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Symmetric functions

fSymmetric functions of indeterminates x = (x1,z9,...,x,) T

o

K

Let A = (A, Ao, ..., A,) be a partition of length /(\) < n
leto=(n—-1,n—-2,...,1,0)

ayes(w) _ |z ")
Schur functions: s)(z) = = ——
as () S

Special cases: s, (z) = hy,(z) and sgmy(z) = e ()

Power sums: pi(z) =z + a5 +-- -+ 2% for k=1,2,...
Let p=(1°1,2%2,... n%) and z, = H kY !

k=1
Power sum functions: p,(x) = pi"* (z) p5*(x) - - po(x)

|
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Symmetric functions

-

Ring of symmetric functions A, (z) = z[z1, 20, ..., 2,]°"
# Schur function basis: s,(x)

® Products:  s,(x)s,(x) = >, ¢, x(z)

» Littlewood-Richardson coefficients: ¢, € N

-

Scalar product: (s, (x), s,()) = ..

°

Power sum function basis: p,(z)

°

Products:  p,(z) p-(2) = peur(z)
® Scalar product:  (p,(x), pr(x)) = 25 dsr

SLC66-2011 —p. 4/32



Characters of the symmetric group.s,,

ﬁ.o Irreps V* specified by A= (A, Xa,..., ) F 7 T
® Classes C, specified by p = (12%?...n%)Fn

® Characters: x,; = chV*(w) for m € C,

Frobenius p,(z) = Z X;)\ sx(x)  sy(x) = Z 2, X? P,(x)

AFn pFn
#® Orthogonality Z zp_l X;)\ X5 = O Z zp_l X? Xo = 0)0
pFn AFn

® Character formula  x) = (sx, p,) = [2*7°] as(x) p,(2)

R1 .R2

s x =qx{tas? .- forall k= (ki ko, ..., Kn)

s [z"] P(z) is the coefficient of x{'x52---zf» in P(x)

n

o |
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S, character formulae

fSpeciaI cases T

» Identityrep Y\ =1 forall p
s o) =x)
® Signrep Y =¢(x) forany 7 e C,
o With e(m) = (—1)02taat = (—1)n=H0)
. Xﬁ}”’ Xﬁ — X;\/ where )\ is the conjugate of A

s Ex: If A= (4,3,1) then XN = (3,2,2,1)

F431 _ F3221 _
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Schur function products

rProducts T

# Outer product sy s, => o S

® Inner product sy xs,=>_ g\ S

® Reduced inner product (s,) * (s5) = >, G, (57)
where (s,) = >

Coproduts

nc7 S(n—rp) with r = ‘/0’

® let x=(x1,...,2,) and y = (y1,...,Yn)

9 Then 37—|_y: (561,---,37m,?/17--->yn)

and Y = (5131y17 L1Y2, - - - 7xmyn)

® Outer coproduct sy(z+y) =>,, ¢, 5u(2) su(y)

L.o Inner coproduct  sx(zy) =>_,, 9w Su(T) 5.(y) J
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Kronecker coefficients

Characters Xﬁ form an orthogonal basis of the space of T
class functions of S,,.

Product: X x, = Z I X? with A\, u, v, pkFn
A

Kronecker coefficients: g, = Z 2 Xp Xh X
P

Proof > 2 o X xe =D 2 X0 D Yo X
¢

P p

=D G D % Xp X =D Gaw Ox = O
¢ p S

Note: ¢, € Z>o Is symmetric in A, i, v
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Stability of Kronecker coeficients

fFrobenius map Y — s T
# defines the inner product sy *s, = >, g\ Su

® With g, = (Sx*5,, Su) = (5x %S, * 5, Sn))
Reduced notation and stability Murnaghan, 1938

® A= (n—rp)={p)p=(n=s0)=(0),v=(n-t7)=(T)
with p=r, ok s, 7t sothat g\, = 900
® Thereexists N € N and 7, such that
D = Jip)o)ir) = G,per forall n> N
Reduced inner product Thibon, 1991
® let(s,) =) .7 Sm-rp With pkr

e Then (s,)#(s,) =3, T, (50} -
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Generating functions
Let x = (21, ..., 2,), ¥y = (Y1, .-, Yg)s 2 = (21, -, Zr). T

