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For a detailed discussion of the physical model see:

Arvind Ayyer, Kirone Mallick (C.E.A. Saclay)
Exact results for an asymmetric annihilation process with open

boundaries
J. Phys. A: Math. Gen. 343 045033 2010, 22pp.

In this paper the model is introduced and various properties are
obtained: transition matrices, transfer matrices, partition
functions, distributions related to particular states etc. The paper
ends with a conjecture for the eigenvalues of the transition
matrices. A proof of (a generalized version of) this conjecture is
outlined in these slides. Furthermore, transfer matrices and
partition functions for a generalized model are given. Finally, an
interesting property of shifted standard tableaux that is related to
the partition functions is sketched.



The model (1)

> right shift (1)
O>—~0—0—0—0—0O—@—O—0—=C

&—+0—0—0—0—0—0—0— 80—
» annihilation (\)

OG—0—0—0—0—0—0—0—0—{
®—0—0—0—0—0—0—0—0—C



The model (2)

> left creation («)
—0—0—0—0—0—0—0—0—0_
@O 00 —+O @O0

» left annihilation (a))
o&—0—0—0—0—-0—0-0—0—0
*—+0—O0—0—0—+O—0—O— 08—

» right annihilation (3)

0—0—0—0—0—O0—0—0—0—C
O—0—0—0—-0—-O—@—0—0—C



» Example of a transition matrix (L = 2)

(00 01 10 11
0 x B ar A

01 * A al
10| « * f
11 o *

Note: The diagonal elements x must be chosen so that column
sums vanish



» Example of a transition matrix (L = 3)

000 001 010 011 100 101 110 111

000
001
010
011
100
101
110
111

* 15} A al A
* 1 a\ A
* f 1 oA
* 1 aA
o * 15} A
a * 1
« * 15}
« *

Note: The diagonal elements x must be chosen so that column

sums vanish



» inductive structure of the transition matrices (A = 1)

Let
o1
771 o
and 1; the (2L x 25)-unit matrix
Define
_|ma a+p
My = [ a  —a— ﬁ}

and then inductively the (2L x 2L)-matrices

y [MLI —a(oc®1_2) al;_1+(c®1; ) ]
L pr—
al; 4 M _1—alc®l2)—1,



> The conjecture by Ayyer and Mallick

The characteristic polynomial P;(x) of M, is given by
Pr(x) = AL(x) AL(x + 2ac+ B) Bi(x + B) BL(x + 2a)
where

Ar(x) = [ (x+ 2k (%)

k>0

Bi(x) = H(X + 2k + 1)(2k+1)
k>0



1. Proof of the eigenvalue conjecture (outline)



> some notation
» BL : vector space of bitvectors of length L (over IF,)

vV, = {|b>, bGBL}

» V) : vector space with basis V| (over an extension of Q)
0 1

o= [0 )

For b= biby... b € Bt

v

v

v

P = ghbrb — ghi g gbr @@ obt

defines a linear transformation o® of V; = V&t
(w.r.t. the basis V})



» For 1 <j < L define involutive mappings
¢ : Bt — Bh:
bl... bj_lbj bj+1...bL — ¢jb = b1~--bj—lyjbj+1---bL

by complementing the j-th component,

» and involutions
Vi B — B b ¢jpj1b

by complementing components indexed j and j + 1.
1y is the same as ¢, .



» The A-transformation

» a = (ap)pepe variables
» the transformation A;(a) of V; is defined by its matrix
(w.r.t. the basis V})

A,_(a) = Z Qp O’b
beBt
» direct definition (matrix elements)

(b|AL|c) = apge, (b,ceBh),

where @ denotes F,-addition (exor) of bit vectors.

» Example (L = 2)

Qoo Qo1 Q10 Q11
Qp1 Qoo Q11 Q10
Q10 Q11 Qoo o1
Q11 Q10 Qo1 Q0



» The B-transformation
» For 1 < j < L define projection operators P, ; on V, by

Prj=y_ Ib)(b]—[v}(b))(b

beBL

» For variables b = (81, 52, ..., B1) let

B)= > BiPL

1<j<L

» Bi(B) : the matrix representing B,(3) in V,



In the sum for P ; only summands for which b; =1, i.e., for
which 9;(b) < b, occur.

