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Skew Schur functions with interval support
Problem

@ The Schur functions are a symmetric function basis.

@ Given partitions i C A,
A
S\ = D S
12

where ¢, is the number of SSYT of shape \/u and content

v

v, satisfying the Littlewood-Richardson rule.

e A:= \/pu. Let r(A) denote the partition formed by the row
lengths of A, and define c(A) similarly. The support of A,
considered as a subposet of the dominance lattice, has a top
element r(A)" and a bottom element c(A).

A
sa = E CrovSvs
c(A) =’ <r(AY

e supp(A) = {/: ¢, > 0}



Skew Schur functions with interval support
Problem

o PROBLEM: We seek those shapes A whose support consists
of the whole interval [c(A), r(A)'] in the dominance lattice.

@ Particular case: to classify those multiplicity-free skew Schur
function (i.e. skew Schur functions such that every Schur
functions appears with either multiplicity 0 or 1) such that
when written as a linear combination of Schur functions all
partitions which lie in the mentioned interval have multiplicity
1.

@ This problem is equivalent to the classification of skew
characters of the symmetric group and to Schubert products
which obey the same properties.



Skew Schur functions with interval support
Definitions
The Litlewood-Richardson rule

e Partition A= (A1,..., ), A1 > X > > X\ >0,
n=">_\; weight, £(\) = ¢ length

Example: A\ = (6,4,2) =
@ If u C X then the skew diagram A/u is obtained by removing
from the diagram of A the boxes of u
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e Partition A= (A1,..., ), A1 > X > > X\ >0,
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[ ]
Example: \/;u = (6,4,2)/(3,1) =1 ribbon

@ If u C X then the skew diagram A/u is obtained by removing
from the diagram of A the boxes of u
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Definitions

The Litlewood-Richardson rule

Dominance order on partitions A, x having the same weight: p < A
if
prtpe+ o+ KA+ At A

for i =1,2,...,min{(p),¢(N\)}.
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Definitions
The Litlewood-Richardson rule

‘-b(}dl—l
w
~

@ Semistandard Young tableau T =
A =(4,31)
content=(1,1,4,2) reading word w(T) = 33214334



Skew Schur functions with interval support
Definitions
The Litlewood-Richardson rule

w
w

@ Semistandard Young tableau T=14

Ap=(431)/(2)
content=(0,0,4,2) reading word w(T) = 334334



Skew Schur functions with interval support
Definitions
The Litlewood-Richardson rule

e Littlewood-Richardson Rule. A SSYT of shape \/u and

content v = (v1, v, ...,v:) whose reading word is a shuffle
of the words 12+ -17,12-+-15,...,12---1; is said to be a LR
tableau.

c;)l, = #LR tableaux of shape \/u and content v

1[1]
12
2]2[3
T =1[3]4 , with content v = (432)/, is a LR tableau since its
reading word w = 112132243 is a shuffle of the words 1234123

and 12.
o supp(A\/u) = {v' : ¢, > 0} support of sy, (or A/p)
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Definitions
The Litlewood-Richardson rule

Littlewood- Richardson coefficients satisfy a number of symmetry
properties, including:

A A

® Cp =6,

/
" and CL\,V, =)

pv

It is useful to note that
4 S)\/M = 5()\/#)" and 5)\/“ = SX/;T

where X/ﬁ is the skew diagram obtained from \/u by deleting any
empty rows and any empty columns.
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Definitions

Schur interval

—

1]

A== o T(c(A) =12[3

c(A)=(3,3,2,1) 2 r(A) = (4,4,1), with r(A) = (3,2,2,2)

e supp(A) C [c(A), r(A)] with c(A), r(A)" € supp(A) and
A A _
ur(A) = Ge(ay = L

@ [c(A), r(A)] is called the Schur interval of sa
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Results

Bad configurations

Proposition

Let A be a skew diagram with two or more connected components.
If there is a component containing a two by two block of boxes,
then the support of A is not the entire Schur interval.

