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Random turns model of vicious walkersRg
In general: k walkers on N× N with steps from the set {→,↗,↘}. At
each step exactly one walker makes a step from the set {↗,↘}.
Non-intersecting: At no time any two paths share a vertex.

This corresponds to a walk in 0 < x1 < · · · < xk with steps of the
form (0, . . . , 0, 1, 0, . . . , 0).

x1

x2

Figure: Correspondence between a walk in 0 < x1 < x2 from (1, 2) to (3, 6) and
two vicious walkers from (0, 0)→ (8, 2) and (0, 1)→ (8, 5)
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Lock step model of vicious walkersRg

In general: k walkers on N× N with steps from the set {↗,↘}.
Non-intersecting: At no time any two paths share a vertex.

This corresponds to a walk in 0 < x1 < · · · < xk with steps of the
form (±1, . . . ,±1).

x1

x2

Figure: Correspondence between a walk in 0 < x1 < x2 from (1, 2) to (1, 7) and
two vicious walkers from (0, 0)→ (8, 0) and (0, 1)→ (8, 6)
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k-non-crossing tangled diagramsRg

(k + 1)-non-crossing tangled diagrams on the set {1, 2, . . . , n} correspond
to walks of length n in 0 < x1 < · · · < xk with either steps from the set

{0} ∪ A ∪ A2 (with isolated points)

or with steps from the set

A ∪A2 (without isolated points),

where A = {↗,↘}k .
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The modelRg

x1

x2

x1

x2

We consider lattice walks on a regular lattice L ⊂ Rk that are confined
to the region

W0 = {(x1, . . . , xk) ∈ L : 0 < x1 < · · · < xk} .

The walks are required to be reflectable. (This restricts L as well as the
steps the walks may consist of.)

Skip
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Some notationRg

W0 =
{

(x1, . . . , xk) ∈ Rk : 0 < x1 < · · · < xk

}
W =

{
(x1, . . . , xk) ∈ Rk : 0 ≤ x1 ≤ · · · ≤ xk

}
Let

{
b(1), . . . ,b(k)

}
denote the canonical basis in Rk , and set

∆ =
{

b(j+1) − b(j) : 1 ≤ j < k
}
∪
{

b(1)
}
.

The set ∆ is a root system of the reflection group of type Bk generated
by the reflections in the hyperplanes

xj+1 − xj = 0 for 1 ≤ j < k and x1 = 0.
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Atomic step sets and composite step setsRg

Definition
Let A ⊆ Rk be a finite set and denote by L the Z-lattice spanned by A.
Then the set A is said to be an atomic step set if and only if

I If a ∈ A then rα(a) ∈ A for all α ∈ ∆.

I If u ∈ W0 ∩ L and a ∈ A then u + a ∈ W.

Definition
A finite set S consisting of finite sequences of elements of an atomic step
set is said to be an composite step set if and only if

(a(1), . . . , a(m)) ∈ S =⇒ (rα(a(1)), . . . , rα(a(j)), a(j+1), . . . , a(m)) ∈ S

for all α ∈ ∆ and j = 1, . . . ,m.
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Statement of the problemRg

Let u, v ∈ W0 ∩ L. We are interested in

I P+
n (u→ v), the generating function of n-step walks from u to v

confined to W0.

What is the asymptotic behaviour of P+
n (u→ v) as n→∞?
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Known resultsRg

I Krattenthaler et al.: The number of vicious walkers in the lock step
model starting at (0, 0), (0, 2), . . . , (2, 2k − 2) and ending in
(2n, 0), (2n, 2), . . . , (2n, 2k − 2) is asymptotically equal to

4kn2k2−kπ−k/2n−k2−k/2
k∏

j=1

(2j − 1)!.

I Chen, Zeilberger et al.: The number of k-noncrossing tangled
diagrams behaves like

const · n−(k−1)2+(k−1)/2
(
4(k − 1)2 + 2(k − 1) + 1

)n
.
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Asymptotics for P+
n (u→ v)Rg

Theorem
Let M we denote the set of maximal points of
(ϕ1, . . . , ϕk) 7→ |S(e iϕ1 , . . . , e iϕk )|.
We have the asymptotics

P+
n (u→v) = |M|S(1, . . . , 1)n

(
2

π

)k/2(
S(1, . . . , 1)

nS ′′(1, . . . , 1)

)k2+k/2

×

( ∏
1≤j<m≤k

(v 2
m − v 2

j )(u2
m − u2

j )

)(
k∏

j=1

vjuj

)
(∏k

j=1(2j − 1)!
) (

1 + O(n−1/4)
)

as n→∞ in the set {n : P+
n (u→v) > 0}.
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The reflection principleRg

Theorem (Gessel, Zeilberger)
Under certain assumptions on the step set, we have

P+
n (u→v) =

∑
r∈Bk

(−1)l(r)Pn(r(u)→v).

x1

x2
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The step generating functionRg

We associate

s = (a(1), . . . , a(m)) ∈ S ←→ w(s)zδs,

where δs = a(1) + · · ·+ a(k). The step generating function S(z1, . . . , zk)
is defined by

S(z1, . . . , zk) =
∑
s∈S

w(s)zδs.

