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Presentation of the problem Physical motivation

The physical problem

@ Quantum transport in chaotic cavities: the unitary scattering matrix
relates the wave functions of incoming and outgoing electrons.

@ Many interesting properties are well represented by linear statistics on
a random matrix belonging to a suitable ensemble.
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Presentation of the problem Physical motivation

The physical problem

@ Quantum transport in chaotic cavities: the unitary scattering matrix
relates the wave functions of incoming and outgoing electrons.

@ Many interesting properties are well represented by linear statistics on
a random matrix belonging to a suitable ensemble.

Unitary constraint: the joint probability density for the eigenvalues T;
of the matrix is of the following form:

N
1 _
P(Ti,...,Tn) = ﬁH|T,-— i
i<j i=1

Interest in non-linear statistics on the eigenvalues and in asymptotic
behavior (great number of electrons).
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Presentation of the problem

Selberg integrals

Computation algorithm

We are therefore interested in a fast computation of the following integrals:
<f(X1a cee aXN)>a,b,c

1 _ _
=i f(x1, ..y xn) H(x,-—xj)zcnxi" 11— x)b 7 tdx;
i i<j i
Known result (Kaneko)
1 ! i
ai | PO TT = PG T (@ =)
- /0.1 i<j i=1

T =N+ cl— i+ )] o TN +a+c(N—= )T [b+c(N—i)
-1l FN = A+ el =] Hl

N +a+btc@N—i—1)

i<j

y
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Presentation of the problem Computation algorithm

The algorithm

© Expand f in terms of Jack polynomials;

@ Replace each occurrence of a Jack polynomial Pi/c by (P}\/C>a7b7c
which can be computed with the previous formula.

Advantages:

@ the number of terms do not depend on the number of variables N;

e simplifications occur such that we get rational fractions in N (the
number of factors do not depend on N);

@ possibility to study the asymptotic behavior of this integral for
N — oo.
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Unitary case  Schur functions

Simplest case: Schur functions

Using the identity

G+N—i+1)(a+N—i+})
N +j—i+1)(a+b+2N—-i+j—1)

Rational fraction of N, the number of terms does not depend on NV,
asymptotic behaviour in NI
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Unitary case Power sums

Integral for power sums

Ik = (Pr)ad where pe(X) = xf +...xK

<1>a,b

Using the expansion of py in terms of hook-Schur functions:

k

Pi(X) = (=1) spuins

i=0
one has

/k_1§(_1),. k—1 kﬁl(N+j)(a+N+j—1)
/V_N,0 i Ll a4 b+2N+-2
i= J=—1

Convergence of the integral? Limit if convergence?
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Unitary case Power sums and binomial tranform

Rewriting the integral for power sums

lNk = /vlkg:w; (rational fraction of N)
with
k—1
Du(N)= [ [a(N)+ b(N) + 2N+ —2] (degy [Dk(N)] =2k — 1)
Jj=—k+1
and

M(N) = f(—l)"(k oy

i=0

Inverse binomial transform of (FR(x,));|,_p-
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Inverse binomial transform Definition and properties

Binomial and inverse binomial transforms

Let P(x) = (Pi(x));en be a sequence of polynomials. Then its binomial
transform B [P(x)] is defined as follows:

w01 = 3 ()P

This transformation is invertible:

k
B ] = -0 (4 P
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Inverse binomial transform Definition and properties

Definitions: Divided Differences, Newton interpolation

Divided differences

The divided differences Oy,.yj acting on a function f of the variables y; is
defined by:

iy — f

fOy,y, = =

where gy, permutes y; and y; in f.

Newton interpolation

Let f be a function of y. Then there exists a unique polynomial of degree
n

k—1
n, N, = Zak H(y —J), such that N,(i) = f(i). The coefficients «a are
k=0 j=0

given by

f(¥0)Oyoy1 - - Oyi_yyi lyi=iji=0.1.. -

M. Deneufchatel (LIPN - P13) Asymptotics of Selberg-like Integrals SLC 2010 10 / 22



Inverse binomial transform B _l, divided differences and Newton interpolation

Link between the divided differences and B!

Proposition

If £ is a polynomial,

%;1 [(f(x, i))ieN] = k!f(x’yo)ayoyl 000 8}%71)’1( |y;=f7i=0,1--
= k'f(x, ¥0)00..k
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Inverse binomial transform B _l, divided differences and Newton interpolation

Link between the divided differences and B!

Proposition

If f is a polynomial,

%;1 [(f(X7 i))ieN] = k!f(x’yo)ayoﬂ °0o0 8}’k—1)’k |)’i:i7i:071--
= k'f(x, ¥0)00..k

Proof: By linearity, on the monomials y”:
k

1y _i(k\.
B [(P)ien] = D _(-1)* '<I_),P = kISpk
i=0
(Sp,k denotes the Stirling numbers of the ond kind).
But the Newton interpolation of y” reads, with (y)x the falling factorial,

p
yP = Z Sp,k(}’)k or Sp,k = y”@o,,,kﬂ.
k=0
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Inverse binomial transform B _l, divided differences and Newton interpolation

Properties

Degree of the binomial transform

@ Assuming that k < p, the degree of

P
Yo 8}/0}’1 ce a}’k—l}/k

is equal to p — k.
@ Therefore, if g(x, y) is a polynomial of degree p in x and y, the
degree of iB;l [(g(x,1))i] equals p — k.

