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Skew Schur functions with interval support

Problem

The Schur functions are a symmetric function basis.

Given partitions µ ⊆ λ,

sλ/µ =
∑
ν

cλµ,νsν ,

where cλµν is the number of SSYT of shape λ/µ and content
ν, satisfying the Littlewood-Richardson rule.

A := λ/µ. Let r(A) denote the partition formed by the row
lengths of A, and define c(A) similarly. The support of A,
considered as a subposet of the dominance lattice, has a top
element r(A)′ and a bottom element c(A).

sA =
∑

c(A)�ν′�r(A)′

cλµ,νsν ,

supp(A) = {ν ′ : cλµν > 0}
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Problem

PROBLEM: We seek those shapes A whose support consists
of the whole interval [c(A), r(A)′] in the dominance lattice.

Particular case: to classify those multiplicity-free skew Schur
function (i.e. skew Schur functions such that every Schur
functions appears with either multiplicity 0 or 1) such that
when written as a linear combination of Schur functions all
partitions which lie in the mentioned interval have multiplicity
1.

This problem is equivalent to the classification of skew
characters of the symmetric group and to Schubert products
which obey the same properties.
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Definitions

The Litlewood-Richardson rule

Partition λ = (λ1, . . . , λ`), λ1 ≥ λ2 ≥ · · · ≥ λ` > 0,
n =

∑
λi weight, `(λ) = ` length

Example: λ

/µ

= (6, 4, 2)

/(3, 1)

=

If µ ⊆ λ then the skew diagram λ/µ is obtained by removing
from the diagram of λ the boxes of µ

(λ/µ)π = , (λ/µ)′ = , λ∗ =
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Definitions

The Litlewood-Richardson rule

Dominance order on partitions λ, µ having the same weight: µ � λ
if

µ1 + µ2 + · · ·+ µi ≤ λ1 + λ2 + · · ·+ λi

for i = 1, 2, . . . ,min{`(µ), `(λ)}.
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Definitions

The Litlewood-Richardson rule

Semistandard Young tableau T =

1 2 3 3
3 3 4
4

λ

/µ

= (4, 3, 1)

/(2)

content=(1, 1, 4, 2) reading word w(T ) = 33214334
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Definitions

The Litlewood-Richardson rule

Semistandard Young tableau T =

3 3
3 3 4
4

λ/µ = (4, 3, 1)/(2)
content=(0, 0, 4, 2) reading word w(T ) = 334334
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Definitions

The Litlewood-Richardson rule

Littlewood-Richardson Rule. A SSYT of shape λ/µ and
content ν = (ν1, ν2, . . . , νt)

′ whose reading word is a shuffle
of the words 12 · · · ν1, 12 · · · ν2, . . . , 12 · · · νt is said to be a LR
tableau.
cλµν = #LR tableaux of shape λ/µ and content ν

Example

T =

1 1
1 2

2 2 3
3 4 , with content ν = (432)′, is a LR tableau since its

reading word w = 112132243 is a shuffle of the words 1234, 123
and 12.

supp(λ/µ) = {ν ′ : cλµν > 0} support of sλ/µ (or λ/µ)
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Definitions

The Litlewood-Richardson rule

Littlewood- Richardson coefficients satisfy a number of symmetry
properties, including:

cλµν = cλνµ and cλ
′

µ′ν′ = cλµν ;

It is useful to note that

sλ/µ = s(λ/µ)π and sλ/µ = s
λ̂/µ̂

where λ̂/µ̂ is the skew diagram obtained from λ/µ by deleting any
empty rows and any empty columns.
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Definitions

Schur interval

c(A) = (3, 3, 2, 1) � r(A)′ = (4, 4, 1), with r(A) = (3, 2, 2, 2)

supp(A) ⊆ [c(A), r(A)′] with c(A), r(A)′ ∈ supp(A) and
cλµr(A) = cλµc(A)′ = 1.

[c(A), r(A)′] is called the Schur interval of sA
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Results

Bad configurations

Proposition
Let A be a skew diagram with two or more connected components.
If there is a component containing a two by two block of boxes,
then the support of A is not the entire Schur interval.

