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Abstract

Abstract

: : (2:9)itj-2 :
We give a Pfaffian analogue of det( (aqu;q)iﬂ-_z) and its proof.
(CH

Hn = GbgZa) are the moments of the little g-Jacobi polynomials

and we regard it as a g-generalization of Catalan numbers C;.
Hence our main result is

pf((qi—l_ j—1) (ad; Q)i4jtr-2 )
(@ba?; a)i+j+r-2 1<ij<2n
= a”(n—l)qn(n—l)(4n+1)/3+n(n_1)r

-1
(a;a)2k-1(ad; a)2k+r-1
ba; q)2x
D Dl (aba?; a)2(k-+n)+r-3

We use LU type decomposition for skew-symmetric matrices
arising from Plucker relations for Pfaffians.
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Catalan numbers

Forn=0,1,2,..., The Catalan number C, is defined to be

1 (Zn)
Cn = .
n+1\n
The Catalan number C, counts the Dyck paths from (0, 0) to
(2n,0).
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Catalan numbers

Forn=0,1,2,..., The Catalan number C, is defined to be

1 (Zn)
Cn = .
n+1\n
The Catalan number C, counts the Dyck paths from (0, 0) to
(2n,0).

The generating function for the Catalan numbers is given by

1- V1-4t
2t

:chtn=1+t+2t2—|—5t3+14t4+...‘

n>0
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Catalan Hankel determinants

Theorem (Desainte-Catherine-Viennot 1986)

For the Catalan numbers Cq, Cq, C»,..., let

Crgr) = (Ci+j+r—2)1si,jsn
denote the Hankel matrix. Then
i+j+2n

detc) = T

O<igj<r-1
holds for r,n > 0. For example,
detc? = detc™ = 1,
detc® =n +1,
1
detc® = s(+1)(n+2)(2n +3).
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Notation

g-shifted factorials

We use the notation:

(@a0)e = ﬁ(l —aqg“),
k=0

(a;9)e

(@ = Gagm o)

forn=0,1,2,....
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Notation

g-shifted factorials

We use the notation:

(a;0)c ﬁl aq")

(a,Q)oo

@ = Gagm a)o

forn=0,1,2,.... (a;q), is called the g-shifted factorial.
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Notation

g-shifted factorials

We use the notation:

(a;0)c ﬁl aq")

(a,Q)oo
(a0™; d)oo

(a;a)n =

forn=0,1,2,.... (a;q)n is called the g-shifted factorial.
Frequently used compact natation:

(a1,82,-.-5,ar;0)e = (22, 9)(@2; ) oo - - - (Ar; U)os
(a1,a2,...,a;9)n = (a1;9)n(a2; A)n - - (ar; Q)n.
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More Notation

Raising factorials

If we put a = q¢, then

im @%@ (-7 (-9 (1-gTT)
im lim

-1 (1-q)" a1 (1-q) (1-q) (1-aq)
=(a)(@a+1)---(a+n-1).
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More Notation

Raising factorials

If we put a = q¢, then

o (@%an . (1-97)(1-g*")  (1-gvt"Y)
lim = lim .
-1 (1-q)" -1 (1-q) (1-q) (1-a)
=(a)(e+1)---(@¢+n-1).
n-1
We write ( (a + k), which is called the raising factorial.
k=0
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Basic hypergeomrtric series

Basic hypergeomrtric series

We shall define the ;.1 ¢, basic hypergeomriric series by

(o)

Z (al,az,...,ar+1;q)nzn
n=0 (q’ bl,---,br;q)n .

aj,az,...,ar+1
bl,...,br

r+1¢r

;q,Z]:
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Basic hypergeomrtric series
Basic hypergeomrtric series

We shall define the ;.1 ¢, basic hypergeomriric series by

(o)

Z (al,az,...,ar+1;q)nzn
n=0 (q’ bl,---,br;q)n .

