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Plan of the talk

In Sym[X] and H,[X] (commutative Hopf algebras)

» Notational preliminaries (we use informally graphical calculus)

» What are a loop operator?
— [inner|outer] loop operators
— alternative forms and inverse loop operators
— some relations between loop operators

» Hirota-Miwa change of variables (used for vertex operators)

» Forced Laplace pairings|expansions
— the associative case
— the ‘inverse’ case
— ‘undeformations’ i.e. generalized straightenings
(of Rota-Stein plethystic type Hopf algebras)




Sym[X] definitions and graphical calculus

Sym[X] Hopf algebra (self dual w.r.t. (— | —))

Bases: {e,}u, {hu}u, {pu}, multiplicative, {m,},, {s.}u
General elements: A, B,...; A\, i, v, ... integer partitions
[outer|inner|products|coproducts]:

m : Sym ® Sym — Sym :: m(s, ® 5,) = Z

A : Sym — Sym ® Sym :: A(sy) = Z vSu ® Sy = Sy, @ Sy,

c;t\ ., Littlewood-Richardson coefﬁaents

*:Sym ® Sym — Sym 1 x(s, ® 5,) = Zg,w

d : Sym — Sym ® Sym :: 4(s)) Z 8iwSu ® Sy = Sy @ Sy

gﬁ\ﬂ, Kronecker coefficients




Sym[X] definitions and graphical calculus, cont.

(co/)Plethysm: (p;;, plethysm coeff. non-neg. integers)
<1: Sym @ Sym — Sym :: (s, ® s5,,) = (su[s0]) Zpu LS

(l> : Sym™ — Sym™ @ Sym™ :: D(sy) = Z P S © s,,)

Sym™ = ker ¢® augmentation ideal : Sym =Z -1+ Sym™

Graphical notation: downward/pe55|m|st|c and left-handed orlented

T




Graphical manipulations “moves”

cevy ClX,Y]

JUNO -

evy — | tolopogical move Frobenius move

% ~ [}{j Hopf algebra
% ~ H ~ N Frobenius algebra
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Loop operators (convolution)

Def: loop operators:

Ooo(A) :=(mo A)(A) = mo (Id ®Id) o A(A)
Oio(A) :=(mod)(A) = mo (Id ® Id) 0 6(A)
Ooi(A) := (k0 A)(A) = %o (Id ® Id) o A(A)
Qii(A) := (x00)(A) = xo (Id ® Id) 0 6(A)

Graphical notation: (these are convolutions of identity operators)

Ooo Oio Oio Oif




Alternative forms and inverses of loop operators:

‘outer-outer’ loop operator:
t-Specialization: (t e N,Z,Q,...)
Def: et(s“[X]) = Su[lt] =: dimsu(t) (€° counit of outer coproduct)

(Note: € *(su[X]) = € (su[—X]) = €'(S(s.)[X]) : S(A) antipode in Sym)
Thm: (alternative forms for outer-outer loop operator)
RIANX] = Ooo(A)X] = (m o A)(A)X] = (An)A))IX]
= AX + X] = A2 X] = A[2- 51)][X]
= dima, (2)Ap

(on power sums: [2](p,.) = 2" p,,; relates to zonal sym. functions)

Plethysm allows to introduce the inverse outer-outer loop operator

1

GIA) = dima, A = [IRIA) = A= RI51A)




Graphical forms and inverses of loop operators:

in a suitable ring extension Q, Q[q] etc.

25(1)
2 ¢ ~ ~ ~

35(1)




Alternative forms and inverses of loop operators:

‘inner-inner’ loop operator:
For power sums: (u = (p1, p2,...) = [17272..]; z, = [[,i"r!)
(Pu) = Pu @ pu and (py @ py) = 20y Py

Def: For power sums inner-inner loop operator and its inverse are:

:Sym — Sym 1 p, — Zupy
: . 1
: Sym — Sym 11 p, — 2 Pu

NI) N)

} scaling by z,; z, !
Def: zee-specialization

_ 3iPutr Zus 3isu o xM(T)
53:5ym—Qu=q -
3 Put 3z,

Prop: 3 and 3 are convolutive inverse 1-chains w.r.t. the inner
convolution (Sym > M(z) = 3, hpz%, €' : Sym — Q):

0o (3®3)00(A) =€ (A) (= (M(1),A) = €(A))




Graphical forms and inverses of loop operators:

in a suitable ring extension Q, Q[q] etc.

R
~

N)

(M(1),-) = ¢

NIy
14

~

Thm: The inner-inner loop operator ()i and its inverse have the
following alternative forms:

Z(A) = Qii(A) = (x 0 9)(A) = 3(Ai) A
Z(A) = 3(An)Ap




p-multiplicativity & Hirota-Miwa change of var.

