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[T G-xyp) ™= > s

(ig)€[n]x[n] A partition €NP

x=(X1,---sXn)s ¥ = (Y1, -, Yn)

v

Let A be a partition in N”. The Schur polynomial sy of shape X in the
variables x = (x1, X2, ..., Xp) is

sa(x) = ZXT,
T

summed over all SSYTs of shape A\ with entries in the alphabet [n].

.
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Problem

H (1—xiy)) ' = Z xPyQ = Z sx(x)sx(y)-

(iJ)€Eln]x[n] (P,Q)SSYT X partition €NP
sh(P)=sh(Q)
cont(P),cont(Q)eN"

I1 1—xy) = J[ C=—xyp) = D x»Q

(ig)edg(n,n—1,...,1) i+j<n+1 (P,Q)eF’

F' C{(P,Q)SSYT, sh(P) = sh(Q), cont(P), cont(Q) € N"}.

We want to characterize F'.
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A non-symmetric Cauchy identity

Amy M. Fu, Alain Lascoux (2009) have proved in a algebraic way, using
Demazure operators in type A:

H (1- Xiyj)_1 = H (1 —xiy;)~ Z v () K (¥)-

(ij)edg(nn—1,...,1) i+j<nt1 veNn
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Demazure operator (isobaric divided difference) in type A

xit — xiy15i(f : ~
i« f v 7i(f) ::ﬂ, 1<i<n, 7:=m—1
Xi — Xi+1
The Demazure character (key polynomials) K, corresponding to a
partition A and reduced decomposition of a permutation o = s;;5;, ...5sj, is

Kox = T,y - - .7T,'k(X)\).

~

K, corresponding to a partition A and reduced decomposition of a
permutation o = s;;sj, ...S; is

~

Koy = T iy - - .%,-k(x)‘).
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EEEEEE—S—S—S————————————
Lascoux's combinatorial interpretation using double crystal

graphs.

Lascoux has used the crystal version of RSK and the combinatorial
interpretation of Demazure operators in terms of crystal operators.

H (1- Xi)/j)il = Z RV(X)KwV(Y)'

itj<n+l vEND

Double crystal graphs.(2003)
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Lascoux's combinatorial interpretation using double crystal

graphs.

Lascoux has used the crystal version of RSK and the combinatorial
interpretation of Demazure operators in terms of crystal operators.

H (1- Xi)/j)il = Z RV(X)KwV(Y)-

itj<n+l vEND

Double crystal graphs.(2003)

H (1—xy) ! = H (1—xy) ' = Z xPy@.

(i,j)edg(n,n—1,...,1) i+j<n+1 (P,Q)eF’
F' CH{(P,Q)SSYT, sh(P) = sh(Q), cont(P), cont(Q) € N"}.

We want to characterize 7’ in terms of semi-skyline augmented filling.
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EEEEEE—S—S—S————————————
Semi-skyline augmented filling. (Haglund, Haiman, Loehr.

2005)

Let v = (71,72, ---,7n) € N
The column diagram of v is a figure dg’(y) consisting of n columns, with

~; boxes in column i.
The augmented diagram of ~yv is a column diagram with a basement
consisting of the numbers 1 through n in strictly increasing order, denoted

by dg(v).
The column diagram and augmented diagram for v = (1,0,3,0,1,2,0) are

SHeH o b,

2 3 4 5 6 7
dg’(v) dg ()
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The standardization of an augmented filling

m M 6 standardization m 3 5

1 2 3 4 5 6 1 2 3 4 5 6
46246 — 24135

An inversion triple of type 1.

The triple {a, b, c} is an inversion triple of type 1 if and only if after
standardization, the ordering from smallest to largest induces a

counterclockwise orientation.
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|
An inversion triple of type 2.
standard/zat/on ’T‘ 3 5

1 2 3 4 5 1 2 3 4 5 6
The triple {a, b, c} is an inversion triple of type 2 if and only if after
standardization, the ordering from smallest to largest induces a clockwise

orientation. n
L
SSAF

A semi-skyline augmented filling (SSAF) is any augmented filling F that is
weakly decreasing along columns, from bottom to top, and every triple is
an inversion triple.
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An analogue of Schensted row insertion in SSAF.

3 =1
2|1
314] [6]

1 2 3 4 5 6
F

1 2 1 3 4 6
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An analogue of Schensted row insertion in SSAF.

3 — |1 1
2 3]1
3 [6] 3[4] [6]

1 2 3 6 3 456
F F

1 2 1 6 1 3 46
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An analogue of Schensted row insertion in SSAF.

3 — |1 1 1
2 3|11 312
3 [6] 3[4] [6] 314] [6]
1 2 3 6 3 4 5 6 3 4 6
F F F
1 2 1 6 1 3 4 6 1 3 6
T e LS emi-skyline augmented fillings and a non-s) March 26, 2012 11 / 29



A

An analogue of Schensted row insertion in SSAF.