The generating function for n-step walks u→ v is given by

Pn(u→ v) = [zv] (zuS(z1, . . . , zk)n) =
[
zv1−u1

1 . . . zvk−uk

k

]
S(z1, . . . , zk)n.
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The step generating function - PropertiesRg

Lemma (Grabiner and Magyar)
For type Bk , the only reflectable sets are

{
±b(1),±b(2), . . . ,±b(k)

}
and


k∑

j=1

εjb
(j) : εj ∈ {±1}

 .

Corollary
The composite step generating function S(z1, . . . , zk) is either equal to

P

 k∑
j=1

(
zj +

1

zj

) or P

 k∏
j=1

(
zj +

1

zj

) .

for some polynomial P with non-negative coefficients.
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An exact counting formulaRg

Lemma
For any two lattice points u, v ∈ W0 ∩ L we have

P+
n (u→v) =

1

(2i)2πkk!

×
∫
· · ·
∫

|z1|=···=|zk |=1

det
1≤j,m≤k

(
zum

j − z−um

j

)
det

1≤j,m≤k

(
zvm

j − z−vm

j

)

× S(z1, . . . , zk)n

 k∏
j=1

dzj

izj

 .
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An exact counting formula - ProofRg

The reflection principle gives us for P+
n (u→ v) the expression

∑
σ∈Sk

ε1,...,εk∈{−1,+1}

 k∏
j=1

εj

 sgn (σ)
[
z

v1−ε1uσ(1)

1 . . . z
vk−εkuσ(k)

k

]
S(z1, . . . , zk)n,

which, by virtue of Cauchy’s formula, turns into

1

(2πi)k

∫
· · ·
∫

|z1|=···=|zk |=1

× S(z1, . . . , zk)n

 k∏
j=1

dzj

z
vj +1
j

 .
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AsymptoticsRg

The substitution zj 7→ e iϕj gives us

P+
n (u→ v) =

1

πkk!

π∫
−π

. . .

π∫
−π

det
1≤j,m≤k

(sin(umϕj)) det
1≤j,m≤k

(sin(vmϕj))

× S(e iϕ1 , . . . , e iϕk )n
k∏

j=1

dϕj .

We are interested in asymptotics as n→∞.



Asymptotics 17 / 25

AsymptoticsRg

The substitution zj 7→ e iϕj gives us

P+
n (u→ v) =

1

πkk!

π∫
−π

. . .

π∫
−π

det
1≤j,m≤k

(sin(umϕj)) det
1≤j,m≤k

(sin(vmϕj))

× S(e iϕ1 , . . . , e iϕk )n
k∏

j=1

dϕj .

We are interested in asymptotics as n→∞.



Asymptotics 18 / 25

Example: 2-noncrossing tangled diagramsRg

For 2-noncrossing tangled diagrams, the integral derived on the previous
two pages is given by (a = (1))

P+
n (a→a) =

π∫
−π

sin(ϕ)2
(
1 + 2 cos(ϕ) + 4 cos(ϕ)2

)n
dϕ.

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

-3 -2 -1 0 1 2 3

1. ´ 109

2. ´ 109

3. ´ 109

4. ´ 109

5. ´ 109
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Saddlepoint asymptoticsRg

Hence, we know that M, the set of maximal points of

(ϕ1, . . . , ϕk) 7→ |S(e iϕ1 , . . . , e iϕk )|

is a subset of {0, π}k .
Further, it is seen that

P+
n (u→ v) ≈ |M|

k!

ε∫
−ε

. . .

ε∫
−ε

det
1≤j,m≤k

(sin(umϕj)) det
1≤j,m≤k

(sin(vmϕj))

× S(e iϕ1 , . . . , e iϕk )n
k∏

j=1

dϕj ,

where we choose ε = ε(n) = n−5/12.
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Saddlepoint asymptoticsRg

It remains to asymptotically evaluate

ε∫
−ε

. . .

