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FROM DRINDFEL’D EQUATION TO POLYZETAS



Dindfel’d equation and polylogarithms
(DE ) dG = (x0ω0 + x1ω1)G , with ω0(z) =

dz

z
, ω1(z) =

dz

1− z
.

The iterated integral over ω0 and ω1 along the path z0  z and
associated to the word xi1 . . . xir ∈ {x0, x1}∗ is denoted by

αz
z0

(xi1 . . . xir ) =

∫ z

z0

ωi1(t1)

∫ t1

z0

ωi2(t2) . . .

∫ tr−2

z0

ωir (tr−1)

∫ tr−1

z0

ωir (tr ).

Let s = (s1, . . . , sr ). Then,

αz
0(x s1−1

0 x1 . . . x
sr−1
0 x1) = Lis(z) =

∑
n1>...>nr>0

zn1

ns1
1 . . . nsr

r
,

Ps(z) =
Lis(z)

1− z
=
∑
N≥0

Hs(N) zN , where Hs(N) =
N∑

n1>...>nr =1

1

ns1
1 . . . nsr

r
.

If s1 > 1, by a theorem of Abel, then

lim
z→1

Lis(z) = lim
N→∞

Hs(N) = ζ(s) =
∑

n1>...>nr>0

1

ns1
1 . . . nsr

r

else ?



Encoding the multi-indices by words
Y = {yk |k ∈ N+} (y1 < y2 < . . .) and X = {x0, x1} (x0 < x1).
Y ∗ (resp. X ∗) : monoid generated by Y (resp. X ).

s = (s1, . . . , sr )↔ w = ys1 . . . ysr ↔ w = x s1−1
0 x1 . . . x

sr−1
0 x1.

u and v are convergent if s1 > 1. A word divergent is of the form

({1}k , sk+1, . . . , sr )↔ yk
1 ysk+1

. . . ysr ↔ xk
1 x sk+1−1

0 x1 . . . x
sr−1
0 x1, for k ≥ 1.

Li : w 7→ Liw (z) =
∑

n1>...>nr>0

zn1

ns1
1 . . . n

sr
r
,

ζ : w 7→ ζ(w) =
∑

n1>...>nr>0

1

ns1
1 . . . n

sr
r
,

H : w 7→ Hw (N) =
∑

N≥n1>...>nr>0

1

ns1
1 . . . n

sr
r
,

P : w 7→ Pw (z) =
∑
N≥0

Hw (N)zN =
Liw (z)

1− z
.

Let ΠX : C〈〈Y 〉〉 −→ C〈〈X 〉〉 and ΠY : C〈〈X 〉〉 −→ C〈〈Y 〉〉 denote the

“change” of alphabets over C〈〈X 〉〉 and C〈〈Y 〉〉 respectively.



Structures of polylogarithms

Let C = C[z , z−1, (1− z)−1]

Theorem (HNM, van der Hoeven & Petitot, 1998)

Putting Lix0(z) = log z, Li : w 7→ Liw becomes an isomorphism
from (C〈X 〉,x) to (C{Liw}w∈X∗ , .).

I Liw ,w ∈ X ∗, are C-linearly independent.

I Lil , l ∈ LynX , are algebraically independent.

I ζ(l), l ∈ LynX \ {x0, x1}, are generators of the Q-algebra
generated by convergent polyzêtas, denoted by Z.

Theorem (HNM, 2003)

(C{Pw}w∈Y ∗ ,�) ∼= (C〈Y 〉, ).

I Pw (then Hw ), w ∈ Y ∗, are C-linearly independent.

I Pl (then Hl), l ∈ LynY , are algebraically independent.

I ζ(l), l ∈ LynY \ {y1}, are generators of the algebra Z.



Towards the structure of polyzêtas
Corollary
∀u, v ∈ X ∗,Liu Liv = Liuxv ⇒ ∀u, v ∈ x0X ∗x1, ζ(u)ζ(v) = ζ(uxv).

Example x0x1xx2
0 x1 = x0x1x2

0 x1 + 3x2
0 x1x0x1 + 6x3

0 x2
1 ,

Li2 Li3 = Li2,3 +3 Li3,2 +6 Li4,1,
ζ(2)ζ(3) = ζ(2, 3) + 3ζ(3, 2) + 6ζ(4, 1).

Corollary
∀u, v ∈ Y ∗,HuHv = Hu v ⇒ ∀u, v ∈ Y ∗ \ y1Y ∗, ζ(u)ζ(v) = ζ(u v).

Example y2 y3 = y2y3 + y3y2 + y5,

Py2 � Py3 = Py2y3 + Py3y2 + Py5 ,

H2H3 = H2,3 + H3,2 + H5,

ζ(2)ζ(3) = ζ(2, 3) + ζ(3, 2) + ζ(5).