Example

The support of A = is not the entire Schur interval.
[c(A), r(A)′] = {c(A) = 221, ξ = 311, r(A)′ = 32} with
ξ /∈ supp(A) = {c(A), r(A)′}.

Corollary
If A is a skew diagram with two or more components and the
support of A is the entire Schur interval, then the connected
components of A are ribbon shapes.
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Results

Bad configurations

Corollary
Let A be a skew diagram such that `(c(A)) > `(r(A)′) = s
(equivalently, it has no block of maximal width), and the strip Vs

is a column of A of length greater than, or equal to 2. Then, the
support of A is not [c(A), r(A)′].

Example

The supports of the skew diagrams

A = ; B =

are strictly contained in the Schur interval [c(A), r(A)′]. In the first
case, c(A) = (4, 3, 2, 1) � r(A)′ = (4, 4, 2), and in the second,
c(A) = (3, 2, 2, 2) � r(A)′ = (4, 3, 2).
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Results

Bad configurations

Proposition
Let A be a connected skew diagram such that

c(A)=(w1,...,wr )�σ1=(n1)∪c(A)1=(n1,w2,...,w`,w`+1,...,wr )�r(A)′=(n1,...,ns)

for some 3 ≤ ` ≤ r such that wk ≤ wk for k = 1, . . . , ` and
0 < w ` < w`. Moreover, assume the existence of two integers
2 ≤ i < j ≤ ` such that w i ≥ w j + 2 and wj > w j . Then the
support of A is not the entire Schur interval.

Example

A =

x
x

x
x
x

x

c(A) = (4, 4, 3, 2, 2)
r(A)′ = (6, 4, 4, 1)
σ1 = (6, 4, 2, 2, 1)

supp(A)  [c(A), r(A)′], ξ = (5, 3, 3, 2, 2) /∈ supp(A) but
c(a) � ξ � r(A)′
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Results

Bad configurations

Corollary
If, up to a π-rotation and/or conjugation, λ/µ is an F1
configuration then supp(λ/µ)  [c(A), r(A)′].



Skew Schur functions with interval support

Results

Strip and ribbon Schur functions with interval support

s(1n) =
∑

i1<...<in
xi1 . . . xin = en elementary symmetric function

µ = (µ1, . . . , µl) partition; A = (1µ1)⊕ · · · ⊕ (1µl ); the Schur
interval of A is [µ, (|µ|)].
sA = eµ1eµ2 . . . eµl =

∑
λ Kλ,µsλ′ , Kλ,µ 6= 0 iff µ � λ iff

λ ∈ [µ, (|µ|)].

Proposition
Skew Schur functions whose shapes are strips made either of
columns or rows always attain the full interval.

Example

A = , supp(A) = [(3, 2, 2), (7)]
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Results

Strip and ribbon Schur functions with interval support

Proposition
Let A = ⊕s

i=1(1ci )
⊕
⊕b

i=1(1)
⊕
⊕k

i=1(lk−i+1) with
c1 ≥ · · · ≥ cs > 1, s ≥ 1, b ≥ 0, and l1 ≥ · · · ≥ lk > 1, k ≥ 1.
Then supp(A) = [c(A), r(A)′] only if c1 ≤ b +

∑
i≥2 ci + 1 and

l1 ≤ b +
∑

i≥2 li + 1.

Example

A = , supp(A)  [(4, 16), (8, 2)]
(4, 16) � (5, 5) � (8, 2) but (5, 5) /∈ supp(A)

Theorem (F.Rodrigues,M.M.Torres,’10)
If A = (1c)

⊕
⊕b

i=1(1)
⊕

(l) with b ≥ 0 and c , l ≥ 2, then
supp(A) = [c(A), r(A)′] if and only if b + l > (l − 1)c.
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Results

Strip and ribbon Schur functions with interval support

m-diagonal strip

m

b

c(A) = (mq, (m − 1)2, . . . , 22, 12) � r(A)′ = (bm)

Theorem
Skew Schur functions whose shapes are m-diagonal strips (m ≥ 2)
always attain the full interval.

