 W (1)) ¥
k=0
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Everitt and al. gave the expansion of the n-th composite power of
43, involving a sequence of positive integers P(@B)S(n, k)

(1= 97+ 0760 b0 = (-1 (PO s(n, (1 — 141+ 077 W (1)) ¥
k=0

Actually, P(*#)S(n, k) depends only on z = o+ 3+ 1. We denote
it by JS¥(z), the Jacobi-Stirling number of the second kind.
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The JS/X(z) numbers are the relation coefficients in the following

formula : 1
X" =>"JSK2) [[(X = i(z+1))
k=0 i=0
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The JS/X(z) numbers are the relation coefficients in the following

formula :
k—1

ZJS ) JT(X =iz + 1)

i=0

Equivalently, these numbers can be defined by the recurrence
relation :

USk(z) = ISETH(2) + k(k + 2)ISE_y(2),  nk > 1

SYz)=1, ISK(z)=0 ifk¢g{1l,....n}
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The Stirling numbers (of the second kind) S¥ are defined by
the relation :
st = st} + 45
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The Stirling numbers (of the second kind) S¥ are defined by
the relation :
st = st} + 45

They count the number of :
@ partitions of [n] := {1,2,...,n} in k non-empty blocks.
@ supdiagonal quasi-permutations of [n] ;== {1,2,..., n} with k
empty lines.
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For example,
7 ={{1,3,6},{2,5}, {4}

is a partition of [6] in 3 blocks.
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For example,
7 ={{1,3,6},{2,5}, {4}

is a partition of [6] in 3 blocks.

It corresponds to the following quasi-permutation :
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The central factorial numbers (of the second kind) UX are
defined by the relation :

Us = U + Uk
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The central factorial numbers (of the second kind) UX are
defined by the relation :

Ur = Ul + KUK,

They count the number of :
@ ordered pairs (71, m2) of partitions of [n] in k blocks, with
min(71) = min(my).
e ordered pairs (Q1, Q) of supdiagonal quasi-permutations of
[n], with @1 and @, which have k same empty lines.
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For example, if we note

m = {{1,3,6},{2,5}. {4}}, m ={{1},{2,3,5}.{4,6}},

71 and mp are partitions of [6] in 3 blocks, with min(71) = min(m2)
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For example, if we note
m = {{1,3,6},{2,5},{4}}, m = {{1},{2,3,5},{4,6}},

71 and mp are partitions of [6] in 3 blocks, with min(71) = min(m2)

The ordered pair (71, m2) corresponds to the folloging ordered pair
of supdiagonal quasi-permutations :
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= Let's come back to the Jacobi-Stirling numbers :

JSK(2) = JSKHz) + k(k + 2)ISK_1(2),  nmk>1
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= Let's come back to the Jacobi-Stirling numbers :
JSK(2) = JSKHz) + k(k + 2)ISK_1(2),  nmk>1
JSK(z2) is a polynomial in z of degree n — k :

JSﬁ(Z) = af,?/)( + agl)(z 4+ 4 af:;k)z”_k
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= Let's come back to the Jacobi-Stirling numbers :
JSK(2) = JSKHz) + k(k + 2)ISK_1(2),  nmk>1

JSK(z2) is a polynomial in z of degree n — k :

JSﬁ(Z) = af,?/)( + agl)(z 4+ 4 af:;k)z”_k
Moreover,
A k) = sk
a) = Uy
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Definition
A k-signed partition of [£n]o = {0,+1,+2,...,£n} is a partition
of [+n]o in k + 1 non-empty blocks By, Bi, . .., Bk, such that

e 0€ ByetVie[n],{i,—i}Z By

o Vj e [k],Vie[n],{i,—i} C Bj & i=minB;N[n]

For example,

7= {{0,2, -5}, {+1, -2}, {£3}, {+4,5}}

is a 3-signed partition of [£5]o.
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( ) is equal to the number of k-signed partitions of [£n]o with i
negat/ve values in the block that contains O.
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Theorem

51),( is equal to the number of k-signed partitions of [+n]o with i

negative values in the block that contains 0.

Proof : Since JSX(z) verify the relation :
JSK(z) = JSE71(2) + k(k + 2) ISk _4(2),
it suffices to check that the wanted numbers verify the recurrence :

anl,)k afv)lk 1+k‘9( 1)k+k2 ()lk

)
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Theorem

( ) is equal to the number of k-signed partitions of [+n]o with i
negat/ve values in the block that contains O.

Proof : Since JSX(z) verify the relation :
JSK(z) = JSE71(2) + k(k + 2) ISk _4(2),
it suffices to check that the wanted numbers verify the recurrence :

i) (1) (i-1) 2 ()
A= a1 g1 tkay kA
——

—_—— N —
By={+£n} —neBy other cases
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a )k = f{k — signed partitions of [+n]o with i values < 0 in By}
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a )k = f{k — signed partitions of [+n]o with i values < 0 in By}
= For i = n — k, we recover the interpretation of SX.
7= {{0,-3,-5,—6},{+£1,3,6},{£2,5}, {+4}}
I
= {{17 37 6}7 {27 5}7 {4}}
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a )k = f{k — signed partitions of [+n]o with i values < 0 in By}

= For i = n — k, we recover the interpretation of SX.

7= {{0,-3,-5,—6},{*1,3,6}, {+2,5}, {+4}}
)
7 = {{1,3,6},{2,5},{4}}
= For i = 0, we recover the interpretation of U,’f.
= {{0,3,6},{£1,-3,},{£2,-5},{+4,5,—6}}
)
m = {{1,3},{2},{4,5,6}}, m = {{1,3},{2,5},{4,6}}
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Definition
A simply hooked k-quasi-permutation of [n] (k-SHQP of [n]) is
a part Q of a tableau [n] x [n] such that :

o @ is contained in the graph of a permutation o without fix
points,

@ each diagonal hook contains at most one elemnt,

o there are k empty diagonal hooks.

