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Grothendieck polynomials

Grothendieck polynomials

We generate a family of polynomials by applying operators to a
starting point:

Gw = ] @—yx™h),
St

w=[nn—-1,...,1]
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Grothendieck polynomials

Divided differences

Forl1<i<n
f—fsi
O = —
Xj — Xi+1
i — Xxjgq1.f%
fr; = x;0; = Xi-l = Xit+1.17

Xi — Xj+1
Xip1.f — X1

frj:=0ixi+1 =
Xj — Xit+1
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Grothendieck polynomials

Braid relations

l+17Tl = 7TI+].7T 7Tl+1

rifty = R, [ —j] > 1

:]>
>]>

TTj41T] = Tj41TTi41 i

T = T
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l+17Tl = 7TI+].7TI7TI+1

rifty = R, [ —j] > 1
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Grothendieck polynomials

Braid relations

l+17Tl = 7TI+].7TI7TI+1

rifty = R, [ —j] > 1

:]>
>]>

TTj41T] = Tj41TTi41 i

T = T
Quadratic relations

T = T

And...
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Grothendieck polynomials

Grothendieck polynomials

G(123)

1 72

Q)

G(213) (132)

G(os) = G(o)Ti,
if o(i) > o(i +1). 772] ]71

G(231) G(312)

G(321)
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Grothendieck polynomials

Pieri formula

G(o) G(sy)
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Grothendieck polynomials

Pieri formula

Y- Yk
C(o) Gs) = Clon(t =2 )
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Grothendieck polynomials

Pieri formula

yi-. Yk
Go)G(s) = Gy (1 — )

1 . Xk

= Go) — Z +G,, (Lenart — Postnikov)

where the sum is over chains of the k-Bruhat order
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Grothendieck polynomials

Pieri formula

yi-. Yk
Go)G(s) = Gy (1 — )

1 . Xk

= Go) — Z +G,, (Lenart — Postnikov)

where the sum is over chains of the k-Bruhat order

New result:

Yi---Yk
G(o) G(se) = G(o) — Yor - Yor Y. =G
o<p<n(o,k)
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Sorting operators and Bruhat order

Theorem

(Lascoux)

y DY y . ~
o = Cwfucmcts

G(o)
where 0 € &,,, 1 < k < n, and ( is a specific representative
element of the class of o in &,/(Sk x &,_k).

U=5Sy...S, — Ty ="Tp,...T;

m

o = 43678215 } ¢ = 643(87521

k=3
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Sorting operators and Bruhat order

Formal bases

K :={K,;0 € &,}

K Kys, ifoi> 011
T =
7 K,  otherwise
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Sorting operators and Bruhat order

Formal bases

K :={K,;0 € &,} K= {RU;JEG,,}

Kos, if 0i > 0i1 PR Kos, ifoi>o0it1
KoTti =

Kymi = . ~ .
K,  otherwise —K, otherwise
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Sorting operators and Bruhat order

Formal bases

K :={K,;0 € &,} K= {RU;JEG,,}

Kos, if 0i > 0i1 PR Kos, ifoi>o0it1
KoTti =

Kymi = . ~ .
K,  otherwise —K, otherwise

K, = K,
w=[nn-1,...,2/1]
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Sorting operators and Bruhat order

Formal bases

K :={K,;0 € &,} K= {RU;JEG,,}
Ko — Kgsi ifJ,‘>U,’+1 Rﬁ'-: Rgsl. if(T,'>J,'+1
7 K,  otherwise 7 —f(a otherwise

K, = K,

w=[nn-1,...,2/1]

— Kw’ﬁ'wcﬂ'c—lo
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Sorting operators and Bruhat order

Change of basis
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Sorting operators and Bruhat order

Change of basis

0 = 51551

Tg = 17271
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Sorting operators and Bruhat order

Change of basis

0 = 51551
g = T1T2T1
= (7’%1 + 1)(7"?2 + 1)(7"?‘1 + 1)
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Sorting operators and Bruhat order

Change of basis

0 = 51551
My = MMM
= (f1+ 1)(F2 + 1)(71 + 1)
= [Mof1 + M7 + M1 + A1 + Moty + 7+ 71 + 1
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Sorting operators and Bruhat order