Def: p is relatively prime to v (u fv) iff ged(u, v) = (0)
Prop: 3 (and 3) is p-multiplicative and not a homomorphism
(hom = complete multiplicative in the sense of number theory)

B pJv ] _ (pUry .
3(Pupv) = 3(Pu)3(pv) ) 1o (pu, pv) = </w> = Liff pfv

Y
(That is: 3 : Sym — Q is not a 1-cocycle, v = 93 is a non-trivial 2-cocycle )

Hirota-Miwa change of variables [Miw82]

Let {p};},. basis of Hom(gSym, Q) (gr. dual), s.t. p;,(py) = S
Def: v : Sym — Sym :: p, — %pn (our pu = 3(pu)Pu = (ZA‘X) Id) o 6(pu))
We get two identifications gSym — @Sym* related by z,Z:

(A|B); = oxo G 1)(A® B) = (Z(A) | B) = ev(A" @ B)

(=)
e T N
symx]_ () Symxr




Some relations between loop operators. . .

Thm: The n-fold outer-outer loop operator [n] = m"~1 o A1
acts group like; The iterated n-fold outer-outer loop operator
behaves multiplicative; The outer-outer loop operator maps
left /right on inner products; (oo and ;i commute:




Some relations between loop operators. .. cont.

Thm: An outer-outer loop operator inside an inner-inner loop
operator is equivalent to their composition; An inner-inner loop
operator inside and outer-outer loop operator is equivalent to the
linear form (as outer convolution of 1-chains : 1 := g o (¢! ®3) 0 A)

w:Sym = Z:py Y </\ >Z”: > T+ si) 1@y

1%
pUr=X\ H pUr=X i

BS0 b




Forced Laplace expansions

In Hopf algebra deformation theory we encounter the following two
Laplace expansion laws (straightenings)

i) (AB)*C:(A* C( ))(B*C@))

i) A% (BC) = (A * B)(Ap) * C)
K%J Left Laplace expansion [%ightupmapmson
Questions:

i) Can we have a Laplace expansion for m or x with itself?
i) Can we have a Laplace expansion with m and x interchanged?
an easy check shows NO and NO! But...




Forced Laplace expansions: the associative case

Thm: The outer and inner products obtain a modified Laplace
expansion by introducing the resp. inverse loop operators [%],2

(AB)C = (A(l5 1(0)) 1))(5([%1(C))(2))

A(BC) = (([11( M) B) (1))
(A*B)*c: (Ax G (c»m) «(B*(G(0)2)
«(Bx C) = (E(A) * B) = (E(A)e * C)

Proof: (undecorated 22 any assoc. com. prod.; ® 2 resp. inverse loop)




Forced Laplace expansions: the inverse case

Thm: The inverse Laplace expansion between inner and outer
product is given by

(A% B)C =Z((2(A) ) * (BCy)) = 2((ACp) * (2(B) Cpay))

o~ o~

A(B* C) =Z((AiyB) * (A2(C))) = Z((Ajyz(B)) * (A €))

Application to Rota-Stein’s plethystic Hopf algebras

Idea [Rota-Stein'94]: Recover Sym from Hy,

Def: 'H\, is the cofree cogenerated Hopf algebra on the module
spanned by the monomial sym. fun. {m,}, with structure maps

pwUv
m,Um, = < v >muu,, Ay(my) = My ® My, (Au=A4)

shows m,’s are primitive




Forced Laplace expansions: ‘undeformations’

Def: Rota-Stein Laplace pairing on Hy, primitives:
(1) (L1)p=1
(2)  (my,my)p =0if £(u) # £(v),
(3)  (mprys M=) Lp = Or.s Migtry] = Or.sM(keti,... k+1)
(4) (myUmy,my)p = (my, m,\(1)>Lp U (m,, m,\(2)>Lp
(5)  (myu, my Lhm)1p = (M, M) 1p U (Mg, MA) Lps
and extend by linearity.

Def. [(modified) circle product]: Using the R-S Laplace pairing the
deformed product o : H, ® Hy — Hy is given by

my, om, = (m, vy Lp U My U ml,(2 circle

@M )

my¢m, = <mu(1)’ vy >Lp|_|mu I_I[ ](m,, ) modified

Prop: ¢ is noncommutative and nonassociative.

Thm. [R-S]: (Hu,0,A;Se) =~ Sym




Forced Laplace expansions: ‘undeformations’ cont.

Thm: (o, +) forms a bi-modified Laplace expansion
(AUB)oC = (A¢((1))U(B*Crp)) Ao(BUC) = (Any*B)U(A(2)*C)

Proof: (¢ = (— | —)1p; no decoration = LI)
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