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Permutation tableaux

@ First introduced by Postnikov in his study of totally nonnegative
Grassmanian.

@ There are many bijections between permutation tableaux and
permutations.

@ A connection with partially asymmetric exclusion process (PASEP)
@ Type B Permutation tableaux defined by Lam and Williams



3/28
Ferrers diagram




3/28
Ferrers diagram

4]

10



4/28
Permutation tableau

@ Each column has at least one 1.



4/28
Permutation tableau

@ Each column has at least one 1.

@ There is no configuration like



4/28
Permutation tableau

@ Each column has at least one 1.

@ There is no configuration like



Permutation tableau

@ Each column has at least one 1.

@ There is no configuration like

[

[
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Permutation tableau

@ Each column has at least one 1.
@ There is no configuration like

1

1 -.- 0
Ofjoj1(0oOf0Of1 O(Of1 01
(OF [N [O N I R g ofOofOf1(1]|1
OjojoO(0|1 Of1§0f§0|1
Ojoj1 001
1] 1]
0 0
- NO NO
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Permutation tableau

@ Each column has at least one 1.

@ There is no configuration like

1
ofof1foJo]1 ofof1fo]o]1 oJo[1]o]o]1
ofofo[1]1]1 oJofol1]1]1 ofofo[1]1]2
ofofofo]1 ofifofo]2 ofofo]o]1
ofolL ofo]1 of1]1

1] 1] |11

0 0 0
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@ Each column has at least one 1.
@ There is no configuration like
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Permutation tableau

@ Each column has at least one 1.
@ There is no configuration like

1
1 ... 0
Ofjof1(ofof1 O(0of1 01 o|jo|1|0f0f1
OfjofoO(1(1f12 ofofof1|1]1 ojojof1(1f1
OfJojoO|(0f1 Of1j0f0]|1 o|o|0f0f1
Ofof1 of(o0f1 0|11
1] 1] 1]
0 0 0
— NO — NO — YES!
@ Arestricted Ois
1
0

@ An unrestricted row has no restricted O.
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The alternative representation

@ Topmost lis 4

@ Rightmost restricted O is <«

129 8 6 5
1[ofofz]0Jo0
2[ofofol1]1
4lofololo]1
7[o]2]1
10[1

11] 0]

3]

@ In the alternative representation,
@ Each column has exactly one 4

@ No arrow points to another.

@ Unrestricted row < row without <

~N AN PR

10
11
13

12 9 8 6 5 3

1>
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The alternative representation

@ Topmost lis 4

@ Rightmost restricted O is <«

In the alternative representation,
Each column has exactly one 4

~N AN PR

10
11
13

129 8 65
olof1]o]o
ofofof1]1
olofofo]1
of1]1
1]

10|

No arrow points to another.

Unrestricted row < row without <
First introduced by Viennot (alternative tableau) and studied more by

Nadeau

~N AN PR

10
11
13

12 9 8 6 5 3

1>
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The bijection ¢ of Corteel and Nadeau

129 8 6 5 3
1l 22 it}
2 <[2[2] |
4 <« [
7 «

10{ 14

11| |

13[

9,4,6,5,2,7,8,3,1,12,10, 11, 13
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@ Decompose 7 as olr.
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Statistics

@ Decompose 7 as olr.
g T
m=4,652283,19 712 10,11, 13

o ;ri]riii;rgflmn?a (right-to-left 1 1 1
4,6,5,2,8,3,1,9,7,12,10,11,13 4 -
@ The RL-maxima (right-to-left A
maxima) of o : 10(1]
o 11
A A ma 13[
4,6,5,28,3,1,9,7,12, 10,11, 13

Proposition (Corteel & Nadeau, Nadeau)
Let 7 = olr and ®(7) = T. Then
@ the unrestricted rows of T < the RL-minima of =
@ the columns with 1 in the first row of T < the RL-maxima of o
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Nadeau’s bijective proof of a theorem of Corteel and Nadeau

Theorem

3 Oty _ (4 e g = (X4 V) X+ Y+ D) (X+y+n—2).
TePT(n)

@ c(n,k) : the number 7 € §, with k cycles

(X+Yhn-1=Y _ch—1,i +j)<i i“)xiy'