The support of A = HEF is not the entire Schur interval.
[c(A), r(A)] = {c(A) = 221, ¢ = 311, r(A) = 32} with
¢ & supp(A) = {c(A), r(A)'}.

Corollary

If Ais a skew diagram with two or more components and the
support of A is the entire Schur interval, then the connected
components of A are ribbon shapes.
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Results

Bad configurations

Corollary

Let A be a skew diagram such that ¢(c(A)) > ¢(r(A)') =s
(equivalently, it has no block of maximal width), and the strip V;
is a column of A of length greater than, or equal to 2. Then, the
support of A is not [c(A), r(A)].

Example

The supports of the skew diagrams

[T] |
[ [] q
A= ; B =[]

are strictly contained in the Schur interval [c(A), r(A)]. In the first
case, c(A) = (4,3,2,1) < r(A) = (4,4,2), and in the second,
c(A)=(3,2,2,2) < r(A) = (4,3,2).
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Results
Bad configurations

Proposition
Let A be a connected skew diagram such that

c(A)=(w1,...,w,)=2ot=(n)Uc(A)=(n1,W2,....We,Wp1,...,w, ) 2r(A) =(n1,...,ns)

for some 3 < ¢ < r such that w, < wy for k=1,...,¢ and
0 < Wy < wp. Moreover, assume the existence of two integers
2 <i<j</lsuchthat w; > w; +2and w; > w;. Then the
support of A is not the entire Schur interval.

o c(A) = (4,4,3,2,2)
i r(A) = (6,4,4,1)
A=G ol =(6,4,2,2,1)
supp(A) & [c(A), r(A)], € = (5,3,3,2,2) ¢ supp(A) but
c(a) =€ X r(AY
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Bad configurations

8 =
B

=1

Corollary
If, up to a m-rotation and/or conjugation, \/u is an F1
configuration then supp(A/u) & [c(A), r(A)].
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Results

Strip and ribbon Schur functions with interval support

san = Z,-1<“_<in Xj, . .. Xi, = ep elementary symmetric function
w=(pa,..., ) partition; A= (1)@ --- @ (1*); the Schur
interval of A'is [u, (|u])]-

SA = €u€us - = D\ Kausnv, Kny # 0iff p X X ff

A€ [, (Iul)]-

Proposition
Skew Schur functions whose shapes are strips made either of
columns or rows always attain the full interval.

A=0 , supp(A) =1[(3,2,2),(7)]
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Strip and ribbon Schur functions with interval support

Proposition

Let A= @5, (1) @ @y (1) @ © (- is1) with
cg>-->c>1,s>1,b>0,andh > ---> 1, >1, k>1.
Then supp(A) = [c(A), r(A)] only if o < b+ >",-,ci+1 and
h<b+3 ,li+1 -

Example
A= , supp(A) & [(4,1°),(8,2)]
(4,1%) < (5.5) < (8.2) but (5,5) ¢ supp(A)

Theorem (F.Rodrigues,M.M.Torres,’10)
If A= (1) @b, (1) P(/) with b>0 and ¢, | > 2, then
supp(A) = [c(A), r(A)] if and only if b+ 1> (I — 1)c.
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Results
Strip and ribbon Schur functions with interval support

[]
|

m-diagonal strip l %

_—mn—

c(A) = (m9,(m—1)2...,22,12) < r(A) = (b™)

|
l\’

Theorem
Skew Schur functions whose shapes are m-diagonal strips (m > 2)
always attain the full interval.