ζ(2)ζ(3) = ζ(2, 3) + 3ζ(3, 2) + 6ζ(4, 1)
ζ(2)ζ(3) = ζ(2, 3) + ζ(3, 2) + ζ(5)

}
⇒ ζ(5) = 2ζ(3, 2)+6ζ(4, 1).



Polynomial relations among {ζ(l)}l∈LynX\{x0,x1}
ζ(2, 1) = ζ(3)

ζ(4) =
2

5
ζ(2)2

ζ(3, 1) =
1

10
ζ(2)2

ζ(2, 1, 1) =
2

5
ζ(2)2

ζ(4, 1) = 2ζ(5)− ζ(2)ζ(3)

ζ(3, 2) = −
11

2
ζ(5) + 3ζ(2)ζ(3)

ζ(3, 1, 1) = 2ζ(5)− ζ(2)ζ(3)

ζ(2, 2, 1) = −
11

2
ζ(5) + 3ζ(2)ζ(3)

ζ(2, 1, 1, 1) = ζ(5)

ζ(6) =
8

35
ζ(2)3

ζ(5, 1) = −
1

2
ζ(3)2 +

6

35
ζ(2)3

ζ(4, 2) = ζ(3)2 −
32

105
ζ(2)3

ζ(4, 1, 1) = −ζ(3)2 +
23

70
ζ(2)3

ζ(3, 2, 1) = 3ζ(3)2 −
29

30
ζ(2)3

ζ(3, 1, 2) = −
3

2
ζ(3)2 +

53

105
ζ(2)3

ζ(3, 1, 1, 1) = −
1

2
ζ(3)2 +

6

35
ζ(2)3

ζ(2, 2, 1, 1) = ζ(3)2 −
32

105
ζ(2)3

ζ(2, 1, 1, 1, 1) =
8

35
ζ(2)3



GROUP OF DRINDFEL’D ASSOCIATORS



ΦKZ associator

L(z) :=
∑

w∈X∗

Liw (z) w and P(z) :=
L(z)

1− z
=
∑

w∈X∗

Pw (z) w .

Theorem (HNM, van der Hoeven & Petitot, 1998)

Let LynX be the set of Lyndon words. {Sl}l∈LynX and {Šl}l∈LynX

denote the transcendental basis of (C〈X 〉,x) and its dual basis

respectively. Then L(z) = ex1 log 1
1−z Lreg(z)ex0 log z , where

Lreg(z) =

↘∏
l∈LynX ,l 6=x0,x1

e
LiŠl

(z) Sl .

ΦKZ := Lreg(1).

Proposition

Let ζx : C〈〈X 〉〉 −→ C be the shuffle algebra morphism defined by

I ζx(x0) = ζx(x1) = 0,

I for any r1 > 1, ζx(x r1−1
0 x1 . . . x

rk−1
0 x1) = ζ(r1, . . . , rk),

I for any u, v ∈ X ∗, ζx(uxv) = ζx(u)ζx(v).

Then
∑

w∈X∗

ζx(w) w = ΦKZ .



Noncommutative generating series of harmonic sums
H(N) :=

∑
w∈Y ∗

Hw (N) w .

Let LynY be the set of Lyndon words over Y and let {Σl}l∈LynY

and {Σ̌l}l∈LynY be respectively the transcendental basis of
(C〈Y 〉, ) and its dual basis, defined by putting

Σ̌ε = ε

Σ̌l = xΣ̌u, for l = xu ∈ LynY ,

Σ̌w =
Σ̌ i1

l1
. . . Σ̌ ik

lk

i1! . . . ik !
for w = l i11 . . . l

ik
k , l1 < . . . < lk .

Theorem

H(N) =

↗∏
l∈LynY

e
HΣ̌l

(N) Σl .

Theorem (à la Abel, HNM, 2005)

L and H are group-like and

lim
z→1

ey1 log 1
1−z ΠY L(z)= lim

N→∞

[∑
k≥0

Hyk
1

(N)(−y1)k

]
H(N)=ΠY ΦKZ .



Asymptotic expansion of harmonic sums
Proposition

H(N)
Ñ→∞ exp

[
−
∑
k≥1

Hyk
(N)

(−y1)k

k

]
ΠY ΦKZ .

Theorem (Costermans, Enjalbert & HNM, 2005)
There exists algorithmically computable coefficients bi ∈ Z ′, the
Q-algebra generated by convergent polyzêtas and by γ, κi ∈ N and

ηi ∈ Z s.t. ∀w ∈ Y ∗,Hw (N)
Ñ→∞

+∞∑
i=0

biN
ηi logκi (N).

Definition
For any k ≥ 0 and for any w ∈ Y ∗ \ {y1}, let ζ (yk

1 w) be the constant

associated to Hyk
1 w . Let ΨKZ :=

∑
w∈Y ∗

ζ (w) w .