B
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Nadeau’s bijective proof of a theorem of Corteel and Nadeau

Theorem

>0 R OTYEED (g = (XY (KFY+D) - (XY +N—2).
TePT (n)

@ c(n,k) : the number 7 € §, with k cycles

(X+ Y)n-1 = ;c(n— 1,i +j)<i Tj>xi)/
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Nadeau’s bijective proof of a theorem of Corteel and Nadeau

Theorem

>0 R OTYEED (g = (XY (KFY+D) - (XY +N—2).
TePT (n)

@ c(n,k) : the number 7 € §, with k cycles

(X+Yhn-1=Y _ch—1,i +j)<i Tj)xiy

i
#{TePT(n):urr(T)—1=1i, topone(T)=j}=c(n—1,i+]) (i T]>

@ IfT—m=0lr,
urr(T) — 1 = RLmin(7) =i
topone(T) = RLmax(o) =]

@ 7Tisasetoficycles and o is a set of j cycles.

® 7 U o is apermutation of {2,3,...,n} withi +j cycles.

8/28
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Theorem
We have

Z )éjrr(T)flytopone(T) _ (X+y)n71-

TePT (n)

@ Let x,y be any positive integersand letN =n+x+y— 2.



Another bijective proof

Theorem
We have

@ Let x,y be any positive integersand letN =n+x+y— 2.
@ Given T € P7(n), we construct T" € P7(N) as follows.

Z Xurr(T)flytopone(T) _ (x+y)n,1,

TePT(n)

R

1

1)

1)

1)
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Another bijective proof

I ENENE
y—1
11 1 11 A4
<11 < Tt
1) 1t
el <
S
Xx—1

@ T’ satisfies the following.

@ The first y steps are south and the first y rows are unrestricted.

@ The last x — 1 steps are west and the last x — 1 columns have 1’s in the first
row.

o 7' = §(T’) satisfies the following. (' = o17)
@ 1,2,...,yare RL-minima of 7’
@ N,N—-1... N—x+2are RL-maxima of &

@ N,N—1,...,N—x+2,1,2, ..., yare arranged in this order in 7’.
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Unrestricted Columns

@ An unrestricted column of T € P7(n) is a column without O as follows.
1 ... 0

® urc(T) : the number of unrestricted columns of T.

o Let
Pt(X) I Z Z turc(T) Xn.
n>0 \TePT(n)
Theorem
We have
P (X) 1 1 + Et(X)
' 1+ (t— DxE(X)’
where
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X |
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Corollary

urc(T) _ 1— | 1
o> 2 x"_x<1 TZOH!X”)'

n>0TeP7T (n)

® m=m---m € S is a connected permutation  if thereisnok < n
satisfying 7y - - - mx € S.
@ CP(n) : the set of connected permutations in S,

1
#CPNX'=1— ———
g (") anon!x"
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The case t = 2 : connected permutations

Corollary

UrC 1 1
>, >, 2 ;< anon!xﬂ>'

n>0TePT(n)

® m=m---m € S is a connected permutation  if thereisnok < n
satisfying 7y - - - mx € S.
@ CP(n) : the set of connected permutations in S,

A 1
> #CP()X' =1- SR

n>0
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The case t = 2 : connected permutations

Corollary

UrC 1 1
>, 2, 2 ;< anon!xﬂ>'

n>0TePT(n)

® m=m---m € S is a connected permutation  if thereisnok < n
satisfying 7y - - - mx € S.
@ CP(n) : the set of connected permutations in S,

"= 1
> #CP()X' =1- SR

n>0

Corollary

> 2" = #CP(n+1).

TeEPT(n)

@ Combinatorial proof?

12/28
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Shift-connected permutations

@ A shift-connected permutation isw = m1---m € § with m; = 1 for
some j € [n] such that

@ thereis nointegeri < j with
Mgl T € §-ipa
@ SCP(n) : the set of shift-connected permutationsin S;

Proposition

#CP(n) = #SCP(n)
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® Given 7 =71 ---m € S\ CP(n), define 7’ € S, \ SCP(n) as follows.

