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Graph theory - some definitions

tadpole line - line which starts and ends on the same vertex (loop)

1PR (1 particle reducible) line - a line whose removal increases by
1 the number of connected components of the graph (bridge)

regular line - line which is neither 1PR nor a tadpole line
semi-regular line - line which is not a tadpole line

spanning tree - connected subgraph with no loops (cycle)
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2 natural operations for an edge e in a graph G:

@ deletion — G — e

@ contraction — G/e

— associated to these operations - the Tutte polynomial

(combinatorial object encoding the topological information of a
graph)
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Tutte polynomial

(W. T. Tutte, Graph Theory, '84, H. H. Crapo, Aequationes Mathematicae,, '69)

a Ist definition - deletion/contraction:

e - regular line
TG(X7y) = TG/e(X7y) + TG—e(X7y)
— terminal forms - m 1PR lines and n tadpole lines

Te(x,y) :==xTy".
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r(A) == [Ve| — k(A),

r(A) - the rank of the subgraph A
V¢ - number of vertices
k(A) - number of connected components

2nd definition - sum over subgraphs:

Te(x,y) =Y (x = 1)/ B Ay — 17,
A

n(A) - number of loops of the subgraph A
(nulity - cyclomatic number)

the two definitions are equivalent
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Multivariate Tutte polynomial

(A. Sokal, London Math. Soc. Lecture Note Ser., 2005)

Be, e =1,..., E (different variable for each edge)
E - the total number of edges
g - variable associated to the vertices

Ist definition - deletion/contraction:

Z6(q,{8}) == Zg/e(a, {8 — {Be}}) + BeZo-e(q: {8 — {Be}}),

e - not necessary regular

— terminal forms with v vertices and without edges

Zc(q,8) == q".
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Multivariate Tutte polynomial - 2nd definition

2nd definition - sum over subgraphs:

Z6(q,0) = Y ¢V ] pe.

ACE ecA

the two definitions are equivalent
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Quantum field theory (QFT)

QFT - graph theory

®* model - 4-valent vertices

®(x) - a field, x € R* (the space-time)

fs
f, o
<"
f, €
f4

propagator (associated to each edge of the graph):

C(pe, m) = 2,pgeR4,i:1,...,E:3, m € R the mass

p%-i—m
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QFT - Feynman integrals

@ integration over each of the E internal momentum of the
graph G

@ conservation of incoming/outgoing momentae at each vertex
of the graph G

— Feynman integral Ac
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Parametric representation of the Feynman integrals

introduction of some parameters a:

1
- = /dozg e~dPitm)  wyp—1.. . F
p; +m

— Gaussian integration over internal momentae p;

_V(pextaa)/u E
=3 AG(pext) = / H —m? aédae
0 U(Oé /=1

U, V - polynomials in the parameters «

2 ] e

T ¢T

7 - spanning tree of the graph
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Ug(a) = aelg—e(a) + Ug/e()
terminal forms (graph formed only of tadpole or 1PR edges)

Us(a) = H Qe,

e tadpole
new proof: Grassmannian development of the Pfaffians resulted
from the Gaussian integrations over the internal momentae p;

relation with the multivariate Tutte polynomial - the polynomial
Ug satisfies the deletion/contraction relation

(S. Bloch et. al., Commun. Math. Phys., 2006, F. Brown, arXiv:0804.1660)

it can be obtained as a limit of the multivariate Tutte polynomial
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Generalization: ribbon graphs

bc=1

bc - number of connected components of the graph’s boundary
(if the graph is connected, bc - the number of faces)
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Bollobas-Riordan polynomial Rg

(B. Bollobds and O. Riordan, Proc. London Math. Soc., 83 2001, Math. Ann., 323 (2002)

J. Ellis-Monaghan and C. Merino, arXiv:0803.3079[math.CO], 0806.4699[math.CO])
— generalization of the Tutte polynomial for ribbon graphs

RG(X,y, Z) _ Z (X . 1)r(G)—r(H)yn(H)Zk(H)—bc(H)+n(H).
HCG

the additional variable z keeps track of the additional topological
information (bc or the graph genus g)

< some generalizations:

(S. Chumotov, J. Combinatorial Theory 99 (2009), F. Vignes-Tourneret, Discrete Mathematics 309 (2009)
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Deletion /contraction for the Bollobds-Riordan polynomial

RG(X,}/,Z) = RG/e(X7y7Z) + RG,E(X,}/,Z), e semi-regular edge
terminal forms (graphs R with 1 vertex):

k(R)=V(R)=k(H)=V(H)=1— R(x,y,z) = R(y, 2)

Rr(y,z) =Y yE(H 726",
HCR
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Multivariate Bollobas-Riordan polynomial

generalization of the Bollobas-Riordan polynomial analogous to the
generalization of the Tutte polynomial

Zo(x (e 2) = 3 (T o) 22,

HCG ecH

< satisfies the deletion/contraction relation
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Noncommutative quantum field theory (NCQFT)

NCQFTs - ribbon graphs
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Parametric representation for a noncommutative ®* model

e—V*(p,a)/U*()

£(p) = /0 V) [ gy

Ur(a)2

Theorem:
0 bc—1+42g Ozg
r=(3) T2

0 - noncommutativity parameter

T* - *-trees (non-trivial generalization of the notion of trees)
(quasi-trees)

Adrian Tanasa Topological graph polynomials and quantum field theories



Relation to the multivariate Bollobas-Riordan polynomial

Us({ae}) = aeUg_e + Ug e

for the sake of completeness ...

Ug(a,0) = (0/2)F V'H(Hae) X I|m w 12g<2ae 1 W).

ecE
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Conclusion et perspectives

relation between combinatorics and QFTs

@ other type of topological polynomials related to other QFT
models (1. Krajewski et. al. arxiv:00125438) - NO deletion /contraction
property

@ generalization to tensor models (appearing in recent
approaches for a theory of quantum gravity)

123

(R. Gurdu, Annales H. Poincaré 11 (2010), J. Ben Geloun et. al., Class. Quant. Grav. 27 (2010))
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Vielen Dank fur lhre

Aufmerksamkeit

Thank you for your attention
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To(x,y) = x> +xy +x+y+y.
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The Moyal algebra is the linear space of smooth and rapidly
decreasing functions S(RP) equipped with the Moyal product:

D
(7)) = [ 5Py flx+ 50 - Kl + )e”

Adrian Tanasa Topological graph polynomials and quantum field theories