ε∫
−ε

det
1≤j,m≤k

(sin(umϕj)) det
1≤j,m≤k

(sin(vmϕj)) S(e iϕ1 , . . . , e iϕk )n
k∏

j=1

dϕj

Simple calculations show that

S(e iϕ1 , . . . , e iϕk )n = S(1, . . . , 1)ne−nΛ
Pk

j=1 ϕ
2
j /2
(

1 + O
(

n−5/3
))

for maxj |ϕj | < n−5/12, where Λ = S′′(1,...,1)
S(1,...,1) .

But how do we expand det
1≤j,m≤k

(sin(umϕj))?
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Determinants and asymptotics: TechniqueRg

Lemma
Let Am(xj , ym) be analytic for maxj |xj | < R. Then we have

det
1≤j,m≤k

(Am(xj , ym)) =

 ∏
1≤j<m≤k

(xm − xj)

 det
1≤j,m≤k

 1

2πi

∫
|ξ|=R

Am(ξ, ym)dξ
j∏̀
=1

(ξ − x`)

 .

Proof.
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.
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Determinants and asymptotics: det(sin(umϕj))Rg

Lemma
For all u1, . . . , uk ∈ R we have as (ϕ1, . . . , ϕk)→ (0, . . . , 0) the
asymptotics

det
1≤j,m≤k

(sin(umϕj)) =

 k∏
j=1

ϕj

 ∏
1≤j<m≤k

(ϕ2
m − ϕ2

j )

 k∏
j=1

(−1)j−1

(2j − 1)!


×

 k∏
j=1

uj

 ∏
1≤j<m≤k

(u2
m − u2

j )

+ O

(
max

j
|ϕj |2

) .



Asymptotics 23 / 25

Determinants and asymptotics: ProofRg

We have to take into account the symmetry

sin(umϕj) =
1

2
( sin(umϕj)− sin(−umϕj))

Now, we plug this into the determinant and obtain by the same series of
operations as before

det
1≤j,m≤k

(sin(umϕj)) =

 k∏
j=1

ϕj

 ∏
1≤j<m≤k

(ϕ2
m − ϕ2

j )



× det
1≤j,m≤k

 1

2πi

∫
|η|=1

sin(umη)dη
j∏̀
=1

(η2 − ϕ2
`)
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j=1

ϕj

 ∏
1≤j<m≤k

(ϕ2
m − ϕ2

j )



× det
1≤j,m≤k

 1

2πi

∫
|η|=1

sin(umη)dη
j∏̀
=1

(η2 − ϕ2
`)
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det
1≤j,m≤k

(sin(umϕj)) =

 k∏
j=1

ϕj

 ∏
1≤j<m≤k

(ϕ2
m − ϕ2

j )


× det

1≤j,m≤k

(
(−1)j−1u2j−1

m

(2j − 1)!
+ O

(
|ϕj |2

))
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Consider again

ε∫
−ε

. . .

ε∫
−ε

det
1≤j,m≤k

(sin(umϕj)) det
1≤j,m≤k

(sin(vmϕj)) S(e iϕ1 , . . . , e iϕk )n
k∏

j=1

dϕj

This is asymptotically equal to k∏
j=1

ujvj

(2j − 1)!2

 ∏
1≤j<m≤k

(u2
m − u2

j )(v 2
m − v 2

j )


×

ε∫
−ε

. . .

ε∫
−ε

 ∏
1≤j<m≤k

(ϕ2
m − ϕ2

j )

2 k∏
j=1

ϕ2
j e−nΛϕ2

j /2dϕj


×
(

1 + O
(

n−2/3
))
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This is asymptotically equal to k∏
j=1

ujvj

(2j − 1)!2

 ∏
1≤j<m≤k

(u2
m − u2

j )(v 2
m − v 2

j )


× (nΛ)−k2−k/2

∞∫
−∞

. . .

∞∫
−∞

 ∏
1≤j<m≤k

(ϕ2
m − ϕ2

j )

2 k∏
j=1

ϕ2
j e−ϕ

2
j /2dϕj


×
(

1 + O
(

n−2/3
))
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Asymptotics for P+
n (u→ v)Rg

Theorem
Let M we denote the set of maximal points of
(ϕ1, . . . , ϕk) 7→ |S(e iϕ1 , . . . , e iϕk )|.
We have the asymptotics

P+
n (u→v) = |M|S(1, . . . , 1)n

(
2

π

)k/2(
S(1, . . . , 1)

nS ′′(1, . . . , 1)

)k2+k/2

×

( ∏
1≤j<m≤k

(v 2
m − v 2

j )(u2
m − u2

j )

)(
k∏

j=1

vjuj

)
(∏k

j=1(2j − 1)!
) (

1 + O(n−1/4)
)

as n→∞ in the set {n : P+
n (u→v) > 0}.
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