Hypergeomrtric series

If we put a; = g% and b; = ¢ in the above series and letq — 1,
then we obtain the 1 F, hypergeomrtric series

aj,az,...,ar+1
bl,...,br

r+1¢r

;q,Z]:

@1, @2,...,0r 41

v (@)n(@2)n - (@rga)n
ﬁle---’ﬁr - Z £

24 n1(B)n - (Br)n

r+1Fr
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The little g-Jacobi polynomials

The little g-Jacobi polynomials are defined by

(aq; q) n N abg"*?
Pn(x;a,b;q) = - a ;

—_— _1 n (2)
(abq”+1;q)n( Va¥eh| " g

which are orthogonal with respect to the inner product defined by

(aba%; d)eo o (B Ak, o/ i "
0=~ Z(qq aq)"f (o) g ().

; q,xq],
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Moments of the little g-Jacobi polynomials

Moments of the little g-Jacobi polynomials

Here we consider the series

=— (n=0,1,2,...).
(aqu;Q)n ( )
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Moments of the little g-Jacobi polynomials

Moments of the little g-Jacobi polynomials
Here we consider the series

n . (ag;Q)n

Un = (X7, 1) = n=0,1,2,...).
" (aqu;Q)n ( )

If we puta = q% b = g and let g — 1, then

(¢ + 1),
(@+B+2)n
Note that

(2 Cn (%)”_i(zn) (%)”_L(Z”Jrl)
(2 2207 (1) 22\n) (2)y 22\ n )

Masao Ishikawa A Pfaffian analogue of the g-Catalan Hankel determinant




g-Catalan Hankel determinants

Theorem (ITZ'09)

Let n be a positive integer and t non-negative integer. Then

(aq; Q)r) }”

. _ o in(n-1),2in(n-1)(2n-1)

y 1—[ (g,aq" ™, ba; q)n—k
(abg"*+1+1; q)n i (abq"+2; 0)p(n-k)
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g-Catalan Hankel determinants

Let n be a positive integer and t non-negative integer. Then
(aq;Q)r }n
(abQZ;Q)r

a r+1 b .
o 1—[ (9,aq q; q)n k

det (ditj+r-2)1<ijen = a%”(”‘l)q%”(”—l)(Zn—l){

Theorem (ITZ'09)

Let n be a positive integer and k1, k»,. .., k, non-negative integers.

n+1 aq q ki
det(#k.ﬂ 2)1<|J<n1 ) . )l_l (aba?; q)k+n-1

n

x | ] ]_[(bq A)n-i

1<i<j<n
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Methods to prove the above theorems

Proof methods

The methods to prove the theorems

Masao Ishikawa A Pfaffian analogue of the g-Catalan Hankel determinant



Methods to prove the above theorems

Proof methods

The methods to prove the theorems
@ Lattice path method (the Lindstrom-Gessel-Viennot theorem)
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Methods to prove the above theorems

Proof methods

The methods to prove the theorems
@ Lattice path method (the Lindstrom-Gessel-Viennot theorem)

@ Orthogonal polynomials and continued fractions (the little
g-Jacobi polynomials)
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Methods to prove the above theorems

Proof methods

The methods to prove the theorems
@ Lattice path method (the Lindstrom-Gessel-Viennot theorem)

@ Orthogonal polynomials and continued fractions (the little
g-Jacobi polynomials)

@ LU-decompositions (g-Dougall’s formula)
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Methods to prove the above theorems

Proof methods

The methods to prove the theorems
@ Lattice path method (the Lindstrom-Gessel-Viennot theorem)

@ Orthogonal polynomials and continued fractions (the little
g-Jacobi polynomials)

@ LU-decompositions (g-Dougall’s formula)

@ Desnanot-Jacobi adjoint matrix theorem (Dodgson’s formula)
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An Pfaffian analogue of g-Catalan Hankel determinant

Letn > 1 andr > -1 be integers. Then we have

Pf((qi_l—qj‘l) (ad; Q)ii+r-2 )
(aba?; A)itjtr-2/ 14 <o

_ an(n—l)qn(n—l)(4n+1)/3+n(n—1)|'

n-1 n
(9;a)2k-1(ad; q)2k+r-1
[ aiarac [ 1 s
k=1 k=1 abq q 2(k+n)+r-3
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An Pfaffian analogue of g-Catalan Hankel determinant

