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Claim:
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Let [n] = {1, 2, . . . , n} for a positive integer n (we also write [0] = ∅) and
suppose 0 ≤ i , j ≤ n withi + j = n, i , j ∈ Z. Let A = [2i ] and B = [2j ].
We count the pairs of form (X , Y ), where{

X ⊆ A and |X | = 1
2 |A| = i

Y ⊆ B and |Y | = 1
2 |B| = j

and i and j take all possible values.
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(
k + i − 1

)
i

(
k + 2n

)
n−i

∆mf`(k)|`=i
= (−1)m(n + 1) · · · (n + m)
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f`(k − 2`) = qn(`) + qn−1(`) k + · · ·+ q0(`) kn (deg(qi ) ≤ i)
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Generalization (“Analytic” approach)

Let gk(x) =
∑

n≥0

(
2n+k

n

)
xn. Then

g0(x) =
1√

1− 4x

Let also

C (x) =
2

1 +
√

1− 4x

(C (x) is the generating function of the Catalan numbers)
Then

gk(x) = g0(x) C k(x).
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Example (k = 1):
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= 4n

Theorem. Let k1, . . . , kt be any integers such that k1 + · · ·+ kt = 0.
Then

∑
i1+···+it=n

(
2i1 + k1

i1

)(
2i2 + k2

i2

)
· · ·
(

2it + kt

it

)
=

∑
i1+···+it=n

(
2i1
i1

)(
2i2
i2

)
· · ·
(

2it
it

)
.


	Back to an old identity: i+j=n frame()2ii frame()2jj=4n 
	Presentation
	New proof
	i+j=n frame()2i-ki frame()2j+kj=4n 