Complete homogeneous H 1=qz) " =) ¢ 8m
1=1 m>0
Cauchy identity H (1 —qzy;)” Z q" sx(x)sa(y)
1,7=1 AFm>0
Stanley Enum Comb Vol 2, Exercise 7.78 (f and Q).
p7Q7r
H (1 —qxy;2k)” Z 0" P Sx ()5, (Y)su(2)
1,7,k=1 A, u,vFm>0
p.q,..., r
H(l—qxiyj )= qu Do SNX)S,(Y) - .. 8,(2)
1,7,...,k=1 A, y..., vFmM>0

where Iu..v = Z Zp_l XZ\XZL T XZ — <S>\*8M* Tk Sy, S(m)>J
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Proof
b,q,r

|7.D Let M = H (1—qmiy; z) "

g, k=1
® Then M = Z q" s(m)(TY2) Z q" z pp(ajyz)
m>0 pFm>0
with ' =1 forallpkm >0

and pp(aﬁyz) = pp(x)pp(y)pp(z) for all p
and p,(x Z Xp sx(x

AFm

#® Hence M = Z q" Z zp_l X;\XﬁXZ sx(x) s,(y) su(2)

m=>0 Py, b, VM

— Z q" G SA<x)5u<y)3V<Z)

A\, u,vEm>0

L'. Note Opv — N p'v — N u' — Gpv!
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Grand generating function

fCoroIIary Let \, u, v - m have lengths p,q,r then T
Iy = [q" 2 y* 2] (GGF(q, vyz)) = [2*y* 2¥] (GGF(1, 7yz))
p,q,r
with  GGF(q,zyz) = || (1 —qziy;z)™
i g k=1
< I Q=ay/z) ] C—wi/w) 1] 1-2/z)
1<i<j<p 1<i<j<gq 1<i<j<r
p,q,r
Proof: H (1—qx;y; 21) Z q" G sx(x (y) v(2)
zjk 1 A, u,vEm>0

with s\ (z) = axis(x /a5

L”(S Z T(A+8) _ .0 Z A(H8)— = 2% (2 + nst)J
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Evaluation of Kronecker coefficients

® Simply pick out coefficients of [z y#2"] in GGF(1,zyz)
® EX: A=(m—6,6),u=(m—"7,5),v=(m—06,4,2)

for various m

m A H Vo Gruv
12| 66 75 642 0O
13| 76 8 742 2
14| 8 95 842 3
15 96 10,5 942 | 4
16 10,6 11,5 10,42 | 4
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Simplified generating function

Let A= (m—|pl.p), p=(m—lo0), v=(m—|rlr) |
Let = (1,u), y— (1,0), 2+ (1,w)

Under this map let GGF(q,xyz) — SGF(q,uvw)

Then gy, = |[¢g"u 7w (SGF(q, wvw))

Let Gpor(q) = [Wv7w™| (SGF(q, uvw)) =3 ~o 9w "

EX: G6,5,42(C])
1

_ 1_q (_q7_|_q9_q10_|_q11_|_2q13_|_q14_|_q15)

_ _q7_q8_q10_|_2q13_|_3q14_|_4q15_|_4q16_|_4q17_|_4q18_|_...
Note: Stable limit g,,, =9,,, =4 forall m > 15 J
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Evaluation of inner products

fConsider the problem of evaluating g¢,,, Inthe T
case A= (A, ), = (p1, o), v = (v1, 9, 13)
® We know that ¢, = [ y"2"] (GGF(1,zyz))
#® We can restrict x, y, z t0 (x1,22), (y1,%2), (21, 22, 23)

# But the expansion of GGF(1,xyz) involves many
terms z%y"z¢ in which &,n, ¢ are not all partitions

# [n principle we can exploit the Andrews, Paule, Riese
package Omega to tackle this.

® For example, given H(x1,22) =),  cunar]' x5 then

® Omega applied to H(axi,xs/a) returns ) - cpn2i" o5

o |
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Example

ﬁn the case \ = (A, \o), = (p1, o), v = (v1, 10, 13)