Letn > 1 andr > -1 be integers. Then we have

Pf((qi_l—qj‘l) (ad; Q)ii+r-2 )
(aba?; A)itjtr-2/ 14 <o

_ an(n—l)qn(n—l)(4n+1)/3+n(n—1)|'

n

n_

(9;a)2k-1(ad; q)2k+r-1
x| ]aragac [ | = —
k=1

_ abq q 2(k+n)+r-3

If we puta = q” and b = g and let ¢ — 1, then we obtain the
following corollary.
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A corollary

Corollary

Letn > 1 andr > -1 be integers. Then we have

(@ + 1)itjtr—2 )
@+ B+ 2)itjtr-2 1<ij<2n

Pf((j —i)

n-1 n
2k — 1) (a+1 _
:l_l(ﬁ+1)2kl_[( JH )ok+r L
k=1 it (@+B+2)2kqn)tr-3

where we use the notation

(a)y = N (e+i-1) ifn>0,
T\ @ +i+n-1) ifn<o.

(See Krattenthaler'02.)
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Specializations

Corollary

Letn > 1andr > -1 be integers.
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Specializations

Corollary

Letn > 1andr > -1 be integers.

© Let C, denote the Catalan numbers.

13 (4k + 1)1 ° (2k —1)!(4k + 2r - 2)!
=[] [

e (2k +r = 1)H2(k +n) +r -2}l
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Specializations

Corollary

Letn > 1andr > -1 be integers.

© Let C, denote the Catalan numbers.

Pf((j = i)ci+j+r_2)

nl

4k+1)| (2k —1)!(4k + 2r — 2)!
n l_ll(2k+r—1)!{2(k+n)+r—2}!’

1<i,j<2n

=

1

Q LetD, = (zn”) denote the central binomial coefficients.

Pf((j - i)Di_H-_H_z)

1<i,j<2n
n— 1 n

ﬂ (2k — 1)1(4k + 2r — 2)!
p (2k +r—=1)42(k +n) +r -3}
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More Specializations

Corollary
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More Specializations

Corollary

Q Lety, = (@ + 1), for n > 0, which is known as the moment
sequence of Laguerre polynomials.

PG~ usisnz) =[]k =D+ Dacsrs.
k=1

1<i,j<2n
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More Specializations

Corollary

Q Letu, = (@ + 1), for n > 0, which is known as the moment
sequence of Laguerre polynomials.

PI{(G = Datsisr-2)

n
= H(Zk — 1)@+ 1)2k+r-1.
1<i,j<2n k1
Q Let uy, = (2n + 1)!! denote the double factorial of 2n + 1 for
n > 0, which is known as the moment sequence of Hermite
polynomials.
l n

Pf((j - i)yi+j+r_2) = [ 14k —2)1(4k +2r — 1)1
1<ij<on 20 ]
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Submatrices

Definition

Let A = (aji)i’jzl be a matrix (of finite or infinite row/column length).
Ifl = {il, .. ir (resp. J = {jl, ... ,jr ) are a set of row (resp.

.....

.....

| =J=0. For posmve mteger n we let [n] ...,n].
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Submatrices

Let A = (a');j>1 be a matrix (of finite or infinite row/column length).
Ifl = {il, .. ir (resp. J = {jl, ... ,jr ) are a set of row (resp.

.....

.....

| =J=0. For posmve mteger n we let [n] ...,n].

For A = (&)ij>1 we use the notation

ay al al
124 | o2 L2 .2 1,2,4 12,4
A2’3’5 = agl a,i ai s a5 = detA245
a, a; ag
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LDU-decomposition

LDU-decomposition

Let n be a positive integer, and A = (aj‘)lsi,jsn be an n x n matrix

such that a[[ii]] # 0for 1 <i<n. Then A is uniquely written as

A=LDU,

where D = (dié})lsi,jsn is a diagonal matrix, L = (Iji)lsi’jsn (resp.
U= (uji)lsi,jsn) is a lower (resp. upper) unitriangular matrix.
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LDU-decomposition