Theorem (HNM, 2005)
ΨKZ is group-like and ΨKZ = B(y1)ΠY ΦKZ , where

B(y1) := exp

[
γy1 −

∑
k≥2

ζ(k)
(−y1)k

k

]
.



Generalized Euler constants
Let bn,k(t1, . . . , tk) be the Bell polynomials. By specializing at t1 = γ
and for l ≥ 2, tl = (−1)l−1(l − 1)!ζ(l) and by using the identity, for any

u ∈ X ∗, xk
1 x0u =

k∑
l=0

x l
1x(x0[(−x1)k−lxu]), we get

Corollary

ζ (yk
1 w) =

k∑
i=0

ζ(x0[(−x1)k−ixΠX w ])

i !

[ i∑
j=1

bi,j(γ,−ζ(2), 2ζ(3), . . .)

]
.

In particular,

ζ (yk
1 ) =

∑
s1,...,sk >0

s1+...+ksk =k

(−1)k

s1! . . . sk !
(−γ)s1

(
−ζ(2)

2

)s2

. . .

(
−ζ(k)

k

)sk

.

Corollary
ζ realizes also a morphism from (C〈Y 〉, ) to (C, .) s.t.

I ζ (y1) = γ,

I for any w ∈ Y ∗ \ y1Y ∗, ζ (w) = ζ(w),

I for any u, v ∈ Y ∗, ζ (u v) = ζ (u)ζ (v).



Noncommutative generating series of regularized polyzêtas

Theorem

ΨKZ =

↗∏
l∈LynY

eζ (Σ̌l ) Σl = eγy1Ψ′KZ ,

where Ψ′KZ is the noncommutative generating series of regularized
polyzêtas {ζ ′ (w)}w∈Y ∗ :

Ψ′KZ :=
∑

w∈Y ∗

ζ ′ (w) w =

↗∏
l∈LynY ,l 6=y1

eζ(Σ̌l ) Σl ,

verifying

I ζ ′ (y1) = 0,

I for any w ∈ Y ∗ \ y1Y ∗, ζ ′ (w) = ζ(w),

I for any u, v ∈ Y ∗, ζ ′ (u v) = ζ ′ (u)ζ ′ (v).



The meaning of the double regularization to 0

The constant ζ (y1) = γ is obtained as the finite part of the
asymptotic expansion of H1(n) in the scale {na logb(n)}a∈Z,b∈N.

In the same way, since for any n ∈ N, n and H1(n) are algebraically
independent then {naHb

1(n)}a∈Z,b∈N constitutes a new scale for
asymptotic expansions.

Let C1 = Q⊕ x0Q〈X 〉x1 and C2 = Q⊕ (Y \ {y1})Q〈Y 〉. By the
Radford theorem and its generalization over Y (due to Malvenuto
& Reutenauer), one has respectively

(Q〈X 〉,x) ∼= Q[LynX ] = C1[x0, x1],

(Q〈Y 〉, ) ∼= Q[LynY ] = C2[y1].

Thus, ζx(x1) = 0 and ζ ′ (y1) = 0 can be interpreted as the finite
part of the asymptotic expansions of Li1 and H1 in the scales
{(1− z)a log(1− z)b}a∈Z,b∈N and {naHb

1(n)}a∈Z,b∈N respectively.



Differential Galois group of polylogarithms

LIC is the smallest algebra containing C closed by derivation, by
integration w.r.t. ω0 and ω1. It is the C-modulus generated by
{Liw}w∈X∗ .

Let σ ∈ Gal(LIC). Then
∑

w∈X∗

σ Liw w =

↘∏
l∈Lyn

e
σ LiŠl

Sl .

Since dσ Lixi = σd Lixi = ωi then σ Lixi = Lixi +cxi .

More generally, σ LiŠl
=

∫
ωxi

σ Lii1
Šl1

i1!
· · ·

σ Liik
Šlk

ik !
+ cŠl

.

Consequently,
∑

w∈X∗

σ Liw w = L
↘∏

l∈Lyn

e
cŠl

Sl = LeCσ .

The action of σ ∈ Gal(LIC) over {Liw}w∈X∗ is equivalent to the
action of eCσ ∈ Gal(DE ) over the exponential solution L. So,

Theorem (HNM, 2003)

Gal(LIC) ∼= Gal(DE ) = {eC | C ∈ LieC〈〈X 〉〉}.



Action of Gal(DE ) on the asymptotic expansions

Theorem (Group of associators theorem)
For any commutative Q-algebra A, let Φ ∈ A〈〈X 〉〉 and Ψ ∈ A〈〈Y 〉〉 be
group-like elements such that Ψ = B(y1)ΠY Φ. There exists an unique
C ∈ LieA〈〈X 〉〉 such that Φ = ΦKZ eC and Ψ = ΨKZ ΠY eC .

