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The Kronecker coefficients

The Kronecker coefficients g, ,: cf

e are the multiplicities in the Clebsch—Gordan decompositions for the
symmetric group:

Su(gn) ® Su(Gn) = @gﬁ,uSA(Gn)
A

e describe the decompositions in G L, x G Ly, irreps of the irreducible
representations of G L.

WA(GLmn) = @ 971, Wu(GLm) ® Wi (GLn)
Qv



Problems raised by the the Kronecker coefficients

1. Combinatorial interpretation: Find a combinatorial interpretation for
the Kronecker coeffs, akin to the Littlewood—Richardson rule for the
LR coeffs (= multiplicities in the Clebsch—Gordan decompositions for
GLy).
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1. Combinatorial interpretation: Find a combinatorial interpretation for
the Kronecker coeffs, akin to the Littlewood—Richardson rule for the
LR coeffs (= multiplicities in the Clebsch—Gordan decompositions for
GLy).

“One of the main open problems in the combinatorial representation
theory of G,, is to obtain a combinatorial interpretation of gﬁy In general.”
(R. Stanley, 1998)

“An outstanding problem in the theory of symmetric functions is that of
finding an explicit formula or combinatorial interpretation for the Kronecker
coefficients.” (I. Gessel, 2008)



Problems raised by the the Kronecker coefficients

1. Combinatorial interpretation: Find a combinatorial interpretation for
the Kronecker coeffs, akin to the Littlewood—Richardson rule for the
LR coeffs (= multiplicities in the Clebsch—Gordan decompositions for
G Ly, or Up).

2. Computation: Given ), 1, v, compute (quickly) g7, ..

3. Decision: Given \, u, v, decide (quickly) whether or not gﬁ,,, IS zero.



Summary of the talk

| study a related family of coefficients, the

REDUCED KRONECKER COEFFICIENTS

that seems to be simpler than the Kronecker coefficients. Still, it carries
enough information about the Kronecker coefficients to allow us to
reconstruct them.



The reduced Kronecker coefficients where discovered by Murhaghan and
Littlewood in the 1930’s. | will introduce them by an example.



Examples of Kronecker products

$22% 822 =84+ S22+ 811,11



Examples of Kronecker products

$22% 822 =84+ S22+ 811,11

832 %832 = S5+ 841+ 832+ 8311+ 5221+ 521,11



Examples of Kronecker products

$22% 822 =84+ S22+ 811,11

832 %832 = S5+ 841+ 832+ 8311+ 5221+ 521,11

842 % 842 — S+ 851 + 2542 + Sa,1,1 + 28321+ 531,1,1 + 52,22



Examples of Kronecker products

$22% 822 =84+ S22+ 811,11

832 %832 = S5+ 841+ 832+ 8311+ 5221+ 521,11

) ) )

842 % 842 — S+ 851 + 2542 + Sa,1,1 + 28321+ 531,1,1 + 52,22

) ) )

S52 % 852 = 57 + 861 + 2552 + S51,1 + S43 + 25421 + 541,1,1 + 33,1 + 53,22



Examples of Kronecker products

$22% 822 =84+ S22+ 811,11

832 %832 = S5+ 841+ 832+ 8311+ 5221+ 521,11

) ) )

842 % 842 — S+ 851 + 2542 + Sa,1,1 + 28321+ 531,1,1 + 52,22

) ) )

S52 % 852 = 57 + 861 + 2552 + S51,1 + S43 + 25421 + 541,1,1 + 33,1 + 53,22

56,2 % S62 = S8 + 87,1 + 2562 + S6,1,1 + 553 + 28521 + S51,1,1 + S4.4 + 5431 + 8422



Examples of Kronecker products

$22% 822 =84+ S22+ 811,11

832 %832 =85+ 841+ 832+ 5311 +58221+521.1.1

S42* S42 =S¢+ 851+ 2842 + 5411+ 28321+ 531,1,1 + 8222

S$52 % S52 = 57 + S6,1 + 2552 + 5511 + 543 + 25421+ S4,1,1,1 + 8331+ 5322

S$62*S62 = S8+ 571+ 2862+ 5611+ 553+ 28521+ 851,1,1 + S44 + 5431+ 8422

§72%* 872 =89 + 881+ 2572+ 5711+ 563+ 286,21 + S6,1,1,1 + S54 + S531 + S522



Examples of Kronecker products

$22% 822 =84+ S22+ 811,11

832 %832 =85+ 841+ 832+ 5311 +58221+521.1.1

S42* S42 =S¢+ 851+ 2842 + 5411+ 28321+ 531,1,1 + 8222

S$52 % S52 = 57 + S6,1 + 2552 + 5511 + 543 + 25421+ S4,1,1,1 + 8331+ 5322

S$62*S62 = S8+ 571+ 2862+ 5611+ 553+ 28521+ 851,1,1 + S44 + 5431+ 8422

§72%* 872 =89 + 881+ 2572+ 5711+ 563+ 286,21 + S6,1,1,1 + S54 + S531 + S522

Se2 * Se2 = Se 1 Se,1 T 25¢2 1 Se,1,1 + Se,3 + 25¢21 + Se,1,1,1 + Se,4 + Se,3,1 + Se,2,2