Indeed: this condition allows only for two situations to
contribute:

(right shift)
0 (annihilation)

These operators 1); encode the transitions of our model.

By definition, B;(8) is an upper triangular matrix.



» Example for L = 3 (with B8 = (3,7, 9) in place of (81, 52, 33)):

B3(B>7>5) =
0 -6 0 -~ 0 0 -8 0
0 0 —v 0 0 0 0 -p
00 ~ -6 -8 0 0 0
00 0 6+y 0 -8 0 0
00 0 0 B -5 0 —y
00 0 0 0 648 —v 0
00 0 0 0 0 ~+8 ¢
00 0 0 0 0 0 6+v+8]




» another linear transformation (over Fy)

A:BL - BL:
11 1
111
b={[biby...b]— b2 =[biby...b] :
110
100

» As an example (L = 3):

b‘OOO 001 010 011 100 101 110 111
A

b ‘000 100 110 010 111 011 o001 101



» Main result: Consider the transformation
Mi(a,B) = Ai(a) — BL(B).
with its matrix (w.r.t. V) M (e, B) = AL(a) — Bi(B)
Then
det My (at, B) = det [A(ar) — BL(B)] = [ (Apa — B - b)

bcBL

where
> the Ap are the eigenvalues of A;(ax)

= (-1)*°ac  (beB)
ceBL

» 3" =(by,bi_1,..., by, b1) is the reverse of
B = (b1, bay...,bL_2,bp)



» |lustration of the Theorem for L = 3:

b b2 Apa (6,7,6)-b
000 000 [++++++++] - a 0

001 100 [++++—-—-—]-a B

010 110 [++————++]-a v

011 010 [++——++—]-a B+~
100 111 [+——+—++-]-a ¢

101 011 [+——++——+] - B+
110 001 [+—+—+—+—]-a 7+
111 101 [+—+—-—+—+]-a B+y+4

So, as an example, the line for b = 101 contributes the factor

000 — (tgo1 — 010 + 011 + 100 — 101 — 110 +F 111 — B — 6

to the product.



> Idea of proof:
» Use the HADAMARD transform on V), given by

-Gl )"

to diagonalize A; (). The basis
Wy ={H®"|b);beB'} ={|w”); beB"}

is the adapted ON-basis of V;
» B, is not even triangular in the basis W, but becomes lower
triangular w.r.t. the basis

W, ={|w*");beB}

namely _ _
Hi- Bu(B) - H. = B{(B™)

where ltll_ is the matrix of the HADAMARD transformation
combined with the A-transformation.



» Comments

» The original conjecture by AYYER-MALLICK about the
eigenvalues of the asymmetric annihilation process is a
particular case of the above factorized determinant

> In the original problem the eigenvalues had high multiplicities
and the eigenspaces were maximally degenerate (experimental
observation) — in the extended “symbolic” model all
eigenvalues are simple

» For the extended model a partition function can be computed

Z(e,8)= [] (M\sa+8<"-b)

0£beBL

where
M=2 > a (beB
c:b.c=1
. - L+1
which has degree 28 — 1 — instead of (“5%)
model.

in the original



2. Linear algebra approach for a generalized partition function



» Some notation

>

>

>

all matrices are square matrices indexed by some B¥
I denotes the B¥ x Bk-identity matrix

|01
7711 0
if Nis a B" x B™ matrix with n > 0, then

N =N-(0®T, 1)

for matrices M = [my,\], ,cge and N = [ny,], . (as before)
M Ry N = |:mu.v . NU”U@VH}
’ u,veBK

mg...00,0..00N  mMg..000..00N° mo..00,0..10N7
mo...01,0...00N°  mg._010..00N  mo._o1,0..10N
mo...10,0...00N°  mo. 100..00N  mo. 100..10N