Shift-like property

| A\,

y”@ol..kH = (y T 1)p_160.4.k
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Inverse binomial transform A new transform

An example of binomial transform

Definition
k—i—1 i—1
Pi(x;a,b) = PE(x) = [] (x+i+a)]](x—i+b)
j=0 j=0

Using the properties of the divided differences, it is possible to prove by
induction the following property:

p—1 k—p—1
B, [Pg,...Pkk] =[[x+b+0) J[ (b-a-p—1)
i=0 i=0
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Inverse binomial transform A new transform

An example of binomial transform

Definition
k—i—1 i—1
Pi(x;a,b) = PE(x) = [] (x+i+a)]](x—i+b)
j=0 j=0

Using the properties of the divided differences, it is possible to prove by
induction the following property:

p—1 k—p—1
B, [Pg,...Pkk] =[[x+b+0) J[ (b-a-p—1)
i=0 i=0
With p =0,
k—1
BPE, P =] (b—a+1i)
i=0
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Inverse binomial transform A new transform

Leading coefficient

For f of degree m,

Sk’p(f) = [XP‘H"—k]f(X, yo)ygao e Ok i

is the coefficient of the leading term in the binomial transform of
f(x, y0)yP.

Proposition

. Sk_p,o(fp) if p<k
Sip(f) = { 0 otherwise,

where f,(x,y) = f(x,y + p).

Let PX~P be the unique polynomial of degree k — p such that
Pk=P(i) = Pk, for each i =0...k — p. Then

(k= P)! Lk p(P¥) = [x"1B, 2 [Py .- PE].
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Inverse binomial transform A new transform

Binomial transform and the P¥'s

Definition

For any sequence of polynomials T(x) = (T;(x));cy, We define

52 = (08 | (P )Ti() |
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Inverse binomial transform A new transform

Binomial transform and the P¥'s

Definition

For any sequence of polynomials T(x) = (T;(x));cy. We define

52 = (08 | (P )Ti() |

L. . b .
Let f(x, y) be a bivariate polynomial of degree m. Then %}, [(f(x, I))ieN]
is polynomial in x of degree m.

Indeed, deg, [P¥(x;a, b)f(x,i)] = k+ m and

deg, [B~! [PK(x; a, b)f(x,i)]] = k+m— k.
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Inverse binomial transform A new transform

Leading coefficient

The iteration of a short computation shows that

Proposition

1T (7)) SR s lj (b—a—p—1i) ifp<k,

0 otherwise.
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Inverse binomial transform A new transform

Leading coefficient

The iteration of a short computation shows that

Proposition
Ko KPt
1t = W ey L (b-a—p=i) ek
0 otherwise.
Moreover,
-1
1522 | (L (o + i+ o)
j=0

is independent of the ¢;'s.
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Asymptotic behavior  Proof of the convergence

Expression of 'Nk in terms of ¥ for a, b linear in N

Let a=ag+aiN and b= by + byN. Then
Ny (N) = Tt 1-kaotbot k=3 1(Q, (x, 1)) ien] |x(ar+br2)n

where Q(x,y) is a polynomial of degree 2k in x and y:

k—1
X . 1+ a1 .
=G+ VG —1—y).
Qi(x.y) J__O(2+a1+b1+J y)(2+a1+blx+a°+f y)
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Asymptotic behavior  Proof of the convergence

Expression of 'Nk in terms of ¥ for a, b linear in N

Let a=ag+aiN and b= bg+ biN. Then

Ny (N) = Tt 1-kaotbot k=3 1(Q, (x, 1)) ien] |x(ar+br2)n

where Q(x,y) is a polynomial of degree 2k in x and y:

k—1

X . 1+ a1 .
=G——+i -G —1—y).
Qi(x.y) J,_O(2+a1+b1 G X Tt y)

The results presented for the yP still hold for the Qx's by linearity.
Therefore,

deg [Mk(N)] = deg [ND((N)] = 2k

) ) )
Thus |im K exists.
N—oo
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Asymptotic behavior

Value of the limit

Value of the limit

Finally, using the property presented about leading coefficient, one has

k—1

e
j=0

1+al
k(2 + a1 + bl)k

(.
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y k_zl:_j(l +a1)’ (,- +Jl-<+ 1> <l/(>

i=0

( 1+ a1
2+ a1+ by
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Specializations and combinatorial numbers

Catalan triangle

Let a1 =0 and by = ¢ — 1. Then

k—1 )
k—1i[2k\ :
N !
lim

k
Nooo N (14 )2k T

k—1i[2k
The triangle < : ( ) >> is called Catalan triangle.
k k,i€N
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Specializations and combinatorial numbers

Number of Dyck paths

Let by = 0 and write a1 = ¢ — 1. Then

2(k—1)

dm == = () ()

Cr) G

is the number of Dyck paths of odd semi-length 2k — 1 with / peaks.

where
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Specializations and combinatorial numbers

Central binomial coefficients

Let a1 = by = 0. Then

k—1—j

k—1 i -
jim e L (1) (ke S (. k k
N—oo N 2K —\2 J — \i+j+1)\i

lim /—k—i 2k
N—><>0N_2kk k '
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Specializations and combinatorial numbers

Conclusion

Next steps:
o Computation of the integral for power sums for any value of c:
power sums known (hook)-Schur functions L Jack polynomials;

@ Factorization property?

£2(N)
1
f_ .
Nlinoo<N€(>\)p/\(X1’.”7XN)> - lelNlinoo<Np)\ (X17 7XN)>ﬁ
f)a,b,
where fﬁ:< 22¢ and =
< > <1>abc Px = HPA

@ Find a combinatorial |nterpretat|on. Dyck paths...
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