Examples of Kronecker products

$22% 822 =84+ S22+ 811,11

832 %832 =85+ 841+ 832+ 5311 +58221+521.1.1

S42* S42 =S¢+ 851+ 2842 + 5411+ 28321+ 531,1,1 + 8222

S$52 % S52 = 57 + S6,1 + 2552 + 5511 + 543 + 25421+ S4,1,1,1 + 8331+ 5322

S$62*S62 = S8+ 571+ 2862+ 5611+ 553+ 28521+ 851,1,1 + S44 + 5431+ 8422

§72%* 872 =89 + 881+ 2572+ 5711+ 563+ 286,21 + S6,1,1,1 + S54 + S531 + S522

Se2 * Se2 = Se 1 Se,1 T 25¢2 1 Se,1,1 + Se,3 + 25¢21 + Se,1,1,1 + Se,4 + Se,3,1 + Se,2,2



The reduced Kronecker coefficients §ﬁ)v are the stable values of the
sequence of Kronecker coefficients, after we disregard the first part.

So, for instance the reduced Kronecker coefficient :

0 _ (1) _
QE2§,<2> =1 9(2),2) = 1
(2  _ _(2,1)  _
QE2§,<2> =2 9(2),(2) = 2
_(5 o

9(2),(2) = 9

Since,

Se2 * Se2 = Se 1 Se,1 T 2Se2 + Se,1,1 1+ Se,3 + 25621 + Se,1,1,1 1+ Se,a + Se,3,1 1+ Se,22



MURNAGHAN’S THEOREM, 1938,1955

There exists a family of non-negative integers (§Zé ﬁ) indexed by triples of
partitions («, 3, ) such that, given o and 3, only finitely many terms 525
are nonzero, and for all n > O,

Saln] * 88 = ; G0 35+[n)



MURNAGHAN’S THEOREM, 1938,1955

There exists a family of non-negative integers (§Zé ﬁ) indexed by triples of
partitions («, 3, ) such that, given o and 3, only finitely many terms 525
are nonzero, and for all n > O,

Saln] * 88 = ; G0 35+[n)

Moreover, the coefficient §Z 8 vanishes unless the weights of the three
partitions fulfill Murnaghan’s inequalities:

o S| Bl + vl Bl <lal+ v, vl <[l +18].



MURNAGHAN’S THEOREM HOLDS EVEN FOR SMALL VALUES OF n.
For example, for n = 4,

Se2 * Se2 = Se 1 Se1 T 25¢2 1+ Se.1,1 + Se3 + 25¢2.1 + Se,1,1,1 + Se,4 + Se,3,1 + Se2,2

becomes

522 %822 =S4+ 831+ 2822+ 8211+ 51,3+ 25121+ 51,1,1,1 + S04 + 50,31 + S0,2,2

But in the Jacobi-Trudi expansion s1 » 1 and sg 3 1 have a repeated
column, hence are zero. s1 3 = —s2 2, 50.3,1 = —$2.1,1, and



$0,4 = —S3,1- Hence,

SP2 %820 =841+ 8221+ 81111



MONOTICITY OF THE KRONECKER COEFFICIENTS, Brion 1993

The sequence gl% 5[] With indices
n > max(|a| + a1, |B| + 81, || + 1) is weakly increasing.

(422,1,1) _ (522,171) .
9(3.32,1,1),(33,22) = 11 902321 1).(a302) = 119
(622,1,1) L (722,171)
9(532,1.1),(532.2) = 2°° 9(6,3,2,1,1),(6,3,2,2) — =00
(8,2,2,1,1) _ (9,2,2,1,1) B
g(7 3 2,1,1) (7 3,2,2) = 308 9(8,3,2,1,1),(8,3,2,2) = 308
(10 2,2,1,1) ~ 203

9(032,1,1),(9,32,2) —



A BEAUTIFUL RESULT OF MURNAGHAN AND LITTLEWOOD

Note that, in general, there is not relation between the weight of A, 1 and
v. But, what happens when they satisfy

Al = || + |v|



Surprise !
when |\| = |u| 4 |v|, we recover the Littlewood-Richardson coefficients:

Theorem [Murnaghan 71955, Littlewood 1958] If |A\| = |u| + |v|, then

)\ A
Ip,v = Cu,v



RECOVERING THE KRONECKER COEFFICIENTS FROM REDUCED
KRONECKER COEFFICIENTS.