®, is associative and satisfies a useful homomorphism property

(M &y N)* = M° ®, N°



» generalized transition matrices

|

z a+b
a z—b
a
c
z—cC
0

|



Ms

z—c—d

z—b—c—d

0




» writing the transition matrices using the matrices

o, o 1]
a—loanr—o_l.

| 4
Mi=z-T1+ac+b1
>
My=z-Ir+a-c1 +b- 11 7+c-7TR, 11
>

M3 =2zI3+a0cRh+bLhdT+c-[19T7TR 11 +d - IpRTR, 1>



> the general picture

k—1
M=z -Tx+ap- oI 1 +Zaj+1']1k—1_j®7®a]1j
j=0

» wanted: transfer matrices Ty 1 x of format 2k+1 % 2k such
that

M1+ Tirih = Teyrn - My



ab+bc+c2 ab+ac+ bc
2

ac c
T21 = ab+ ac ab
0 ac

el _[b+c b] | [a b b+c

e[ J e o]

-7 | S — —_——

B(b,c) B (b,c)
c] a o
S CECE RN




T30 =

r d?c+d?b+d3+dcb+ach  d’b+cda+dcb+ach  dcb+cda+abd+ad®+ach  d*c+abd+dcb+ach ]

cda (d+c) d? d’c (d+c) ad
(b+d) ad abd (b+d) d? d%b
0 ad? 0 o3
a (bd+d2+cb+cd) ba(d+c) acb ac (b+d)
0 (d+c)ad cda 0
0 0 (b+d) ad abd
L 0 0 0 ad? d

cd +d? ac+ ad ac cd
ad d? 0 0 "
ac + ad 0 ® (b, d) + 0 ac ® 7 (b, d)

0 ad 0 O



that is

d a -
ra= [ [f]os

where
o [(c =N < ﬂ;((ﬁajﬂ = B(c,d) @, (b, d)
g _ [Cd ﬁﬁ"((ﬁ, ;f)) (c+ déﬂ(b’ d)} = 3%(c,d) ®, (b, d)
so we get

d
Ton = M ® Ble, d) @y B(b, d) + [o] ® 8%(c. d) @y 5 (b, d)
B(bic,d) 5 (bc.d)




Tas = [j © B(d. ) ®y B(c, e) @y B(b, )
Bb.c.d.e)

+ [g’] © 67(d, ) ®5 57(c, ) ©5 57 (b, €)
B (b,c,d,e)




> the general picture: the transfer matrices are
Tit1,k = [al;;rl] ® B(a1, a2, ..., ak+1)
+ [?] ® B7(a1, a2, .-+, ak+1)
where

5(31, an, ..., ak+1) =
B(ak, ak+1) Qo Bak—1, ak+1) P - - D (a1, ak4+1)



> the partition functions

» the stationary vectors (= right eigenvectors for eigenvalue
aop + 31)

ap+ a
lvi) = [ an 1} Vit1) = Thga | Vi)

> the partition functions
k
ze = (1% | w)
so that

k+1
7o =2ap + ax Zipr = (17| Thgane | i)



> note

a0 =l 5 2 = b+ o

(11| B7(b,c) = (11| [ICJ bJOr c:|

» so that (as an example)
z3=(1%|vs) = (1°| T2 | )

(11 ([‘a’] ® e, d) @ B(b, d)) [v2)

s (3] e sedy s 57(6.0)) 1)

= ((a+ d)(c+ d)(b+d) + a(c+ d)(b+d)) - (1*| vo)
= (2a+d)(b+d)(c+d)-2



» and the general result is

zZ = H (280 + aj) . H (a,' + aj)

1<i<k 1<i<j<k



3. Denominators of weighted shifted tableaux



» some notation

» shifted shape (alias strict partition) : a sequence
A= (A1,A2,...,Ap) of integers with Ay > Ao > ... > X\ >0
» length of A : |A] = £ (= number of parts)
» sizeof X ||A| = A1+ A2+ -+ A¢ (sum of parts)

» A weight function on shifted shapes A = (A1, \2,..., A¢)
WN) = 30 + X0+

X1, X2, ... are variables



Shifted standard Young tableaux (sSYT) of shape A are
defined as usual

A sSYT tis as a sequence of nested shifted shapes
t:(Z)C)\(l) cA@ e AURAD = 2

where [AV] =/ (1<) < [A])
sSYT(A) : the set of all sSYTs t of shape A

multiplicative extension of the weight function

wit)= J[ w9).