A= Eng 2-diagonal strip c(A) = (22,11) < r(A) = (3?),
supp(A) = {c(A), 313,23,321, r(A)'} = [c(A), r(A)].
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Strip and ribbon Schur functions with interval support

Theorem

Let r =(r,...,rs) be a ribbon with all column lengths greater
than one (except possibly the first and last column). Then,
supp(r) & [c(A), r(A)'] if and only if we can partition [s] into three
sets S, B (possibly empty), and {k} such that Z(S) = p > 1 and

re, e+ (p—1) >qu p—1) and r>r forall (€ B.
qgeSs

tﬁ ,B=0,5={2,3,4},k=1, p=2;
r(A) = (8,3) but (6,5) ¢ supp(r)
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Multiplicity-free skew Schur functions with interval support

Lemma
o (A.99") c(A/p) = r(N ) if and only if \/u = v or
ANp=v".

o (C. Bessenrodt and A. Kleshchev 99'; van Willigenburg 04")
S\/u =Sy ifand only if A/ =wv or \/u=v".

Lemma

(A. '99) Let v, w be partitions of length /.

(a) f A/u=v"ew and B/a = [v+ (x")]" ®w, then

b € supp(A/u) if and only if bU (n*) € supp(5/«).

(b) If A\/u=(v"ew) and B/a = ([v + (x")]" e w)’, then
b € supp(\/u) if and only if b+ (x") € supp(8/c).

v=(3,2,2,0),w=(4,2,2,1) with £ = 4
[ ]

view = ,[V+(24)]7FOW:\
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Multiplicity-free skew Schur functions with interval support

Theorem (Gutschwager 06, Thomas and Yong '05)
The basic skew Schur function s/, is multiplicity-free if and only
if one or more of the following is true:

RO p or \* is the zero partition 0;

R1 p or A* is a rectangle of m"-shortness 1;

R2 p is a rectangle of m™-shortness 2 and A\* is a fat hook;
R3 y is a rectangle and A* is a fat hook of m"-shortness 1;

R4 p and A* are rectangles.
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Multiplicity-free skew Schur functions with interval support
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Multiplicity-free skew Schur functions with interval support
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Multiplicity-free skew Schur functions with interval support

Theorem

The basic skew Schur function s/, is multiplicity-free and its
support is the entire Schur interval [w, n] if and only if, up to a
block of maximal width or maximal length, and up to a m-rotation
and/or conjugation, one or more of the following is true:

() por X* is the zero partition 0.

(i) A/p is a two column or a two row diagram.

(iii) X/pis an A2, A3, A4, A6 or A8 configuration.

4 T

. A3: x ] ﬂl B
AZ: c b Az | 2 |]x e As:

b or
a ¥ ¥ L
. - i

B a=x=1, or
a<ic+l and a=1 and x<Xy+1, or a=1 and x=I y+1, or
b <ld+1 %=1 and a<_ b+1 a>1 and x=1

with {/ (c2)={ (c4)
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Multiplicity-free skew Schur functions with interval support

J_[ e —
T or j with £ (c2)= { (c4)

T

d
A2: c A3: bl |* Ad: a X A6:
Il
b a v Y -
. L

a=1 and x=I y+1, or
a>1 and x=1

AS:

a=x=1, or
a=1 and x=ly+1, or
x=1 and a<_ b+1

a<ctland b<ld+l
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Multiplicity-free skew Schur functions with interval support

Corollary

The Schur function product s,,s, is multiplicity—free and its

support is the entire Schur interval if and only if one or more of the

following is true:

(a) p or v is the zero partition.

(b) w and v are both rows or both columns.

(c) p= (1) is a one—column rectangle and v = (a,1Y) is a hook
such that eithera=2and 1< x<y—+1l,ora>3and x=1
(or vice versa).

(') = (x) is a one-row rectangle and v = (z,1?) is a hook such
that either a=1and 1 < x <z ora>2and x =1 (or vice
versa).

The Schur function product s,s, has all LR coefficients positive if

and only if one of the conditions above or one of the following is

true: u = (r1,17) and v = (s1,1%2) are hooks such that

sp=r =1, and eithern =51 >20rrn =2, s =r + 1 (or vice

versa).
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Multiplicity-free skew Schur functions with interval support

a x z X
[ I—
|
¥ a

3<la and x=1 2<la andx=1
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