Theorem [B.O.R]

\ C(u)t(v) - >\Tz
I = _Z (-1)"*ig;

where \1? is the partition obtained from A by incrementing the ¢ — 1 first
terms by 1 and removing the :—th term, that is:

ATt = (1 + AL, 1+ Ao, TN, A1, Ao, - )
and X = A1



BRION’S FORMULA FOR THE REDUCED KRONECKER COEFFICIENTS
?]Zﬁ — <3a[X]SB[Y]a 37[X +Y + XY]o1[XY])

where o1 = ;>0 hn.

Moreover, the sequence ggm 5(n] IS CONstant for

n 2> |a| + |8 + 1.



STABILITY BOUNDS

e In 1993 Brion provided nonsharp BOUNDS for the stabilization of A
KRONECKER COEFFICIENT.

e In 1999 Vallejo provided nonsharp BOUNDS for the stabilization of A
KRONECKER COEFFICIENT.



THE STABILIZATION OF KRONECKER PRODUCTS
Theorem [B.0O.R]

Let « and (3 be two partitions. Then

stab(a, 8) = || + |8] + a1 + 61

$22% 822 =84+ S22+ 81,111
532 %832 = S5+ 841+ 832+ 83,11+ 5221+ 521,11
842 % 842 = S6 + 851+ 2542 + 5411 + 25321 +583,1,1,1 + 5222
852 % 852 = 87 + 861 + 2852 + S51,1 + 543+ 25421 + S41,1,1 + 83,3,1 + 53,22

56,2 % S62 = S8 + 57,1 + 2562 + S6,1,1 + 553 + 25521 + S51,1,1 + S44 + 5431 + Sa22



§72% 872 =89+ 881+ 2572+ 5711+ 563 + 286,21 + S6,1,1,1 + S54 + S531 + S522

Se2 * Se2 = Se 1 Se1 T 25¢2 + Se,1,1 1+ Se,3 T 25¢2,1 + Se,1,1,1 1+ Se,4 T Se,3,1 1+ Se22



Some optimization problems

max{vy; | v st ggﬁ > 0} = |an B + max(ai, 51)

More generally,

Yiti—1 < |E; N E;B| + a; + B

where E}.v is the partition obtained erasing the kth part of ~.

Also,



o] + W\]

%S[ L

Example, fora = (3,1) and 3 = (2, 2) we get

k 1 2 3



THE STABILIZATION OF KRONECKER COEFFICIENTS

Lemma [B.0O.R] Let f be a function on triples of partitions such that:

7] 5> 0= 71 < f(a,5,7)

Set
M (a, B,7) = || + sup{f(a, 8,7 |i > 1}

Then
stab(a, B,7) < Mf(aa B,7)



Moreover, if ggﬁ > 0then My(a, 8,7) > |v| + 71



Murnaghan’s triangle inequality shows that the previous condition holds
for

fle, B,7) = |af +|B| = |7|

Indeed, in this situation we recover Brion’s bound.



Theorem [B.0O.R]

Let
Ni(a,B8,7) =yl +|lanp|+ a1 + 51
Then,
stab(a, B,v) < N1



Theorem [B.O.R]

Let

No(a, B,7v) = ceil <|oz| + |ﬁ| + |’7| +a1+061+71 — 1)

2
where ceil(x) is the smallest integer m fulfilling m > x. Then,

stab(a, B,7) < No



The two bounds N1 and N, are no comparable. Sometimes, N1 < No,
others N> < Nj.

They improve both Vallejo’s and Brion’s bounds.



THE KRONECKER COEFFICIENTS INDEXED BY THREE HOOKS

After deleting the first part of a hook we always obtain a one column
shape.

Let u = (19), v = (1/) and A = (1%) be the reduced partitions.

In 2001 | showed that Murnaghan’s inequalities describe the stable value

of the Kronecker coefficient gim vin] That is,

g, =e<d+ NA<e+ Nf <e+d)

where ((P)) equals 1 if the proposition is true, and O if not.

Moreover, it was shown that the Kronecker coefficient equals 1 only when
Murnaghan’s inequalities hold, as well as the additional inequality N».



