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Let w , x ∈ Sn.

Def

I (w) = {(i , j) | i < j ,w(i) > w(j)}

(inversions),

`(w) = |I (w)| (length),

T = {tij} (transpositions).

w → x means

w = xt ∃t ∈ T and `(w) < `(x).

Define Bruhat order w ≤ x if ∃ a path

w → x1 → x2 → · · · → xk → x .
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Def

DL(w) = {i | w−1(i) > w−1(i + 1)},
DR(w) = {i | w(i) > w(i + 1)}.

w is bigrassmannian if

|DL(x)| = |DR(x)| = 1.

B(Sn) = {bigrassmannian},
B(x) = {w ∈ B(Sn) | w ≤ x},
β(x) = |B(x)|.

Ex.

34512 ∈ B(S5) but 42513 6∈ B(S5).

•B(34512) = ? =⇒ Edelman order

(B(Sn) has nice properties in this order)
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Let (xab | 1 ≤ a ≤ b ≤ n − 1) be an
n(n − 1)/2-tuple s.t.

for each a,

{x(1), x(2), . . . , x(a)} = {xa1, xa2, . . . , xaa}

and
xa1 < xa2 < · · · < xaa.

Ex.

x = 42513 =

4
2 4
2 4 5
1 2 4 5.

with x11 = 4, x21 = 2 . . .
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Edelman order

w ≤ x ⇐⇒ wab ≤ xab ∀a,b

Fact

Bruhat, Edelman are equivalent.

Def [Reading 02]

(a,b, c) ∈ N3 with 1 ≤ b ≤ a ≤ n − 1 and
b + 1 ≤ c ≤ n − a + b, define

Jabc = min{x ∈ Sn | xab ≥ c}.
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Ex. (n=5)

J324 =
4

=

1
1 4
1 4 5
1 2 4 5

= 14523.

Prop [Lascoux-Scützenberger, Reading]

w ∈ B(Sn) ⇐⇒ w = Jabc
∃(a,b, c) as

above.

Remark

c ≤ xab ⇐⇒ Jabc ≤ x ⇐⇒ Jabc ∈ B(x).
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β(42513) = Σ


4
2 4
2 4 5
1 2 4 5

 − Σ


1
1 2
1 2 3
1 2 3 4



= Σ


3
1 2
1 2 2
0 0 1 1

 = 13.
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Lemma 2

For i < j , we have

β(x)− β(xtij) = (j − i)(x(i)− x(j)).
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β(x) =
∑

(i , j)∈I (x)

x(i)− x(j).

Proof

Induction on `(x).
`(x) = 0 : ok.
If `(x) > 0, ∃ a such that

x(a) > x(a + 1).

Let w = xta,a+1.
Then

`(w) = `(x)− 1,

(a, a + 1) ∈ I (x) \ I (w).

Inductive hypothesis:

β(w) =
∑

(i ,j)∈I (w)

w(i)−w(j).
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By Lemma 2,

β(x) = β(w) + (x(a)− x(a + 1)).

Thus
β(x) =

∑
(i ,j)∈I (w)

w(i)− w(j) + (x(a)− x(a + 1))

=
∑

(i ,j)∈I (x)\(a,a+1)

x(i)−x(j) + (x(a)−x(a + 1))

=
∑

(i ,j)∈I (x)

x(i)− x(j) �.
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Ex

β(42513) = (4− 2) + (4− 1) + (4− 3)

+ (2− 1) + (5− 1) + (5− 3)

= 13.
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Sn L

Coxeter group distributive lattice

Bruhat Edelman

` β

|I (x)|
∑

x(i)− x(j)

|{t | tx < x}|
∑

tx<x dp(t) (dp(t) = `(t)−1
2 )

n(n − 1)/2 (n + 1)n(n − 1)/6

bigrassmannian join-irreducible
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