Change of basis

0 = 51551
Ty = MMM
= (f1+ 1)(F2 + 1)(71 + 1)
=MfoM + Mo — 11 + M+ Tom+a2+71+1
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Sorting operators and Bruhat order

Change

of basis

= 5155]
= M

= (f1+ 1)(F2 + 1)(71 + 1)

=M1+ Mfo— M1 + M1+ MM +me+a1+1

=Mfof1 + Mo+ Mot + Ao+ 71 + 1
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Sorting operators and Bruhat order

Change of basis

where a reduced decomposition of p is a subword of a reduced de-
composition of o.(Lascoux)
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Sorting operators and Bruhat order

Change of basis

where a reduced decomposition of p is a subword of a reduced de-
composition of o.(Lascoux)
— u < o for the Bruhat order of permutations
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Sorting operators and Bruhat order

Bruhat order
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Sorting operators and Bruhat order

Bruhat order
An order on permutations, graded by the number of inversions
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Sorting operators and Bruhat order

Bruhat order
An order on permutations, graded by the number of inversions

Let 0 € G, w is a successor of o iff :
> 1 = o7 with 7 a transposition
> l(u)=4l(o)+1

T is a Bruhat transposition for o
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Sorting operators and Bruhat order

Bruhat order
An order on permutations, graded by the number of inversions
Let 0 € G, w is a successor of o iff :

> 1 = o7 with 7 a transposition
> l(u)=4l(o)+1
T is a Bruhat transposition for o

k-Bruhat
T=(a,b),a< k,b>k
7 is a k-Bruhat transposition for o.
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Sorting operators and Bruhat order

Example:
352614

N

532614 452613 362514 356214 354612 352641
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Sorting operators and Bruhat order

Example:
352614

N

532614 452613 362514 356214 354612 352641

Counterexample: 652314 is not a successor, added inversions:
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Sorting operators and Bruhat order

Example:
352614

N

532614 452613 362514 356214 354612 352641

Counterexample: 652314 is not a successor, added inversions:
(6,3)
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Sorting operators and Bruhat order

Example:
352614

N

532614 452613 362514 356214 354612 352641

Counterexample: 652314 is not a successor, added inversions:
(6,3) (5.3)
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Sorting operators and Bruhat order

Example:
352614

N

532614 452613 362514 356214 354612 352641

Counterexample: 652314 is not a successor, added inversions:
(6,3) (5,3)

Successors : ..b...d.. — ..d...b.. where values between b and d are
<bor>d
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Sorting operators and Bruhat order

Example:
35/2614

P AN

53|2614 45|2613 36|2514 35(6214 35/4612 35|2641

Counterexample: 652314 is not a successor, added inversions:
(6,3) (5.3)

Successors : ..b...d.. — ..d...b.. where values between b and d are
<bor>d

k-Successors
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Sorting operators and Bruhat order

Change of basis K, K

/ \ Kao1 = Kso1

N
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Sorting operators and Bruhat order

Change of basis K, K

/ \ k321 = K321
‘ >< ‘ Kas1 = Kam#y = Ka (m1 — 1)
= K31 — K3o1
321
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Sorting operators and Bruhat order

Change of basis : K, K

123
/ \ k321 = K321
213 132 T
‘ >< ‘ Kaz1 = Kso171 = Kso1(m — 1)
= Ka31 — K31
231 312 ~ ~ n ~
K13 = Ko3172 = K23172 — K30172
\ / = Ko13 — K231 — K312 + K321
321
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Sorting operators and Bruhat order

Change of basis : K, K

123
/ \ k321 = K321
213 132 . o
‘ >< ‘ Kaz1 = Kso171 = Kso1(m — 1)
= Ka31 — K31
231 312 ~ ~ n ~
K13 = Ko3172 = K23172 — K30172
\ / = Ko13 — K231 — K312 + K321
321
K, = Z(—l)g(“)’g(”)Ku

u=o

Ko=) K

u=o
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Result and proof

Expansion in the K basis of:

Kwﬁ'wcﬂ'c—la
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Result and proof

o = 43678215

w = 87654321
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Result and proof

o = 43678215

/// Kwﬁ—wc
¢ = 643|87521
53‘
64837521
87653421
e —
w = 87654321
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Result and proof

o = 43678215
52/

46378215 R

7 KT Te1g

-
-

64387251
Se ‘

¢ = 64387521
53‘
64837521

N
N
N
N
~

87653421

e

w = 87654321
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Result and proof

o = 43678215
52/
46378215
/// Kwﬁ'wcﬂ'g—lo. =7

-
-

64387251
56‘

¢ = 64387521
53‘
64837521

N
N
N
N
~

87653421

e

w = 87654321
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Result and proof

o = 43678215

L7 Kwﬁ'wgﬂ'g—lg =7
/// Kwﬁ—w(
¢ = 643/87521
53‘
64837521
87653421
e
w = 87654321
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Result and proof

o = 43678215

/// Kwﬁ'wcﬂg—lo. :?
Koftwe = Y _ £K),
¢ = 64387521 K2l
w = 87654321
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Result and proof

o = 43678215
KowcTe 1y =7
Koftwe = Y £K,
¢ = 64387521 —
= KC
w = 87654321
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Result and proof

o = 43678215

’ Kwﬁ'wcﬂg—lo. =7

/ Koftue = Z +K,,
¢ = 643(87521 X

w = 87654321
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Result and proof

o = 43678215
=
46378215 Kotucme 1y =7
64387251 Koftue = Z +K,,
56‘ 7249

¢ = 643/87521 3

A

RCT['C lg
w = 87654321
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Result and proof

o = 43678215
Kwﬁ'wcﬂg—lo. :?
Koftwe = > £K,
¢ = 643(87521 —
= KC
Koo = Y Ky
o<p<(
w = 87654321
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Result and proof

o = 43678215
KoftuocTe1p =7
Koftwe = > £K,
¢ = 643(87521 —
= KC
Koo = Y Ky
o<p<(
=>4k,
w = 87654321
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Result and proof

A sum on chains of the k-Bruhat order
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Result and proof

A sum on chains of the k-Bruhat order
Let W, x be the list of k-Bruhat transpositions (a, b) of ¢ in
decreasing order on o(a) then increasing order on o(b).

o = 1362|54
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Result and proof

A sum on chains of the k-Bruhat order
Let W, x be the list of k-Bruhat transpositions (a, b) of ¢ in
decreasing order on o(a) then increasing order on o(b).

o = 1362|54
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Result and proof

A sum on chains of the k-Bruhat order
Let W, x be the list of k-Bruhat transpositions (a, b) of ¢ in
decreasing order on o(a) then increasing order on o(b).

o = 1362|54
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Result and proof

A sum on chains of the k-Bruhat order
Let W, x be the list of k-Bruhat transpositions (a, b) of ¢ in
decreasing order on o(a) then increasing order on o(b).

o = 1362[54

W, = ((2,6)

Viviane Pons A Pieri formula for double Grothendieck polynomials



Result and proof

A sum on chains of the k-Bruhat order
Let W, x be the list of k-Bruhat transpositions (a, b) of ¢ in
decreasing order on o(a) then increasing order on o(b).

o = 1362|54

Wa,k = ((27 6)7 (27 5)
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Result and proof

A sum on chains of the k-Bruhat order
Let W, x be the list of k-Bruhat transpositions (a, b) of ¢ in
decreasing order on o(a) then increasing order on o(b).

o = 1362|54

Wa,k = ((27 6)7 (27 5)
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Result and proof

A sum on chains of the k-Bruhat order
Let W, x be the list of k-Bruhat transpositions (a, b) of ¢ in
decreasing order on o(a) then increasing order on o(b).

o = 1362[54

Wa,k = ((27 6)7 (27 5), (47 6)
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Result and proof

A sum on chains of the k-Bruhat order
Let W, x be the list of k-Bruhat transpositions (a, b) of ¢ in
decreasing order on o(a) then increasing order on o(b).