Example

A = 2-diagonal strip c(A) = (22, 11) � r(A)′ = (32),

supp(A) = {c(A), 313, 23, 321, r(A)′} = [c(A), r(A)′].
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Results

Strip and ribbon Schur functions with interval support

Theorem
Let r = (r1, . . . , rs) be a ribbon with all column lengths greater
than one (except possibly the first and last column). Then,
supp(r)  [c(A), r(A)′] if and only if we can partition [s] into three
sets S , B (possibly empty), and {k} such that I(S) = p ≥ 1 and

r`, rk + (p − 1) ≥
∑
q∈S

rq − (p − 1) and r` ≥ rk for all ` ∈ B.

Example

r = (5, 2, 2, 2) =

x
x
x
x
x

x

, B = ∅, S = {2, 3, 4}, k = 1, p = 2;
c(A) = (4, 23) � (6, 5) � r(A)′ = (8, 3) but (6, 5) /∈ supp(r)



Skew Schur functions with interval support

Results

Multiplicity-free skew Schur functions with interval support

Lemma

(A. 99’) c(λ/µ) = r(λ/µ)′ if and only if λ/µ = ν or
λ/µ = νπ.

(C. Bessenrodt and A. Kleshchev 99’; van Willigenburg 04’)
sλ/µ = sν if and only if λ/µ = ν or λ/µ = νπ.

Lemma
(A. ’99) Let v ,w be partitions of length `.
(a) If λ/µ = vπ • w and β/α = [v + (xn)]π • w , then
b ∈ supp(λ/µ) if and only if b ∪ (nx) ∈ supp(β/α).
(b) If λ/µ = (vπ • w)′ and β/α = ([v + (xn)]π • w)′, then
b ∈ supp(λ/µ) if and only if b + (xn) ∈ supp(β/α).

v = (3, 2, 2, 0),w = (4, 2, 2, 1) with ` = 4

vπ • w = , [v + (24)]π • w =

• •
• •
• •
• •
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Results

Multiplicity-free skew Schur functions with interval support

Theorem (Gutschwager ’06, Thomas and Yong ’05)
The basic skew Schur function sλ/µ is multiplicity-free if and only
if one or more of the following is true:

R0 µ or λ∗ is the zero partition 0;

R1 µ or λ∗ is a rectangle of mn-shortness 1;

R2 µ is a rectangle of mn-shortness 2 and λ∗ is a fat hook;

R3 µ is a rectangle and λ∗ is a fat hook of mn-shortness 1;

R4 µ and λ∗ are rectangles.
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Results

Multiplicity-free skew Schur functions with interval support

Theorem
The basic skew Schur function sλ/µ is multiplicity-free and its
support is the entire Schur interval [w,n] if and only if, up to a
block of maximal width or maximal length, and up to a π-rotation
and/or conjugation, one or more of the following is true:

(i) µ or λ∗ is the zero partition 0.

(ii) λ/µ is a two column or a two row diagram.

(iii) λ/µ is an A2,A3,A4,A6 or A8 configuration.
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Results

Multiplicity-free skew Schur functions with interval support

Corollary
The Schur function product sµsν is multiplicity–free and its
support is the entire Schur interval if and only if one or more of the
following is true:

(a) µ or ν is the zero partition.
(b) µ and ν are both rows or both columns.
(c) µ = (1x) is a one–column rectangle and ν = (a, 1y ) is a hook

such that either a = 2 and 1 ≤ x ≤ y + 1, or a ≥ 3 and x = 1
(or vice versa).

(c ′) µ = (x) is a one–row rectangle and ν = (z , 1a) is a hook such
that either a = 1 and 1 ≤ x ≤ z , or a ≥ 2 and x = 1 (or vice
versa).

The Schur function product sµsν has all LR coefficients positive if
and only if one of the conditions above or one of the following is
true: µ = (r1, 1

r2) and ν = (s1, 1
s2) are hooks such that

s2 = r2 = 1, and either r1 = s1 ≥ 2 or r1 = 2, s1 = r1 + 1 (or vice
versa).
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