L2 Y2 22 Z3 Z3
® Let N=(1- a:_l)(l - a)(l - Z—l)(l - Z—l)(l - 2—2)
® let D=(1—xz1y121)(1 — 21y221) (1 — 22y121)(1 — T2y221)
(1 — $1y122)(1 — :131y222)(1 — $2y122)(1 — $2y222)
(1 = z1y123)(1 — 219223) (1 — w2y123) (1 — w2y223)
® Let G:=N/D with z; — azq, x5 — x5/a

y1 > byi, y2 — yo /b
21 F— C21, 29 dZ2/C, 23 Zg/d

o Call Omega2.m then evaluate OR|G,{a,b,c,d}]

o
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Output

Obtain new generating function PS = N/D with T

N =1 + $21y21221 + 3732:(/322221

Q2942321 4 133,42 ,321 | 442,33 821
4352431 52,43 421 053,53 422 453,53 431

—$54y632432 _ le63y54z432 —|—3764y732532 —|—ZC73y64Z532 _ 23364y642532

—|—ZC74y742632 + 51385y852643 + $1O’6y10’62853
D = (1 _ CClylzl)(l _ $11y1122)(1 _ $11y2211)(1 _ x2y11211)
(1 _ 1'21:(/212111)(1 _ $22y22222)(1 _ 1'22:(/312211)(1 _ le31y222211)

(1— 233933 2222)

Expanding this gives PS =3}, gy 2y 2"
with A\, u, v partitions of lengths 2, 2, 3, respectively.

First obtained by Patera and Sharp, 1980 J
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Inner products in two-rowed case

To evaluate sy xs,=)>_ g s, INTull T
we must take p =/4(\),q = (), r =pq > L(v)

Inthe case p=¢=2 and r =4 Itis necessary to
Include in the PS formula one extra denominatior
factor (1 — z#y*2z'11h)

Then N [:L)\y,uzl/]<N/(D(1 - $22y2221111))
with N and D as in the PS formula

This was also obtained by Patera and Sharp, 1980

An explicit formula for g,,, In this two-rowed inner

product case was first given by Remmel and Whitehead,
1994, with a combinatorial rule for their calculation

supplied by Rosas, 2001. J
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Inner product s ; * S44

-

# Of interest in complexity theory and the study of qubits

#® To include all terms it Is necessary to
use (p,q,r)=(2,2,4) inour GGF

® To restrict to terms of the form z(?) (44 yse
® X1+ axy, Tg— Ta/a

o Y1+ by, Y2 — Yo /b
s and the Omega command OEqR/|G, {a,b}]

® To restrict to terms of the form z¥ with v F 2d use

$ 21> €21, Ryt f22/€, Z3 '—>QZ3/f, Z4 24/9

s and the Omega command OR|G, {e, f, g}]

o
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Inner product s, * s4g contd.

f’ Resulting generating function T

1
(1'—£I11y1122)(1'—iﬁ22y22222)(1'—1$33y332222)(1'—Lﬁ22y2221111)

#® Expanding this gives

Sdd * Sdd = E Sy

v-2d

The sum is over partitions v = (v, 15, 13, v4) WhoSse 4
parts, including zeros, are either all even or all odd.

#® Obtained by Garsia, Wallach, Xin and Zabrocki, 2010

o |
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Inner product sqq * Sgik.d—k

In this case the generating functionis G = N/D with
s N = (1 4 :C33y42z321)
o = (1 . ZCHyHZQ)(l L SIZHyZZH)(l L 51322y22222)
(1 . ZC22y31Z211)(1 L $33y332222)<1 L :c22y22z1”1)
Let H be our previous generating function for s;; * sgq
P

Then

o g (1 + $33y422321)

(1 _ SIleyQle)(l _ ZC22y31Z211)

To identify terms contributing to sy * Sgx.4—x W€ require

[pk] (Z pa—l—b—l—c<x33y422321)a <$1ly2211)b <$22y312211)c>

a,b,c

SLC66-2011
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Inner product sgg * Sgyk.q4—x CONtd.