@ Find the smallest integer k < n such that

oc=m- Tk €K
@ Decompose 7 as
m=o1(k+ 1)p
@ Define
ot =of oy, o =ai4+1
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® Given 7 =71 ---m € S\ CP(n), define 7’ € S, \ SCP(n) as follows.

@ Find the smallest integer k < n such that

o=m1 Tk €&

@ Decompose 7 as
m=or(k+ 1)p
@ Define

ot =of oy, o =ai4+1

Example
@ Letw € &\ CP(n) be

o T k+1 p
— NN N
T=4,2513 7 6 ,98



A bijection between S, \ CP(n) and S, \ SCP(n)

® Given 7 =71 ---m € S\ CP(n), define 7’ € S, \ SCP(n) as follows.

@ Find the smallest integer k < n such that
o=m- -k €&

@ Decompose 7 as

m=or(k+ 1)p
@ Define
ot =of oy, o =ai4+1
7r':7'0+1p
Example
@ Letw € &\ CP(n) be
o T k+1 p
— NN N
T=42513 7, 6 ,98
@ Then ' € S\ SCP(n) is
T oT 1 p
, AN AN S
= 7,53624 1,98

14/28
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A combinatorial proof of Z 2ue(T) — 4CP(n + 1)
TePT(n)

Proposition
>rerT) 2"(M) js the number of T € P7 (n+ 1) without a column containing
lonlyin the first row.

Proposition

® For 7 = ®(T),
@ T has a column which has a 1 only in the first row if and only if
@ 1 ¢ SCP(n)

Proposition

> 270 = 4CP(n+ 1) = #CP(n+ 1)

TePT(n)
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The case t = —1: sign-imbalance

Corollary

1—
Z Z urc(T)X _ 1_2X_~)_(2X2

n>0TePT(n
_} 1 n 1
2 \1-(14+ix  1—(1-i)x

Definition
For T € P7(n), define the sign of T by

n(T) = (-1,

Corollary

16 /28

—1)k. 2% ifn=4korn=4k+1,

—iy (
S sn(T w: 0, ifn =4k + 2,
TEPT(n) (=K. 2%F1 it = 4k + 3.
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TeSYT(n)
@ Proved by Lam and Sjostrand independently
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Relation between the sign-imbalance of SYT

©

The sign of a standard Young tableau is defined as follows.

1]2]5]
n =n(12534) =1
sg<34 )sg( )

©

Stanley conjectured

> sn(m) =2l

TeSYT (n)

©

Proved by Lam and Sjostrand independently
Generalized to skew SYTs by Kim
IfnZ 2 mod 4,

¢ ©

—ol3].

> sn(T)

TePT(n)

> sn(T)

TeSYT(n)
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9 76 4 21 -1

3 3
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@ The yellow cells are the diagonal cells.
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Shifted Ferrers diagram

9 76 4 21

9 76 4 21 -1

3 3
5 5
8 8
10 10

@ The yellow cells are the diagonal cells.
@ The row containing the diagonal cell in Column d is labeled with —d.
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Type B permutation tableaux

@ Each column has at least one 1.

@ There is no configuration like

1

1 0
0
] [
1§01
OJOjO0|o0
OjJOjoO|1]|1
OJOjo0|{0|0]O
OJOj0|{0|0f1
1J0f1|1
OJOjO(1
Ofjoj1

zZ
@

or
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Type B permutation tableaux

@ Each column has at least one 1.
@ There is no configuration like

1
or
1 0
0 0
0fo olo
1j0§1 18000
Ojojojo oloflolo
OfOf§0O(1]1 oloflof1]1
OjJojo(0|0]0 oloflofo]o
Ojojof0of0]|1 oloflofo]o
1§01 |1 110111
OjoOjo|1 ofofof1
Ofjoj1 of1(1
NO NO
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Type B permutation tableaux

@ Each column has at least one 1.
@ There is no configuration like

or

0/0]|0]0

0j0(0|1]1

0]0(0|{0]|0]O
0]0(0|0]|0f1

1{0|1]1

0]0|0f1

0

1

0]0|0]0

0j0(0|1]1

0]0(0|0]|0]O
0]0(0|0]|0f1

1{0|1]1

0]0|0f1

1§0Q1]|1

OJOjO0|o0

OjJOjoO|1]|1

OJOjo0|{0|0]O
OJOj0|{0|0f1

OJOjO(1

NO YES!