LAl

w(t) is a polynomial in x1,x2, ..., xy, of degree ||A|



» now define

S(A) = Z 1 :num()\)

tesSYT () w(t) den(X)

where
» num(A) is a polynomial in xi, X2, ..., X, of degree
deg(den(X)) — [[All,
» the fraction is reduced, i.e. num(A) and den(\) have no
common factor




» Claim:
> if A= ()\17)\2,...), then

den(A) = [ w(w),

I‘Lg(Ah)‘?)

where the p's appearing in the product have length two or one.
So den(A) depends only on the two largest parts of A.
» if A has length one, i.e. A = (A1), this reduces to

den(\) = H X;.

1<i<)\;



» lllustration

t= 3
1 2

— (12457 | 36 | 8)

=((1),(2),(2,1),(3,1),(4,1),(4,2),(5,2),(5,2,1))

w(t) =
x1-x+(x2+x1)-(x3+x1)-(xa+x1)-(xa+x2)- (X5 +x2) - (X5 +X2+x1)
> the general rule
S(A) = Z S(u
)/,Lq)\

where < denotes covering w.r.t. inclusion



[llustration for A = (3,2,1):
» (3,2)<(3,2,1)
» A =(3,2), sSYT(3,2) = {(123 | 45), (124 | 35)}
1
w(3,2)

5(3,2) = 5(3,1)

- X1+ X2+ X3
X1 X2 X3 (X1 + X2) (X1 + X3) (XQ + X3)

» A=(3,2,1), sSYT(3,2,1) = {(123 | 45| 6), (124 | 35 | 6)}

5(3,2,1) = 5(3,2) =

w(3,2,1)

x1x2 x3 (x1 + x2) (x1 + x3) (x2 + x3)



lllustration for A = (4,2,1):
> (3,2,1)<(4,2,1), (4,2)<(4,2,1)

> = (3,2, l)
1
5(3,2,1) =
( ) X1 X2 X3 (X1 +X2) (X1 —|—X3) (X2 +X3)
» A=(4,2)

sSYT(4,2) = {(1234 | 56), (1235 | 46), (1245 | 36),
(1236 | 45), (1246 | 35)}

5(4,2) = w(4.2) (5(4,1)+ 5(3,2))
2

_ x12X2+x12X3—|—x12X4—|—x1x22+x1x§+x1xf+x22X3+x22X4+ cor T X3Xy

x1x0x3X4 (X1+X2) (x14x3) (x1+xa) (x2+X3) (x2+x2)
2 Xx1X0X3 + 2 X1X0X4 + 2 X1X3X4 + 2 X0 X3X4
* x1xox3x4 (X1 4+ x2) (X1 + x3) (x1 + xa) (x2 + x3) (x2 + X3)
B m(2,1)(X1, X2, X3, Xa) + 2 M1 1,1y (X1, X2, X3, X4)
—xpexaxg (X1 + x2) (x1 4 x3) (x1 4+ xa) (X2 + x3) (X2 + Xa)




> A=(4,2,1)

sSYT(4,2,1) = {(1234 | 56 | 7), (1235 | 46 | 7), (1245 | 36 | 7),
(1236 | 45 | 7), (1246 | 35 | 7), (1237 | 45 | 6),
(1247|351 6)}

1
w(4,2,1)
o X1Xo + X1X3 + X1X4 + XoX3 + XoXg + X32 —+ X3X4 + X‘%

T xpaxaxs (x1 4+ x2) (1 +x3) (x1 + xa) (2 + x3) (X2 + xq)
ex(x1, X2, X3, Xa) + X3 + X2
T xpaxsxs (x1 4+ x2) (a + x3) (xa + xa) (e + x3) (2 + xq)

5(4,2,1) = (5(4,2) + 5(3,2,1))
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