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Motivation
Context :

@ Duality in Lie and enveloping algebras;;

@ Numerical experimentations in the free algebra.
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Motivation

Context :
@ Duality in Lie and enveloping algebras;;

@ Numerical experimentations in the free algebra.

Goals :

@ Discover the properties of the dual family of a basis from the
properties of the basis;

@ Write Schiitzenberger's factorization.

Applications of Schiitzenberger’s factorization :

@ Polysystems and non linear differential equations (factorization of
transport operators) ;

@ Polyzetas and renormalization of divergent polyzetas.

M. Deneufchatel (LIPN - P13) Dual families 26/03/2012 3/29



@ Motivation

© Notations

© General case

@ Some convergence remarks for physicists

© Case of the free algebra

«O>r «F»r <

i
!
S
o
?



Notations Multiindex notation

@ | a totally ordered set for <.
@ 2 an algebra with unit 1g.

o If Y = (y;)ies is a totally ordered family in 2 and o € N(),

Oé,'2 Ol,'k

a;
Ya:yhlylé Y

VJ=A{i,ip- ik}, it > x>+ > ig such that supp(«) C J.

o If (e;);c; denotes the canonical basis of N() (e;(j) = d;;), one has :

Yé = Vi

@ Typically : I — Lyn(X), <—<|ex.
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Notations Poincaré-Birkhoff-Witt theorem

Let g a k-Lie algebra and B = (b;);e/ an ordered basis (for a total order <
on /) of g.

Poincaré-Birkhoff-Witt Basis

The elements

B%, a = (aj,..., ;) with iy > --- > i,

form a basis of % (g) (called PBW basis).
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Notations Atomic elements

(Ba)gen a basis, (-|-) a scalar product.
Dual family SI°1 : (SV1|B,) = 6,5 (does not necessarily exist).

Notation :
o Slel : atomic elements.
o S defined by S*= ] st
iesupp(a)
o Slel = gei,

° (5[5]) is of Poincaré-Birkhoff-Witt type iff

BeNU)

S = 5P vp e N,
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General case ~ Theorem

Theorem : [see Mélancon-Reutenauer]

Let
@ k be a field of characteristic zero,
@ g a k-Lie algebra,
@ B = (bj)ics be an ordered basis of g,
® (B*),enw be the associated PBW basis.

Denoting (Sa),eno the dual family of (B®) oy in %, one gets the
following relation :

N
Z So ® B = Hexp (5S¢ ® B®).

aeN() i€l

N.B. : The product in the r.h.s. is x ® ugy .
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General case ~ Combinatorial examples

@ Partially commutative case - k(X,60) :

N
Z wRw= H expsl@Pl
weM(X,0) 2€Lyn(X,8)
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General case ~ Combinatorial examples

@ Partially commutative case - k(X,60) :

N
Z wRw= H exps‘@P‘Z .
weM(X,0) 2€Lyn(X,8)

o Stuffle algebra : Y = {y;};5, lys| = s.

uwl=1wu=u;
yiuwm yiv =yi(uwyjv) + yj(yivw v) + yiyj(uw v).

Let :

e (B, <) be any totally ordered (homogeneous) basis of Prim(k(Y));
@ (Sa)aen® the dual basis of (B*),cn®) -

N
Hexp(5b®b) = Z wRw.
beB wey*
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General case ~ Converse problem

Property of the dual family (Sa),enm

SaxSg= > (Sa*SsB")S"
’YGN(I)
= ) (S Sp|A(BY))#2S7
veN()

= > (Sa®Ss >

~veN) Mn+r2=y

_ (a+5)!

YT

B ® B12)®287
71! 72!

Hence the elements T, = «a!S, form a multiplicative family.
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General case ~ Converse problem

Let us consider the converse problem :

Let (Ta)qent be a multiplicative family in % (g)* :
Ta* Tﬁ = Ta+67 CM,,B € N(I)
for the convolution *.

Assume that there exist a dual family (B1°1), o) 1 (Sa|BYl) = 6,45

The atomic elements Blél j € N, form a basis of g.
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General case ~ Converse problem

Question : B* = H glel X glol

iesupp(a)
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General case

B =

H glel Z gl

iesupp(a)

Question :

Converse problem

Se, ® B .. (Se, ® B )%

[Jews, 85 -3 ¥ ¢

. ng: ® (B)™ ..

ail. ..oyl

- (B®ik )k

iel k>0 i1=--2ik
QY e,
ar 4.,
Yy e
k>0 i122ig
Q5O
o1 .
Sy oy e
. . 041! ..
k>0 122k
QU yeeey Oy
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General case ~ Converse problem

Summary :
Multiplicative family (7o), ent — (Sa)aent dualizgtion (B[a])aeN(,).

5
ldy = Z s, @Bl L Z S, ®B“—Hexp(Se,®Be")

aeN() aeNW) iel

@ Product for the r.h.s. : ¥ ® conc;

@ One can try to write this factorization as soon as one has two bases in
duality;

o Problem : [ (B%)* =Blkl?
i€supp(a)

° ¢:V*®V — EndiMt(V): ¢(f @ v): b f(b)-v.
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Some convergence remarks for physicists Net and convergence

Some convergence remarks for physicists

Let /, < be an ordered set.

| is a directed set if for all pairs {i1, >}

there exists i3 € | sit. i1 <13, b < 3.

If X is a topological space, a map i : I — X is called a generalized
sequence or a net.

Notation : (x;);c;.
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Some convergence remarks for physicists ~ Summable and multipliable families

Let (y;)ics be a net in X and x € X.