LDU-decomposition

Let n be a positive integer, and A = (a )1<,J<n be an n x n matrix

[i]
U

such thata:; # 0for1 <i <n. Then A is uniquely written as

A=LDU,

where D = (d-6i)1<ij<n is a diagonal matrix, L = (Ii)1<ij<n (resp.
U=(u )1<.,<n) is a lower (resp. upper) unitriangular matrix. In fact

[il [-1.i [i]
4 — i S g
ST Y b
&jiq] 2 &

a
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Example

n=4
1 1 1 1
332_ a% asz. aé
R B
al a% Zil:‘31 aﬁ
al a; a; aj,
1 0 0 0Ofaf 0 0 0)(;1 & & 2
a2 al2 al al al
4 1 o0 oO0fjj0 2 o0 0 L b
al al &3 A
3 13 E 123 0 1 % =%
= a a a.
ST 123 12
o1 12 1 0}f0 0 2 0 2154
S a 0 O 1 A2
4 14 al24 1234 123
4y Ax 1 0 0 0 1234 123
1 12 123
Ap s ap s ang 155 0 0 0 1
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The proof of the decomposition is made by the Desnanot-Jacobi
adjoint matrix theorem:

k-2] _[K] _ _[k-2].k-1_[k-2]k
Ak—21qKk] ~ Ak-2k-1¥k-2]k ~ 2

[k—2k—1_ [k=2]k
k=21k Pk-2k-1"
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Proof

The proof of the decomposition is made by the Desnanot-Jacobi
adjoint matrix theorem:

k-2] _[K] _ _[k-2].k-1_[k-2]k
Ak—21qKk] ~ Ak-2k-1¥k-2]k ~ 2

A strategy to evaulate a determinant

Assume one has a conjecture for all — al2.i ifhe can guess a

[k—2k—1_ [k=2]k
k=21k Pk-2k-1"

il — “12.
certain formula for
a[[iil_l],j = a%.%i”—il,j and ""[[jj]_l]’i = ai'z‘f.j_ .
then he should prove
min(i,j)
ILdkuj" = aji.

k=1
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Skew-symmetric matrices

Definition

We say a matrix A = (a))ijz1 (resp. A = (&)1sij<n) is
skew-symmetric if it satisfies aij = —aji fori,j > 1 (resp. 1 <i,j < n).
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Skew-symmetric matrices

We say a matrix A = (a))ijz1 (resp. A = (&)1sij<n) is
skew-symmetric if it satisfies aij = —aji fori,j > 1 (resp. 1 <i,j < n).

The 4 x 4 matrix

T 2 S %
—agi —a% O3 a,
-a, a, a, 0

is skew-symmetric.
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'J2n

We define 2 x 2 skew-symmetric matrix J, by

0 1
and let Jo, = Jo @ - - - @ J, denote the 2n X 2n matrix whose main

diagonal 2 x 2 blocks are all J, and the other blocks are 2 x 2 zero
matrices Os.
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We define 2 x 2 skew-symmetric matrix J, by

0 1
and let Jo, = Jo @ - - - @ J, denote the 2n X 2n matrix whose main
diagonal 2 x 2 blocks are all J, and the other blocks are 2 x 2 zero

matrices Os.
0O 1 0 O
5,_|1 000
“7lo 0 0 1
0O 0 -1 0O
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Definition

If we are given an n x n skew-symmetric matrix A = (aji)lsi’an of
even degree, then detA is the square of a polynomial of its entries
aji. So the Pfaffian of A, denoted by PfA, is definded to be the
square root of det A, where we take the branch which takes the

value PfJo, = 1.
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Pfaffian

If we are given an n x n skew-symmetric matrix A = (aji)lsi’an of
even degree, then detA is the square of a polynomial of its entries
al. So the Pfaffian of A, denoted by PfA, is definded to be the
square root of det A, where we take the branch which takes the

value PfJo, = 1.