3 — |1 1 1
2|1 3]1 3]2
314] [6] 3[4] [6] 314] [6]
1 2 3 4 6 3 45 6 3 456
F F F
1 2 13 6 1 3 46 1 3 4 6
1
3]2
3]4 6
1 2 3 4 6
F
A P R R e aSemi-skyline augmented fillings and a non-s March 26, 2012 11/ 29




A weight preserving, shape rearranging bijection between SSYT and
SSAF.(S. Mason, 2008)

4

T= 2
1

.
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A weight preserving, shape rearranging bijection between SSYT and
SSAF.(S. Mason, 2008)

4
T=25 — col(T)=4215333 — 12@45
1333
7]
3 3 3 5
1 2345 12345 123 45
(1]
3]
1 3]
] [5]
1 2 3 4 5

.
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SSAF.(S. Mason, 2008)

A weight preserving, shape rearranging bijection between SSYT and

4
T=25 — col(T)=4215333 — 2@4 B
1 333
3]
(3] 3]
3] 3] 3 5
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
1] 2]
3] 3]
3] 3] [1]
3] [5] TH

1 2 3 4 5 1 2 3 4 5
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SSAF.(S. Mason, 2008)

A weight preserving, shape rearranging bijection between SSYT and

4

T=25 —>co/(T):4215333—>12@45
1333

3]

[3] 3]
[3] [3] 3 5

1 2345 12345 123465
[1] [2]
3] 3]
3 3] [1] w(m=
3] [5] 3] |5 [1] [3 5

1 2345 123475 1 2 3 45

AYETH I T T o T RS AT T G oL LM S emi-skyline augmented fillings and a non-s)

March 26, 2012

12 /29



Right key of SSYT (S.Mason 2009)

P(SSYT) W F(SSAF),

ke (P) = key(sh(F)).

The original definition of right key of a tableau is due to Lascoux and
Schiitzenberger (1988).

v
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An analogue of the RSK for semi-skyline augmented filling. (S.Mason

2008)

Bijection ® between words in commutative biletters and pairs (F, G) of
semi-skyline augmented fillings whose shapes are rearrangements of the
same partition.
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NN
= W
= W

w

wa =
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w=

==
NN
NN
= W

w

!
=

D N
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WA—<

F=[L ERRye
3

1 2 3 1 2

_ =
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T

112 2 3 3
w= ) =0 3]
L 92 2 81 1 2 3 1 2 3
F G
_[T] F_¢ r [ e
=1 3_GF_12\ 123_G
1 2 3 1 2 3 1 2 3 1 2 3
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112 2 3 3

w= ) =0 3]
1 3 2 2 11 1 2 3 5 3

F G

B¢ p [T 3]

=1 3_GF_12\ [2]3
1 2 3 1 2 3 1 2 1 2 3
1(2 213

F=1T13 213]- ¢
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1 2

12 3
F_12 3

1 2 3
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[3]
2 3 1 2 3
F G
1] 3]
7] HER
1 2 3 1 2 3
1]2 2|3
12[3] [1]2]3]°°
1 2 3 1 2 3
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F =

112233
12211)
1 3
123 123
1]2 23
1]2 2|3
123 123
[1] [1]
1]2 23
1[2]3] [1[2]3

3

(Tl S ET T A T RS AT T G oL LTE MR Semi-skyline augmented fillings and a non-s)

—[T] 3]
1 23 1 2 3
F G
[1] [3]

:GF:12\ [2]3
1 23 1 2 3
1]2 23

:GF:123\1123
1 2 3 2 3

— G sh(F)* =sh(G)" = (3,2,1)

March 26, 2012
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(PQ)———(F.0)
sh(F)" = sh(G)" = sh(P) = sh(Q)
key(sh(F)) = ki.(P), key(sh(G)) = k(Q)
cont(F) = cont(P), cont(G) = cont(Q)
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|
Problem

Cauchy identity in terms of SSAF
[I a—xy't= > xFy¢

(i)€ln]x[n] (F,G)SSAF
sh(F)*=sh(G)™
cont(F),cont(G)eN"

v

Non-symmetric Cauchy kernel
H (1 —xiyj)™~ Z xFy©

i+j<nt1 (F,G)eF

F C{(F, G)SSAF, sh(F)* = sh(G)*, cont(F), cont(G) € N"}.
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Non-symmetric Cauchy kernel in terms of SSYT
[ @iz 3 0= 3 56

i+j<n+1 (P,Q)eF! (F,G)eF
F' C{(P,Q)SSYT, sh(P) = sh(Q), cont(P), cont(Q) € N"}.
F C{(F, G)SSAF, sh(F)* = sh(G)™, cont(F), cont(G) € N"}.

e

i+j<n+1

RS
(F,.G) PQ/ \ G)?
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Theorem (E.)

Let A be a biword in lexicographic order, let ®(A) = (F, G). For each
biletter J' in A we have i +j < n+ 1 if and only if
key(sh(G)) < key(wsh(F)).

| A

Corollary
Let A be a biword in lexicographic order, let A RSK (P, Q).