NO
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The alternative representation
@ Topmost lis 4
@ Rightmost restricted 0 is <
@ Cut off the diagonal cells.

109 8 6 3 2 109 8 6 3 2
~10[0 ~10\,
-9lo]o -9
-8{1|0]1 -8[1
—-6{0|0]0f0 —6
-3lofo]o]of1 =3 €«
-2[oo]o]o]ofo -2
1{o|o]ofo]o]1 1 <[1]
4{1]o]1]1 4 D
5{0]o]o]1 5 €«
7[o]1]1 7[«[t

1 1

@ No arrow points to another.



The alternative representation

@ Topmost lis 4
@ Rightmost restricted 0 is <
@ Cut off the diagonal cells.

109 8 6 3 2

R|RPr|O|O|O|O
o
o

I
w
o|o|r|o|o|o|o|r|o]|o

R|O|O|O|O|O|O|O|O

R|O|R|O|OC|O|O]F-

@ No arrow points to another.
@ The diagonal line acts like a mirror!

109 8 6 3 2

AN
1)
é
<[1]
1)
é
<1

20/28
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A theorem of Lam and Williams

Theorem (Lam and Williams)

Z XM= — (1 4 2)"(X+ 1)n_1

TePTg(n)
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@ diag(T) : the number of diagonal cells with 1
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A theorem of Lam and Williams

Theorem (Lam and Williams)

Z (1) —1giag(T) _ (1+2)"(X+ Dn-1

TEPTa(n)
@ diag(T) : the number of diagonal cells with 1
@ urr(T) : the number of unrestricted rows, i.e. without

1

and @

Theorem

Z %JFT(T)*lytopo,l(T)zdiag(T) =(1+ z)”(x+y)n,1

TePTg(n)



Generalization of a theorem of Lam and Williams
@ For T € P7g(n) with the topmost nonzero row labeled m,
top, 1(T) = (# 1sin Row mexcept in the diagonal)

+ (# rightmost restricted Os in Column —m)
= # arrows in Row mand Column —m

109 8 6 3 2 109 8 6 3 2
-10[0 —1o¥
—9fofo -9
-8|1|0]1 -8|1
—6{o|o]ofo —6
-3{o|o|ofo]1 -3 «
—2|o|o|ofofo]o -2
1(olofofo|o]|1 1 A PN
al1{o|1]1 4 1
5/o]o]o]1 5 «
7(of1]1 7«1

11 11

22/28
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A type B extension of Corteel and Nadeau’s bijection

109 8 6 3 2

11

-8,4,11
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A type B extension of Corteel and Nadeau’s bijection

109 8 6 3 2

7,10,-8,4,11
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A type B extension of Corteel and Nadeau’s bijection

109 8 6 3 2

9,7,10, -8,4,11
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A type B extension of Corteel and Nadeau’s bijection

109 8 6 3 2

9,7,10,-3,5 — 8,4,11
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A type B extension of Corteel and Nadeau’s bijection

109 8 6 3 2

9,7,10, 3,5 8,6,4,11
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A type B extension of Corteel and Nadeau’s bijection

109 8 6 3 2

9,7,10,1, 3,5 — 8,6,4, 11
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A type B extension of Corteel and Nadeau’s bijection

109 8 6 3 2

9,7,10,2,1, 3,5 8,6,4, 11
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Some properties of the type B bijection

Proposition 986 3 2

Then,

o T m p
—~— —— AN
7 =9710,6,21-3,5,-8,4,11



24128
Some properties of the type B bijection

Proposition 9 8 6 3 2
QT = ‘I?'B(T)

Then,

o T m p
—~— —— AN
7 =9710,6,21-3,5,-8,4,11



24128
Some properties of the type B bijection

Proposition 986 3 2

QT = ‘I?'B(T)

@ Row mis the topmost nonzero
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Some properties of the type B bijection