1 1 1
0 a, a; a,
3

1 2 2
-a 0 a a
Pf| 72 4|=alad-ala? +ala?
a1 42 3 29, 39 493
a3i a% 03 a,
-, —a; -4, 0
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Subpfaffians

Definition
For a skew-symmetric matrix A, we usually take | = J so that,

.....

denote PfA, if | # 0, 1 if | = 0 when there is no fear of confusion.
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Subpfaffians

For a skew-symmetric matrix A, we usually take | = J so that,

hereafter, we write Aj = A, ., for AI'. Further let &y = &,
denote PfA, if | # 0, 1 if | = 0 when there is no fear of confusion.

0 . a3 aé aé

A13s6 = _a?i 0 3 & a%
—a? —a% 0 ] ag

-85 —a; -ag 0

_ 1.5 _ .1.3 , 1.3
a1356 = A385 — Agdg a4 dgag
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2 X 2 block notation

2 X 2 block notation

We write the matrix A = (aji)lsi,jszn by 2 x 2 blocks as

1 1 1

A12 A% Ag
A_|A A A
Al Al ... AD

2i—-1 2i—-1
i A -1 %
where A' is the 2 X 2 block matrix A' =| %
: J 2-1 Ay
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Pfaffian decomposition

Theorem (Pfaffian decomposition)

Let n be a positive integer, and A = (aji)lsi,jszn be a
skew-symmetric matrix of size 2n such that ap,; # 0 for 1 <i <n.
then A is uniquely written as

A=VTV.

Here T and V are composed of 2 x 2 blocks

T1 02 ... O J Vo o...oVvp
O, T, ... O O, Jo ... V2
T=. . . . v=t. . . |
0, O, ... Ty 0, O ... 1
forl <i<n.
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Pfaffian decomposition

Theorem (Entries of T and V)

g i o (y2l 21
Here we have T; = ( ') and V| = ( CIn ] and each t;
—t 0 2-1 V2

and v is written as

ap2i] vk — api-2] k.l

' apig ! api)

forl<i<nandl1l<Kk,l <2n.
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Pfaffian decomposition
Theorem (Entries of T and V)

0 _ 2i-1 \,2i-1
Here we have T; = ( ') and V| = ( 4-1 2 ] and each t;

: 2i
~t 0 2i-1 Vi
and v is written as
a[2i] Kk @i-2)kl

a2i-2] a[zi]

forl<i<nandl1l<Kk,l <2n.

The proof of the decomposition is made by the Pfaffian analogue
of the Desnanot-Jacobi adjoint matrix theorem:

Ak-4]Ak] = Alk—4] k—3.k—23[k—4].k—1,k

—A[k-4] k-3 k-18[k-4] k—2.k T Ak—-4] k-3.k Ak—4] k—2,k—1-
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An example of Pfaffian decomposition

For A = (a])1ij<s We have
0 a2 0 0 0 0
—aj2 0 0 0 0 0
0 o0 0 (= 0 0
T = a o1
0o o0 -&=m g 0 0
0 0 012 0 0 123456
a1234
0 0 0 0 _ Q123456 0
a1234
az a a aie
1 0 & 2 a5 an
ain aiz a2 aiz
0 0 0 1 1235 1236
V = Q1234 Q1234 |
0 0 -1 0 Q1245 21246
a1234 a1234
0O 0 O 0 0 1
0O 0 0o 0 -1 0
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A strategy to evaulate a Pfafian

A strategy to evaulate a Pfafian

Assume one has a conjecture for api] = a1.2,.2i- If he can guess a
certain formula for

Qpi-1]j = A1..2i-1, and A2i-2],2i) = &12...2i-2,2i ]

then he should prove

Z (vizk—lthjZk _ Vizktkvjzk—l) _ ajl
k>1
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A strategy to evaulate a Pfafian
A strategy to evaulate a Pfafian

Assume one has a conjecture for api] = a1.2,.2i- If he can guess a
certain formula for

Qpi-1]j = A1..2i-1, and A2i-2],2i) = &12...2i-2,2i ]

then he should prove

Z (vizk—lthjZk _ Vizktkvjzk—l) _ ajl

k>1
Let ( )
; - i aq; q)i+j+r-2
ajl _ (ql 1_ Al 1)

(abg?; Q)i+j+r—2'
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Guess

We want prove

api) = ai(i—l)qi(i—l)(4i+1)/3+i(i—1)r

x n(bq a)s l—l (0 A)2k-1(a9; Aawr-1

k=1 (abg?; q)2(k+i)4r-3
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Guess

We want prove

api) = ai(i—l)qi(i—l)(4i+1)/3+i(i—1)r

(a;a)2x-1(aq; o) 2k4r-1
X b .
l_[( 1: Q)ax 11 (abg?; q)2(k+i)4r-3

Our Guess

We guess a formula for

api—1j and api_z)2ij-
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Pfaffian decomposition

We obtain the entries of T and V as follows.