It is only necessary to consider the terms in z, thatis T
" (Za,b,c portbte La(321) b(11) Zc(211))
with a € {0,1}, b,c € {0,1,...,k} and a+b+c=k
This reduces to
Zizo Zi;:g 1 (k+b+2a,k+a,b+a)
Hence Sdd * Sd+k.d—k =
25 (Zf:() 85—|—(k—|—i,k,i) + Zle S5+(1,1,1,1)—|—(k+i,k—|—1,z’))

where o Is summed over partitions of length < 4 whose
parts are all even

Obtained by Brown, Willigenburg and Zabrocki, 2008 J
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An application to higher order products

fEXZ Coefficients I(m—r1,71)(m=r2,r2)-(M=T,r1) —‘
# Generating function GGF(q,x(1),x(2),...,x(k))

Specialisation z(z) = (1,w;) for i =1,2,... k
Numerator maps to [, (1 — w;)

Denominator maps t0 [[gcp (1 — ¢ I ;s wi)

© o o o

Hence 9(m—r1,r1)(m—ra,re)-(m—rg,rg) — [qm wT]SGF(q, w)
with w" = wi'wy? - --w,* and

H]?—1(1 — w;)
SGF(q,w) = n
Hsg[l,k](l — q]ies wi)
® Case k£ = 3: Welsh, 2009. All £ > 2: Garsia, Wallach,
L Xin and Zabrocki, 2010, with a proof provided by Thibon J
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Special case of relevance tb-qubit systems

f.o Each qubit is a two-state system on which SL(2,C) acts T

® k-qubit system subject to action of SL(2, C)®*
® Number of invariants  g(qq)(da)-(da)

#® Required generating
function Wi(q) = > 400 ¢°* 9(dd)(da)--(da)
® However gua(day-(aay = [¢** W' SGF (¢, w) Hence:

1
0,0 0
« Wi(t) = g wy - - wy] SGF(q,w)l_tQ/Qle.“wk

Hf (1 —w;) 1

0,,0
q wy -
il HSClk]( —qlLiegwi) 1 =2/¢? wy - wy
L’ An equivalent k£ = 4 generating function is due to Briand, J
Luque and Thibon 2003
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Reduced Kronecker coefficients

Let A= (m —|pl,p), p=(m—|o|,0), v=(m—|7|7)
Reduced inner product (s,) * (s5) = > G,or (S7)
Underthe map =z +— (1,u), y— (1,v), z— (1,w)

s GGF(q,zyz) — SGF(q,uvw)

s (1—quiyiz1)™ = 1/(1—q)

PGF
s SGF(q,uvw) = G 1(3’;“]“])

Now set RGF(uvw)= PGF(1,uvw), SO that

in the stable limit = [uPv’w’|] RGF (uvw)

gpaT
Thus RGF(uvw) is the generating function for reduced
Kronecker coefficients

SLC66-2011
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Evaluation of reduced inner products

fConsider the case p=(r), 0 = (s), 7= (11,72, 73) T
® The expansion of RGF(uvw) involves many
terms uw"v*wS in which ¢ is not a partition
#® Once again we can exploit the package Omega to
remedy this
# We find the generating function
(1-— u2 2 w21)

(1 —uv)(l—vwh)(1l—-—vw)(1l—uvvw!)
(1—-vvwh)(1—v?*vw)(1 —uwv?wt)(1—u?v*w't)

G:

#® Then evaluate [u"v®| G

o |
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Example (sg) * (s5) = -+ + 4(s12) + - -~

- N

#® This gives

w332 _|_w432 _|_w522 _|_w322 —|—’LU422—|—2UJ611 _|_w711 _|_w441 —|—’LU631—|—
w541_|_2w411_|_w721_|_2w531_|_w811_|_3w521_|_w331_|_w211_|_2w621_|_
2w321_|_w221_|_w311_|_3w431_|_3w421_|_2w511_|_2w64_|_4w63_|_
2w + 5w 4+ 2w +4w™ + 4w 420w + W + 3w + 6w +
4w 5w +w ' 4w+ +w ™ > +3w 2w +w® +-
5w°! + 3w 45w +-4w™ +w*? + 2w 4w + 3w + 2w +
2w+ 3w’ + 3w +w 0 +w' 0+ 20w +- 2w+ 2w +w +w' + 3w

® Theterm 4w?*? signifies that g — 4 as before
(6)(5)(42)

o |
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Postscript
s

» Kronecker coefficients gy,

tretched coefficients postponed to a later date!

Reduced Kronecker coefficients g,

o
# Stretched Kronecker coefficients gy 1.1
o

Stretched reduced Kronecker coeficients g, ,

to,tT

o |
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