For each biletter JI ) in A we have i +j < n+ 1 if and only if
ke(Q) < evac(ki (P)).

.

ki (Q) < evac(ky(P)) <= key(sh(G)) < key(wsh(F)).
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w 0] (F,G) \ (P, Q)
e <~
i+j<n+1 key(sh(G)) < key(wsh(F)) K. (P) = key(a)
sh(F) = a,sh(G) = B K1 (Q) = key(B)
key(B) < key(wa) key(B) < key(wa)
B8 <p wa K+ (Q) < evac(Ky (P
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H (1—xiyj)~ Z xFy¢ Z Z xFyC.

i+j<n+1 (F,G)eF veN" (F,G)eSSAF
sh(F)=v
sh(G)Swy
-1 <P P
[[ oowt= & a2=% 5y
i+j<n+1 (P,Q)eF’ veN"  (P,Q)eSSYT

sh(P)=sh(Q)=v*
Ki (P)=key(v)

K+ (Q)=key(B)
B<wy

Or the shorter way:
H (1-xy) ' = Z xPyQ.
i+j<n+1 (P,Q)eSSYT

Ki(Q)<evac(K.(P))
cont(P),cont(Q)eN"
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H (1—xiyj)~ Z xFy® Z Z xFy€.

i+j<n+1 (F,G)eF veN" (F,G)eSSAF
sh(F)=v
sh(G)ngx
I @—ap™=2 > %
i+j<n+1 veN"  (P,Q)eSSYT
sh(P)=sh(Q)=v*

K (P)=key(v)
K+ (Q)=key(5)
BLlwr

H (1—xiyj)~ ZK (y)-

i+j<n+1 vENn
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Combinatorial structure for key polynomials
Ku(x) = Z xP = Z xF.

P SSYT F SSAF
sh(P)=v* sh(F)<v
K+ (P)<key(v)
and

P P F

K.(x) = Z x" = Z X
P SSYT F SSAF
sh(P)=v" sh(F)=v

K+ (P)=key(v)

A
Lascoux and Schiitzenberger have studied the combinatorial structure of
Key polynomials in terms of SSYT in (1988) and S.Mason has studied it
in terms of SSAF in (2009).
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Let A be a biword in lexicographic order, let ®(A) = (F, G). For each

biletter J' in A we have i +j < n+ 1 if and only if
key(sh(G)) < key(wsh(F)).

sketch of proof:
By induction on the number of biletters in A and using lemma below:

Given a partition A, let « = (o, a2, ...,a,) and 5 = (51,52, ..., Bn) be
two rearrangements of A, such that key(5) < key(«).

Let k, k" € {1,...,n} such that S is the first entry of 3 such that

a = P If o = (1,00, ...,k +1,...,a,) and

B = (B1, B2, B +1,...,Bn), then key(3') < key(a')
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EEEEE—S—S—N————————
Work in progress with R. Mamede

0A = 1 Z Ky (x) K (y),

Hi+j§n+1(1 — Xi¥j) venn

g icicien(l =) T4 (1 + %) o
QF = n 1 . n n 1 X = KV(X)K_V(y)’
[T7jma (1 = xiyj) i 1= = 71) veNr

[Ti<icjzn(l —xix) K
QC = n =</=a n n X\ KV(X)KEV(y)’
17— (U = xiy) Thiza TTjmi( = )
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3
h 2 2 N\ F2
1 11
3 3
2 2 2 3
1 1 2 1 11
1h U
3 3
2 2 2 3
1 1 3 1 1 2
1h v A
3 3
2 3 2 3
1 1 3 1 2 2
3
i\ 23 v
1 2 3
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1
0 1]2 N 02
1[/2]3]
(2] 1]
1]2 1] [3]
1[2]3] 1123
b0 | 01
2 1
(1] [3] 23
1/2]3 [1]2]3
Y0 0 01
3 2
(1] [3] 2[3
1/2]3 [1]2]3
3]
01 2|3 W 02
[1]2]3
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THANK YOU
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EEEEE————————
Proof by Lascoux

= . =x_Y
Let =, =) ,es, Moo

1 1

(1= xy1)(1 — xixoy1ys) . (L= x1... X0y ... Yn) Hi+j§n+1(1 — Xiyj)

as
1

(1 - lel)(]. — X1X2y1y2) N (l — X1..-Xny1-- .y,,)

is the generating function of dominant monomials x*y* in n variables
X1Y1y -5 XnYn,

H (1_Xiyj)71 = ZEHXAY/\ = Z o (x )ﬂ'y /\) = Z Ky (x)Kuw (¥

i+j<n+1 oeS, veNn

AYETH I S ET T o T RS AT LT G oL LM S emi-skyline augmented fillings and a non-s) March 26, 2012 29 /29



	 Non-symmetric Cauchy kernel 