2(i-1)(241-1) (a; 9)2i-1(aq; 9)zi+r-1(ba; )2(i-1)

t = a*("Yq . :
(aba?, )si+r-3(aba?+71; q)(i-1)
(@ha) (At thg)isia o
Vji - (?[;ﬁ?;q).l(g?g‘f;;;:q)i—i—l (aq'*";q);-if (i,j.r) ?f I ?S odd
q (@:9)i-1 " (abqZF=3,q)1 (abg? - 1;q)_i11 ifiis even,
where

f(ij,r) = (1 -d'™)(1 -ag*"™*)(1 - abg™ ) /(1 - q)
+ aq2i+r—3(1 _ b)(l _ qj—i—l-l)‘
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We have to prove

Z ak_lqk(k_l)_H_ ) (qi—k+1; q)k—l(qj_kJrl; q)k—l
o= (a; @)

k odd
o (ba; q)k-1(aba?; q)k—2(aba®; q): ‘
(ag; )k (abg'*1; q)k (@bgl*1; q)x
_ (@7 - d7Y)(ad; 9)i1j-2(aba?; a)i-1(abg?; q)
(ag; a)i-1(ag; q)j-1(aba?; q)i+j-2
where gk (i,j; a,b,q) is set to be
gk(i’j; a, b,Q) = (l - qk)(l - aqk){
(1 _ qi—k)(l _ qj—k—l)(l _ abqi+k)(l _ abqj+k—1)
- (L= )(L - g)(1 - abg<+"1)(L - abg ) |/(1 - q)
+aq“?(1-b) (o - d)(1-a"*)(1 - g*) (1 - abg™*?).

ok (i,j;a,b,q)

’




We also observe that this identity holds for the sum which runs
over even integers, i.e.

Z ak-Igk(-1)+1, (@ @2 (@M gls
k>0 (q; Q)k

k even
(bg; q)k-1(abg?; q)k-2(abg?; q)s
(ag; q)x (abg'*1; q)x (abaitL; q)x
(97" = d™")(ag; q)i+j-2(aba?; q)i-1(aba?; q)j-1
a (ag; q)i-1(aq; 9)j-1(aba?; q)ij-2 '

-gk(i,j;a,b,q)

Hence, by adding and subtracting these two idetities, those are
equivalent to the following identites.
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Z ak_lqk(k_1)+1 ) (qi_k+l? q)k—l(qj_k—H; Q)k—l
k>0 (g; 9)x
(ba; q)k-1(abg?; q)k-2(abg; q)1
(aq; )k (abg'+1; )k (abal+t; q)«
2(q"* - g71)(ag; q)i+j-2(abg?; q)i-1(abg?; q)j-1
- (ad; q)i-1(ag; 9)i-1(aba?; q)ij-2

-gk(i,j;a,b,q)

]

and

Z(_l)kak—lqk(k—l)Jrl ) (@ q)e-a (@ T q)es
k>0 (9 a)x

(ba; 9)k-1(abg?; q)k_2(abg?; q)1
(aq; g)k (abg+t; )k (abai+t; q)x
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For the first identity, rewrite g (i,j; a, b, q) as follows and apply the
g-Dougall formula to each term

0c(i.jia.b.q) = (¢' = )|a2*(a+ ad™)(2 - 6*)(2 - ¢“*)(2 - abg¥)(1 - abq
+ q‘3{aq(bq —ab-1+b)(1-g")+q(1-a)(q-ab)
+aq(1+ba)(1-q)(1-d)) + (q+ag™)(1 - q)(1 - abg)}(1 - q*)(1 - ak
+aq (1~ b)(L - aba)(1 - ¢')(1 - d)|

g-Dougall formula

a, qa%,_qa%,b’C, q_n . aqn+1 _ (aq,aQ/bC,Q)n

" (ag/b,aq/c;q),’