For example, is a 2-SHQP of [8].

mi "
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A simply hooked k-quasi-permutation of [n] (k-SHQP of [n]) is
a part Q of a tableau [n] x [n] such that :

o @ is contained in the graph of a permutation o without fix
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A simply hooked k-quasi-permutation of [n] (k-SHQP of [n]) is
a part Q of a tableau [n] x [n] such that :

o @ is contained in the graph of a permutation o without fix
points,

@ each diagonal hook contains at most one elemnt,

@ there are k empty diagonal hooks.

For example, is a 2-SHQP of [8].
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Definition
A simply hooked k-quasi-permutation of [n] (k-SHQP of [n]) is
a part Q of a tableau [n] x [n] such that :

o @ is contained in the graph of a permutation o without fix
points,

@ each diagonal hook contains at most one elemnt,

@ there are k empty diagonal hooks.

For example, is a 2-SHQP of [8].

“ERRn
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A simply hooked k-quasi-permutation of [n] (k-SHQP of [n]) is
a part Q of a tableau [n] x [n] such that :

o @ is contained in the graph of a permutation o without fix
points,

@ each diagonal hook contains at most one elemnt,

@ there are k empty diagonal hooks.

For example, is a 2-SHQP of [8].
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A simply hooked k-quasi-permutation of [n] (k-SHQP of [n]) is
a part Q of a tableau [n] x [n] such that :

o @ is contained in the graph of a permutation o without fix
points,

@ each diagonal hook contains at most one elemnt,

@ there are k empty diagonal hooks.

For example, is a 2-SHQP of [8].
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A simply hooked k-quasi-permutation of [n] (k-SHQP of [n]) is
a part Q of a tableau [n] x [n] such that :

o @ is contained in the graph of a permutation o without fix
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Definition
A simply hooked k-quasi-permutation of [n] (k-SHQP of [n]) is
a part Q of a tableau [n] x [n] such that :

o @ is contained in the graph of a permutation o without fix
points,

@ each diagonal hook contains at most one elemnt,

@ there are k empty diagonal hooks.

For example, is a 2-SHQP of [8].
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Theorem

agi)k counts also the number of ordered pairs (Q1, @) of k-SHQP
of [n] such that

e Q1 and Q. have k empty lines (the same),

e @1 and Q. have identical subdiagonal parts,
@ Q1 and Q> have i filled boxes in their subdiagonal parts.

m

i M e
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= Pour i = n — k, we recover the interpretation of SX.
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= Pour i = n — k, we recover the interpretation of SX.

= For i = 0, we recover the interpretation of UX.
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The Jacobi-Stirling numbers (of the first kind) js&(z) are
defined by inversing the relation on the JSX(z) numbers :

k—1
ZJS ) [[X = i(z+ 1)
i=0
n—1 n
[IX =iz +1) =D (-1 Fjsk(z)X*
i=0 k=0
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The Jacobi-Stirling numbers (of the first kind) js&(z) are
defined by inversing the relation on the JSX(z) numbers :

k—1
ZJS ) [[X = i(z+ 1)
i=0
n—1 n
[IX =i(z+1)=> (1) ¥ish(2)X*
i=0 k=0

It follows that they verify the following relation :

isn(2) = sy 1(2) + (n = 1)(n — 1+ 2)ss_4(2)
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The Stirling numbers (of the first kind) s* are defined by the
relation :

The central factorial numbers (of the first kind) u¥ are defined
by the relation :
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The Stirling numbers (of the first kind) s* are defined by the
relation :

The central factorial numbers (of the first kind) u¥ are defined
by the relation :

sk is the number of permutations of [n] with k cycles.

uX had still no interpretation until present.
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jsk(z) is a polynomial in z of degree n — k :

isk(z) = b7) + b

nf,)(z + -+ bf:;k)z"*k
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jsk(z) is a polynomial in z of degree n — k :

jsk(2) = b)) + b}

nf,)(z + -+ bf:;k)z"*k

Moreover, (k)
n—k k
bn7 K = Sp
0 _
bmk =u;,
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Definition
Let w = w(1)w(2)...w({) be a word on the alphabet [n]. A letter
w(j) is a record of w if

w(j) < w(k), Vk=1...j—1
We denote by rec(w) the number of records of w and

reco(w) = rec(w) — 1.

For example, for
w=5748623109,

the records are
5,4,2,1.

Thus, rec(w) = 4 and reco(w) = 3.
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b,(,i) is the number of ordered pairs (o, T) with :

o is a permutation of [n] U {0} with k cycles,

k

(*]

@ 7 is a permutation of [n] with k cycles,
@ o and T have the same cyclic minimas,
]

1 € Orb,(0) and recy(w) = i
where w = o(0) ... c*(0) with o**1(0) = 0.

Yoann Gelineau Jacobi-Stirling numbers



b,(,')k is the number of ordered pairs (o, T) with :
@ o is a permutation of [n]| U {0} with k cycles,
@ 7 is a permutation of [n] with k cycles,
@ o and T have the same cyclic minimas,

e 1€ Orb,(0) and reco(w) = i
where w = o(0) ... c*(0) with o**1(0) = 0.

Idea : interpret the formula

b —b()lk L+ (n—1)p\" ,>k+(nf1)2bg'317k

n
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= For i = n — k, we recover the interpretation of s,’,‘.
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= For i = n — k, we recover the interpretation of s,’,‘.

= For i = 0, we recover the interpretation of uX.

uk is the number of ordered pairs of permutations (o1, 02) of [n]

with k cycles, with same cyclic minimas.
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Thanks for your attention.
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