Proposition 9 8 6 3 2
o = da(T) =0
@ Row mis the topmost nonzero =1
row of T -8t
® Decompose m = oTmp —6
o min(w) =m -3 «|1
o the last element of ¢ is > |m| _2
1 <1
Then, 4
5 <«
7«1
11
o T m p

—~— —— AN
©=29710,6,2,1,-3,5, —8,4,11
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Some properties of the type B bijection

Proposition 9 8 6 3 2
o 1= ds(T) i
. -9
@ Row mis the topmost nonzero
row of T -8|1
® Decompose m = oTmp —6
o min(w) =m -3 «|1
9 the last element of o is > |m| _2
9 each element of 7 is < |m|
1 <1
Then, 4
5 «
7€t
11
o T m p

—~— —— AN
©=29710,6,2,1,-3,5, —8,4,11



Some properties of the type B bijection

Proposition

QT = ‘I)B(T)
@ Row mis the topmost nonzero
row of T
® Decompose m = oTmp
@ min(w) =m
9 the last element of o is > |m|
9 each element of 7 is < |m|

Then,

@ Columns without 4
< negative integers in
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Some properties of the type B bijection

Proposition

QT = ‘I)B(T)
@ Row mis the topmost nonzero
row of T
® Decompose m = oTmp
@ min(w) =m
9 the last element of o is > |m|
9 each element of 7 is < |m|

Then,

@ Columns without 4
< negative integers in

@ Unrestricted rows of T
< RL-minima of 7
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9 8 6 3 2

o T m p

—~— —— AN
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Some properties of the type B bijection

Proposition

QT = ‘I)B(T)
@ Row mis the topmost nonzero
row of T
® Decompose m = oTmp
@ min(w) =m
9 the last element of o is > |m|
9 each element of 7 is < |m|

Then,

@ Columns without 4
< negative integers in
@ Unrestricted rows of T
< RL-minima of 7

@ Columnswith 4 in Rowm
< RL-maxima of o

—~— —— AN
©=29710,6,2,1,-3,5, —8,4,11

g

9 8 6 3 2

T m

p

24128
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Some properties of the type B bijection

Proposition 986 3 2
o = da(T) =0
. -9
@ Row mis the topmost nonzero
row of T -8t
® Decompose m = oTmp —6
o min(w) =m -3 «|1
o the last element of ¢ is > |m| _2
9 each element of 7 is < |m| 1 <t
Then, 4
@ Columns without 4 5 -
< negative integers in 7[<lr
@ Unrestricted rows of T 11

< RL-minima of 7

@ Columnswith 4 in Rowm
< RL-maxima of o

© Rows with « in Column |m| 4 T e
+ RL-minima of 7 ™=97,10,6,21,-3,5 —8,4,11



25/28
Generalization

Theorem

Z )é,lrr(T)—lytopOJ(T)Zdiag(T) _ (1+ z)”(x+y)n_1
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Theorem

Z )é,lrr(T)—lytopOJ(T)Zdiag(T) _ (1+ z)”(x+y)n_1

TePTg(n)



Generalization

25/28

7

1
1

Theorem
Z Xurr(T)—lytopoyl(T)Zdiag(T) _ (1+ Z)"(X+y)n_1
TePTa(n) N\
AN
1t
ML Lt
D
1
1
|
« m
I
2
——
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Zigzag maps

129 8 6 5 3

0|0]|1

1

n
U

n
U

1

2lofof0[2]2]2
4lofof0]o]1
7[o]1]+p
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Zigzag maps

129 8 6 5 3

129 8 6 5 3

<1t

0]0]|1

1

n
U

n
U

1

+
2lofof0[2]2]2
4lofof0]o]1
7(o|1|Hp



26/28

Zigzag maps

129 8 6 5 3 129 8 6 5 3

129 8 6 5 3

[
( BN
(]
¢
(]
o]
« 4
«
Can )
<
<«
<]
— |
Ol
0104
4.T|®|¢|1_-_
DlO|O |
nuOOOl_O_



Zigzag maps

o|lr|O|o

[l Bl K=2 K4) ]

~ AN PR
—|lo|lo|o|e

pete o

10
11
13

[EY
|O|HOOOCDN

Theorem

~ AN PR

11
13

129 8 6 5 3

26/28

1 4 1 L) °
G 2 ole
P N 4 °
4 7 )
1) 10| @
] 1| |
L o

The zigzag map on the alternative representation is the same as ¢ o ®.