695

az,-az,aq/b,aqg/c,ag"t ' bc
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For the second identity, generalize as follows and use induction.
m
Z k ak-1 k(k 1)+1(1 aquk)

» (ba; q)k-1(abg?; q)k—2(cq™**%; q) (dg™**+%; q)ok(a, b, c,d; q)
(a; a)x(ag; q)« (abeg; q)x (abdg; )«
_amc™id™(d —¢)(1 - abg®™)(abg?; d)m-1(bq; d)m(C T A)m1(d 7 )y
- (—9)™*1(a; 4)m(aq; 4)m(abed; q)m(abdg; q)m

where
Ge(a,b,c,d;a) = (1-q*)(1 - aqk){
(1-cg™)(1-dg™*)(1 - abeg“)(1 - abdg*~*)
- (1= e (1 - dg)(1 - abeqt ¥)(2 - abaa") (1 -
+ag“?(1-b)(c—d)(1-cqg)(1-dg™)(1-abg**).
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Conjecture

Al-Salam-Carlitz polynomials

The Al-Salam-Carlitz polynomials are defined by

=) aX—l

n q .
U (i) = (-27aPa 0 e
Then the nth moment have the expression:

Gn(a;q) = i [E]q ak.

k=0
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Conjecture

The Al-Salam-Carlitz polynomials are defined by

n q—n’ aX—l
U (i) = (-27aPa 0 e
Then the nth moment have the expression:

Gn(a;q) = i [E]q ak.

k=0

Pf((qil - ¢™)Gisj2(a; OI))

1<i,j<2n

n n
1 _ _1)n o n
— an(n-1)g3n/2116ln/212~1)+(-1)"4ln /2 kljl(q; @)t kZOqL(n 2k)2/2] [k LZ ak
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Several numbers counting paths

Definition (Motzkin, Delannoy, Schroder and Narayana numbers)

Let Mnh = X¢_, (2nk)Ck denote the Motzkin numbers,
= e 0( )(”+k) the central Delannoy numbers, and
Zk -0 (”*k)Ck Schréder numbers. The Narayana numbers

(n,k) = %(k)(k 1) n=123...,1<k <n, gives the Narayana
polynomials

Nn(a) = ; %(E)(k " 1)ak,

which is the moment sequece of a generalized Thebyshev
polynomials of the first kind.

Masao Ishikawa A Pfaffian analogue of the g-Catalan Hankel determinant



Several numbers counting paths

The first few terms of Motzkin, Delannoy, Schroder and Narayana
numbers are as follows.

{Mplnso = 1,1,2,4,9,21,51,127,323, ...

{Dnlnso = 1,3,13,63,321, 1683, 8989, 48639, 265729, . ..
{Snins0 = 1,2,6,22,90, 394, 1806, 8558, 415886, . . .
{Nn(@)}nso = a@,a®> +a,a®+3a’ +a,a* + 6a® +6a’ +a,...
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Conjectures

Let n > 1 be an integers. Then the following identities would hold:

n-1
Pf((j - i)Mi+j—3) (4k +1),
1§i,j§2n K=0
=il
j —i)Diyj 3) = -t (2n-1 (4k — 1),
( o 1<i,j<2n U
-1
Pf(]—|S+ 2) = 4k + 1),
o 1<ij<2 U
) n— 1
l<ij<2n k:O
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Sloane’s database

Remark
Note that

ﬁ4k+l

The first few terms are 1, 1, 5, 45, 585, 9945, 208845, 5221125,
151412625, . ... While these numbers are known as the numbers
of increasing quaternary trees on n vertices (On-line Encyclopedia
for Integer Sequences), we don’t know the direct connection
between the identity and combinatorial enumeration.

Pf((j - i)Ci+j—2)

1<i,j<2n
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Thank youl!
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