If C ∈ LieA〈〈X 〉〉 then L′ = LeC is group-like and eC ∈ Gal(DE ). Let
H′(N) be the n.c.g.s. of the Taylor coefficients, belonging the harmonic
algebra, of {(1− z)−1L′w (z)}w∈Y ∗ . Then H′(N) is group-like.

L′(1− ε)

ε ε̃→0+
e−(1+x1) log εΦKZ eC ⇒ H′(N)

Ñ→∞H(N)ΠY eC .

Let κw be the constant part of H′w (N). Then,∑
w∈Y ∗

κw w = ΨKZ ΠY eC , or eqivalenty ΠX

∑
w∈Y ∗

κw w = B−1(x1)ΦKZ eC .

We put then Ψ := ΨKZ ΠY eC and Φ := ΦKZ eC (and Ψ′ := Ψ′KZ ΠY eC ).



Examples (action of the monodromy group)

For t ∈]0, 1[, the monodromies around 0, 1 of L are given
respectively by (p = 2iπ)

M0L(t) = L(t)epm0 and M1L(t) = L(t)Φ−1
KZ e−px1ΦKZ

= L(t)epm1 ,

where m0 = x0 and m1 =

↘∏
l∈Lyn,l 6=x0,x1

e−ζ(Šl ) adSl (−x1).

I If C = pm0 then Φ = ΦKZ epx0 and

Ψ = exp

[
γy1 −

∑
k≥2

ζ(k)
(−y1)k

k

]
ΠY ΦKZ = ΨKZ .

I If C = pm1 then Φ = e−px1ΦKZ and

Ψ = exp

[
(γ − p︸ ︷︷ ︸

=T

)y1 −
∑
k≥2

ζ(k)
(−y1)k

k

]
ΠY ΦKZ = e−py1ΨKZ .



CONCLUSION



Polynomial relations among generators of polyzêtas

Let B ′(y1) := e−γy1B(y1). Then,

ΨKZ = B(y1)ΠY ΦKZ ⇐⇒ Ψ′KZ = B ′(y1)ΠY ΦKZ .

Theorem

↘∏
l∈LynX ,
l 6=x0,x1

eζ(Šl ) Sl = e

∑
k≥2

ζ(k)
(−x1)k

k
ΠX

↗∏
l∈LynY ,

l 6=y1

eζ(Σ̌l ) Σl

⇐⇒
↗∏

l∈LynY ,
l 6=y1

eζ(Σ̌l ) Σl = e

−
∑
k≥2

ζ(k)
(−y1)k

k
ΠY

↘∏
l∈LynX ,
l 6=x0,x1

eζ(Šl ) Sl .

{ζx(Šl)}l∈LynX and {ζ (Σ̌l)}l∈LynY are respectively generators
of the algebras Z and Z ′.
By identifying the local coordinates, in the Lyndon-PBW basis, we
get polynomial relations among these generators.



A challenge in computer algebra

How to extract the polynomial relations among {ζ(l)}l∈LynY \{y1},
or equivalently {ζ(l)}l∈LynX\{x0,x1}?

{ζx(l)}l∈LynX and {ζ (l)}l∈LynY are also generators respectively

of the algebras Z and Z ′. Let {̂l}l∈LynX and {̂l}l∈LynY be the dual
basis of the Lyndon basis over X and Y respectively. One also gets

Theorem

↘∏
l∈LynX ,
l 6=x0,x1

eζ(l) l̂ = e

∑
k≥2

ζ(k)
(−x1)k

k
ΠX

↗∏
l∈LynY ,

l 6=y1

eζ(l) l̂ .

Since ∀l ∈ LynY ⇐⇒ ΠX l ∈ LynX \ {x0} then

Corollary

For any l ∈ LynY \ {y1}, let Pl be the decomposition of ΠX l̂ in
the Lyndon-PBW basis, over X , and let P̌l be its dual. Then
ΠX l − P̌l ∈ ker ζ. Moreover, if ΠX l ≡ P̌l then ζ(l) is irreductible.



Towards the transcendence of γ over Z

By considering the commutative indeterminates t1, t2, . . ., then let
A = Q[t1, t2, . . .].

Lemma
For any Φ ∈ {ΦKZ eC |C ∈ LieA〈〈X 〉〉}, one get

Ψ = B(y1)ΠY Φ ⇐⇒ Ψ′ = B ′(y1)ΠY Φ.

Theorem
For all Φ ∈ {ΦKZ eC |C ∈ LieQ〈〈X 〉〉}, the identies Ψ = B(y1)ΠY Φ
yield all polynomial relations among convergent polyzêtas.
Moreover, these relations are algebraically independent on γ.
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