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Grothendieck polynomials

We generate a family of polynomials by applying operators to a
starting point:

G(ω) :=
∏

i=1...n
j=1...n−i

(1− yjx
−1
i ),

ω = [n, n − 1, . . . , 1]
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Divided differences
For 1 ≤ i < n

f ∂i :=
f − f si

xi − xi+1

f πi := xi∂i =
xi .f − xi+1.f

si

xi − xi+1

f π̂i := ∂ixi+1 =
xi+1.f − xi+1.f

si

xi − xi+1
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Braid relations

πiπi+1πi = πi+1πiπi+1 π̂i π̂i+1π̂i = π̂i+1π̂i π̂i+1

πiπj = πjπi π̂i π̂j = π̂j π̂i , |i − j | > 1

Quadratic relations

πiπi = πi π̂i π̂i = −π̂i

And...

π̂i = πi − 1
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Grothendieck polynomials

G(σsi ) := G(σ)πi ,

if σ(i) > σ(i + 1).

G(123)

G(213) G(132)

G(231) G(312)

G(321)

π1

π2

π1

π2

π1

π2
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Pieri formula

G(σ)G(sk )

= G(σ)(1− y1 . . . yk
x1 . . . xk

)

≡ G(σ) −
y1 . . . yk
yσ1 . . . yσk

∑
±Gµ (Lenart − Postnikov)

where the sum is over chains of the k-Bruhat order

New result:

G(σ)G(sk ) ≡ G(σ) −
y1 . . . yk
yσ1 . . . yσk

∑
σ≤µ≤η(σ,k)

±Gµ
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Theorem
(Lascoux)

G(σ)
yσ1 · · · yσk
x1 · · · xk

≡ G(ω)π̂ωζπζ−1σ

where σ ∈ Sn, 1 ≤ k < n, and ζ is a specific representative
element of the class of σ in Sn/(Sk ×Sn−k).

µ = si1 . . . sim → πµ = πi1 . . . πim

σ = 43678215
k = 3

}
ζ = 643|87521
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Formal bases

K := {Kσ;σ ∈ Sn}

Kσπi =

{
Kσsi if σi > σi+1

Kσ otherwise

K̂ := {K̂σ;σ ∈ Sn}

K̂σπ̂i =

{
K̂σsi if σi > σi+1

−K̂σ otherwise

Kω = K̂ω

ω = [n, n − 1, . . . , 2, 1]

→ Kωπ̂ωζπζ−1σ
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Change of basis

σ = s1s2s1

πσ = π1π2π1

= (π̂1 + 1)(π̂2 + 1)(π̂1 + 1)

= π̂1π̂2π̂1 + π̂1π̂2 + π̂1π̂1 + π̂1 + π̂2π̂1 + π̂2 + π̂1 + 1

= π̂1π̂2π̂1 + π̂1π̂2 + π̂2π̂1 + π̂2 + π̂1 + 1
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Result and proof

Change of basis

σ = si1 . . . sim

πσ = πi1 . . . πim

= (π̂i1 + 1)(π̂i2 + 1) . . . (π̂im + 1)

=
∑
µ

π̂µ

where a reduced decomposition of µ is a subword of a reduced de-
composition of σ.(Lascoux)

→ µ ≤ σ for the Bruhat order of permutations
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Bruhat order

An order on permutations, graded by the number of inversions
Let σ ∈ Sn, µ is a successor of σ iff :

I µ = στ with τ a transposition

I `(µ) = `(σ) + 1

τ is a Bruhat transposition for σ

k-Bruhat
τ = (a, b), a ≤ k , b > k
τ is a k-Bruhat transposition for σ.
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Example:
352614

532614 452613 362514 356214 354612 352641

Counterexample: 652314 is not a successor, added inversions:
(6,3) (5,3)
Successors : ..b...d ..→ ..d ...b.. where values between b and d are
< b or > d
k-Successors
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Example:
35|2614

53|2614 45|2613 36|2514 35|6214 35|4612 35|2641

Counterexample: 652314 is not a successor, added inversions:
(6,3) (5,3)
Successors : ..b...d ..→ ..d ...b.. where values between b and d are
< b or > d
k-Successors
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Change of basis : K , K̂
123

213 132

231 312

321

K̂321 = K321

K̂231 = K̂321π̂1 = K321(π1 − 1)

= K231 − K321

K̂213 = K̂231π̂2 = K231π̂2 − K321π̂2

= K213 − K231 − K312 + K321

K̂σ =
∑
µ≥σ

(−1)`(µ)−`(σ)Kµ

Kσ =
∑
µ≥σ

K̂µ
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Expansion in the K basis of:

Kωπ̂ωζπζ−1σ
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σ = 43678215

ζ = 643|87521

ω = 87654321

s3

s5

s2

s6

Kω

π̂ωζπζ−1σ =?

Kωπ̂ωζ =
∑
µ≥ζ
±Kµ

= K̂ζ

K̂ζπζ−1σ =
∑

σ≤µ≤ζ
K̂µ

=
∑
ν

±Kν
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87653421
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s3

s5

s2

s6
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A sum on chains of the k-Bruhat order

Let Wσ,k be the list of k-Bruhat transpositions (a, b) of σ in
decreasing order on σ(a) then increasing order on σ(b).

σ = 1362|54

Wσ,k =

((2, 6), (2, 5), (4, 6), (4, 5))
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Result and proof

Wσ,k = (τ1, τ2, . . . , τm)

Eσ,k := Kσ · (1− τ1) · (1− τ2) · · · (1− τm)

with:

Kµ · τ =

{
Kµτ if τ is a Bruhat transposition of µ,

0 otherwise.