Zigzag maps

o|lr|O|o

[l Bl K=2 K4) ]

~ AN PR
—|lo|lo|o|e

pete o

10
11
13

[EY
|O|HOOOCDN

Theorem

~ AN PR

11
13

129 8 6 5 3

26/28

1 4 1 L) °
G 2 ole
P N 4 °
4 7 )
1) 10| @
] 1| |
L o
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Zigzag maps
129 8 6 5 3 129 8 6 5 3 129 8 6 5 3
1tefefaJo]o]1 1 4 1 1 ° °
2[o]o]of1]1]2 2 <M1 2 oo
4lofof0]o]1 4 P I I 4 °
7lo]1|Hp 71 v 71 e
10[ 1 10{14 10[ @
11{0] 1| | 1| |
13[ 13[ 13[
Theorem

The zigzag map on the alternative representation is the same as ¢ o ®.

Example

® ®(T)=4,6,5,2,8,3,1,9,7,11,12, 10



Zigzag maps
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129 8 6 5 3 129 8 6 5 3 129 8 6 5 3
1tefefaJo]o]1 1 4 1 1 ° °
2[o]o]of1]1]2 2 <M1 2 oo
4lofof0]o]1 4 P I I 4 °
7lo]1|Hp 71 [+ 71 e

10[ 1 10{14 10| @

11{ 0| 11| | 11| |

13) 13] 13

Theorem

The zigzag map on the alternative representation is the same as ¢ o ®.

Example

@ &(T)=4,6,52,8,31,9,7,11,12,10

® po®(T) = (4,6,5,2,8,3,1)(9,7)(11, 12, 10)
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109 8 6 3
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The zigzag map on the type B alternative representation is ¢ o ®s.
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The zigzag map on the type B alternative representation is ¢ o ®s.

Example
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The zigzag map on the type B alternative representation

Theorem

109 8 6 3

2

The zigzag map on the type B alternative representation is ¢ o ®s.

Example

® ®5(T)=09,7,10,6,2,1,-3,5-8,4,11
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The zigzag map on the type B alternative representation

Theorem

109 8 6 3

2

The zigzag map on the type B alternative representation is ¢ o ®s.

Example

® ®(T)=9,7,10,6,2,1,-3,5,-8,4,11
® po®s(T) =(9,7,10,6,2,1, 3,5, -8)(4)(11)
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Further study

@ Find a combinatorial proof of the following:

e (=K% if n=4korn=4k+1,
S sn(T w_{o, ifn—4k+ 2,
(

TEPT(n) —1)kHL. 2%+ jfn =4k + 3.



Further study

@ Find a combinatorial proof of the following:

TePT(n)

@ If n# 2 mod 4, then

TePT(n)

S T Hfa—n"_{é,
(

_1)k+l B 22k+l’

> ()| =

_1)k . 22k7

> sn(T)

TeSYT(n)

28/28

ifn=4korn=4k+1,

ifn=4k+ 2,
ifn=4k+ 3.
—ol3].
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@ Find a type B analog of the above formula.



281/28
Further study

@ Find a combinatorial proof of the following:

e (=K% if n=4korn=4k+1,
> (T wz 0, if n=4k+ 2,
TePT(n) (=K. 224 ifn = 4k + 3.

@ If n# 2 mod 4, then

> ()| =

TePT(n)

S son(m)| =2l8)

TeSYT(n)

@ Find a type B analog of the above formula.



281/28
Further study

@ Find a combinatorial proof of the following:

e (=K% if n=4korn=4k+1,
> (T %: 0, if n=4k+ 2,
TEPT () (=K. 224 ifn = 4k + 3.

@ If n# 2 mod 4, then

> ()| =

TePT(n)

S son(m)| =2l8)

TeSYT(n)

@ Find a type B analog of the above formula.

Thank you for your attention!