(yi)ier converges towards x in X iff

YU neighborhood of x, AN € I, Vi > N, y; € U.

Application :
@ V be a vector space (discrete topology) ;

@ (fi)ier a net in End(V) (pointwise convergence) ;

o g € End(V).

Then (f;);c; converges towards g iff

Vv eV, IN eI, Vi> N, fi(v)=g(v).
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Some convergence remarks for physicists ~ Summable and multipliable families

Context : g : a Lie algebra — % (g);
Endx(% (g)) with pointwise convergence

Summable family : Directed set : (Bfirite(N()), ).
Let f = (fi)ies, f; € Endy (% (g)) and g € Endy (% (g)).

The family f is summable iff

SF= Zﬂ converges towards g € Endy (% (g))

jcF
JE Fcﬁnitel
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Some convergence remarks for physicists ~ Summable and multipliable families
Context : g : a Lie algebra — % (g);

Endx(% (g)) with pointwise convergence

Multipliable family : We assume that / is totally ordered.
Directed set : (finite(/), ©).

Let f = (fi)ies, fi € Endi(% (9)) and g € Endy (% (g)).

The family f is called multipliable iff

—
Mg = H fi converges towards g € Endy (% (g)).
JGF FCﬁnitel
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Case of the free algebra Primitive elements

Let X = {x1,...,xn}.
(k{((X)))* ~ k(X) for the scalar product :

(SIP) =D (Slw)(P|w).

weX*

k(X) = % (Liex(X)).

A basis of Liex(X) is given by standard bracketing : V¢ € Lyn(X)

Py = [Pgl, sz] if O‘(E) = (51,52).
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Case of the free algebra Usual bases

PBW Basis of k(X) :

IPE

Pu = Pt PR if w o= 00 % > >
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Case of the free algebra Usual bases

PBW Basis of k(X) :

PW—PQI Pozk I'FW_Eal -Eik,€i1>"'>€ik‘

S Basis :
w if jw| =1,
xSy if w = xu and w € Lyn(X);
Sw = w w
S, WS, ok
i ifw =000 00 > >
a1!...ak! '1 Tk

M. Deneufchatel (LIPN - P13) Dual families 26/03/2012

Ty

21/ 29



Case of the free algebra Usual bases

PBW Basis of k(X) :

PW—PQI Pozk I'FW_Eal -Eik,€i1>"'>€ik‘

S Basis :
w if jw| =1,
xSy if w = xu and w € Lyn(X);
Sw = w w
S, WS, ok
i ifw =000 00 > >
a1!...ak! '1 Tk

One can show that (S,,)w and (Py ) are in duality :

<5u|'Dv> — 5uv
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Case of the free algebra  Duality

S, =
(-]-) < 14 if £ € Lyn(X);

Pu u S, L”O“Lu S, o
[ i ifw =200 00,
I a!. ..oyl g Ik
|
|
|
I - .| B/ ?
|

/ () ; Properties of the family ( [W]>WEX* !
B[W] Sw @ Triangularity;

o PBW type (B, = B, = B[;] Bi)..

[]_
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Case of the free algebra  The basis B,

Theorem 1
Let P belong to k(X) and ¢ € Lyn(X). Then

P:€+Z<P|u>u;
p_pg I<u
= b= P is primitive;

Vil € Lyn(X), (Pw1> = (Sggl.
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Case of the free algebra  The basis B,

Reformulation

Let P belong to k(X) and ¢ € Lyn(X). Then

P is primitive;
P = B, <= < |supp(P) N Lyn(X)| = 1;
(Pl£) = 1.

M. Deneufchatel (LIPN - P13) Dual families 26/03/2012 24 /29



Case of the free algebra The basis B‘fv

If w € X* is a word of Lyndon factorization w = ¢7* ... €%, 01 > -+ > {p,

n
N denotes the sum Za,-.
i=1

If we had that, for every w s.t. N > 2,
supp(B,,) N Lyn(X) = 0,

then

We would have the two bases in duality, namely :

<B|//v|5{1> = Owu-
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Case of the free algebra The basis B;V

Further properties :
@ Construction of the basis :
Bém = Py,
Bém,1 = Pemfl - <Pgm71|£m>Bém
Bém_z = Pem72 - <Pgm72|£m—1>Bém_1 - <Pgm72|£m>Bém

k—1

Bém_k = Pem—k - Z(Pém—k‘gm_.l>8émfj
j=0
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Case of the free algebra The basis B‘fv

Further properties :
@ Construction of the basis :
Bé,,, = Py,
Bém,1 = Pemfl - <Pgm71|£m>Bém
Bém_2 = Pem72 - <Pgm72|£m—]—>Bém_1 - <Pgm72|£m>Bém

k—1
Bém_k = Pem—k - Z(Pém—k‘em_.l>8émfj
Jj=0
@ Not a PBW basis : B, .,» # BhppBhaps (and not of PBW basis for
any total order on Lyn(X)).
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Case of the free algebra  Back to the general case

“PBW Criterion”

Let (Sa)aen be a basis of %(%) in duality with a basis (BI*) _ .

<50z’B[“8]> — 50,{3-

Then B? = BIPl (B is of Poincaré-Birkhoff-Witt type) if and only if

viel, v e N |8 > 2, (S, |BP) =o.
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Case of the free algebra  Sage

2 Sage worksheets :
@ Shuffle algebra : http://sagenb.org/home/pub/4504/

o Stuffle algebra : http://sagenb.org/home/pub/4519/

Implement basic objects, the duality bracket, some bases, the bialgebra
structures...

Perspective : Dual bases in stuffle algebra.
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Case of the free algebra Sage

Merci |
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