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

Wσ,k = (τ1, τ2, . . . , τm)

Eσ,k := Kσ · (1− τ1) · (1− τ2) · · · (1− τm)

with:

Kµ · τ =

{
Kµτ if τ is a Bruhat transposition of µ,

0 otherwise.

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53 −K1562|34 −K1364|52 −K1365|24

+K1562|43 +K1463|52 +K1465|23 +K1563|24 +K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)
(2,5)

(4,6)

(4,5)

(2,5)
(4,6)

(4,5) (4,5) (4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53

−K1562|34 −K1364|52 −K1365|24

+K1562|43 +K1463|52 +K1465|23 +K1563|24 +K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)

(2,5)
(4,6)

(4,5)

(2,5)
(4,6)

(4,5) (4,5) (4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53

−K1562|34 −K1364|52 −K1365|24

+K1562|43

+K1463|52 +K1465|23 +K1563|24 +K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)

(2,5)
(4,6)

(4,5)

(2,5)

(4,6)
(4,5) (4,5) (4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53

−K1562|34 −K1364|52 −K1365|24

+K1562|43

+K1463|52 +K1465|23 +K1563|24 +K1365|42

−K1563|42

−K1564|23 −K1465|32

+K1564|32

(2,6)

(2,5)
(4,6)

(4,5)

(2,5)

(4,6)
(4,5) (4,5) (4,5)

(4,6)

(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53

−K1562|34 −K1364|52 −K1365|24

+K1562|43

+K1463|52 +K1465|23 +K1563|24 +K1365|42

−K1563|42

−K1564|23 −K1465|32

+K1564|32

(2,6)

(2,5)
(4,6)

(4,5)

(2,5)

(4,6)
(4,5) (4,5) (4,5)

(4,6)

(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53

−K1562|34 −K1364|52 −K1365|24

+K1562|43

+K1463|52 +K1465|23 +K1563|24 +K1365|42

−K1563|42 −K1564|23

−K1465|32

+K1564|32

(2,6)

(2,5)
(4,6)

(4,5)

(2,5)

(4,6)
(4,5) (4,5) (4,5)

(4,6)
(4,5)

(4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53

−K1562|34 −K1364|52 −K1365|24

+K1562|43 +K1463|52

+K1465|23 +K1563|24 +K1365|42

−K1563|42 −K1564|23

−K1465|32

+K1564|32

(2,6)

(2,5)
(4,6)

(4,5)

(2,5)
(4,6)

(4,5) (4,5) (4,5)

(4,6)
(4,5)

(4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53

−K1562|34 −K1364|52 −K1365|24

+K1562|43 +K1463|52

+K1465|23 +K1563|24 +K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)

(2,5)
(4,6)

(4,5)

(2,5)
(4,6)

(4,5) (4,5) (4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53

−K1562|34 −K1364|52 −K1365|24

+K1562|43 +K1463|52 +K1465|23

+K1563|24 +K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)

(2,5)
(4,6)

(4,5)

(2,5)
(4,6)

(4,5)

(4,5) (4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53 −K1562|34

−K1364|52 −K1365|24

+K1562|43 +K1463|52 +K1465|23

+K1563|24 +K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)
(2,5)

(4,6)

(4,5)

(2,5)
(4,6)

(4,5)

(4,5) (4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53 −K1562|34

−K1364|52 −K1365|24

+K1562|43 +K1463|52 +K1465|23

+K1563|24 +K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)
(2,5)

(4,6)

(4,5)

(2,5)
(4,6)

(4,5)

(4,5) (4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53 −K1562|34

−K1364|52 −K1365|24

+K1562|43 +K1463|52 +K1465|23 +K1563|24

+K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)
(2,5)

(4,6)

(4,5)

(2,5)
(4,6)

(4,5) (4,5)

(4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53 −K1562|34 −K1364|52

−K1365|24

+K1562|43 +K1463|52 +K1465|23 +K1563|24

+K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)
(2,5)

(4,6)

(4,5)

(2,5)
(4,6)

(4,5) (4,5)

(4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53 −K1562|34 −K1364|52

−K1365|24

+K1562|43 +K1463|52 +K1465|23 +K1563|24 +K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)
(2,5)

(4,6)

(4,5)

(2,5)
(4,6)

(4,5) (4,5) (4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53 −K1562|34 −K1364|52 −K1365|24

+K1562|43 +K1463|52 +K1465|23 +K1563|24 +K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)
(2,5)

(4,6)

(4,5)

(2,5)
(4,6)

(4,5) (4,5) (4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

+K1362|54

−K1462|53 −K1562|34 −K1364|52 −K1365|24

+K1562|43 +K1463|52 +K1465|23 +K1563|24 +K1365|42

−K1563|42 −K1564|23 −K1465|32

+K1564|32

(2,6)
(2,5)

(4,6)

(4,5)

(2,5)
(4,6)

(4,5) (4,5) (4,5)

(4,6)
(4,5) (4,5)

(4,5)

Wσ,k = ((2, 6), (2, 5), (4, 6), (4, 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Grothendieck polynomials
Sorting operators and Bruhat order

Result and proof

Kωπ̂ωζπζ−1σ = Eσ

Direct proof :

Kωπ̂ωζπζ−1σ =

∑
µ≥ζ
±Kµ

πζ−1σ

= Eζ,kπζ−1σ
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