o = 1362|54

Wa,k = ((27 6)7 (27 5), (47 6)7 (47 5)
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Result and proof

A sum on chains of the k-Bruhat order
Let W, x be the list of k-Bruhat transpositions (a, b) of ¢ in
decreasing order on o(a) then increasing order on o(b).

o = 1362|54

Wa,k = ((27 6)7 (27 5), (47 6)7 (47 5)
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Result and proof

A sum on chains of the k-Bruhat order
Let W, x be the list of k-Bruhat transpositions (a, b) of ¢ in
decreasing order on o(a) then increasing order on o(b).

o = 1362|54

Wa,k = ((27 6)7 (27 5), (47 6)7 (47 5))
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Result and proof

Wak = (71’7—2’---’7_m)

for double Grothendieck polynomials



Result and proof

Wa,k = (T1)7—2’ ) 7_m)

QkaZ: Kg~(1—7‘1)-(1—7‘2)-~(1—7’m)

with:

K. if 7 is a Bruhat transposition of 1,

0 otherwise.
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Result and proof

+K1362[54

Wa,k = ((2v 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362/54
(2,6)

—Kis62/53

Wa,k = ((2v 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362/54
(2:6)

—Ki462/53
(25)

+Kis62/43

Wa,k = ((2v 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362[54
(2,6)
—Kia62/53
(2.5)
+Kis62/43
(4,6)‘
—Kis63/42

Wa,k = ((2v 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362/54
(2,6)
—Ki462/53
(2.5)
+Kis62/43
(4.6)
—Kis63)42
(4,5)
+Kis6a(32

Wa,k = ((2v 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+Ki3e2/54
(26)
—Kua62/53
(25)
—|—K1562‘43
T
_K1563\42 —K1564|23
5)
+Kise4/32

Wa,k = ((2v 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+Ki3e2/54
29
—Ki462/53
(2,5) “o
+K1562‘43 +K1463|52
T
—Kisesja2  —Kisea)23
5)
+Kise4/32

Wa,k = ((2v 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362/54
(2:6)

—Kia62/53

(2,5) (4,6)

+Kise2a3  +Kiae3)52
( 4,5) ( 4,5)

(4,6)

—Kise3a2  —Kiseapz  —Kises|32
(4.5)

+Ki1s64(32

Wa,k = ((2, 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362/54
(2:6)

—Kia62/53

(2,5) (4.5)

(4.6)

+Kiseoss  +Kisessz T HKiaes|23
(4.5) \(4.5)

(4,6)

—Kise3a2  —Kiseapz  —Kises|32
(4.5)

+Ki1s64(32

Wa,k = ((2, 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362/54

(2,6) 2,5)

—Kiae2i53  —Kise2)34

(2,5) (4.5)

(4.6)

+Kiseoss  +Kisessz  +HKiaes|23
(4.5) \(4.5)

(4,6)

—Kise3a2  —Kiseapz  —Kises|32
(4.5)

+Ki1s64(32

Wa,k = ((2, 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362[54

(2,6) 2,5)

—Kiae2i53  —Kise2j34

(2,5) (4.5)

(4.6)

+Kiseoss  +Kisessz  +HKiaes|23
(4.5) \(4.5)

(4,6)

—Kise3a2  —Kiseapz  —Kises|32
(4.5)

+Ki1s64(32

Wa,k = ((2, 6)’ (27 5)a (47 6)7 (4* 5))

Viviane Pons A Pieri formula for double Grothendieck polynomials



Result and proof

+K1362[54

(2,6) 2,5)

—Kiae2i53  —Kise2)34

25) “(45) N(45)

(4.6)

+Kiseoss  +HKisessz T HKisesiz  +Kises|os
( 4,5) ( 4,5)

(4,6)

—Kise3a2  —Kiseapz  —Kises|32
(4.5)

+Ki1s64(32

Wa,k = ((2, 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362[54

—Kueosz  —Kiseopa  —Kisesls2
N(4.5) N\(4.5)

(2,6) 2,5)

(2.5)

(4.6)

+Kiseoss  +HKisessz T HKisesiz  +Kises|os
( 4,5) ( 4,5)

(4,6)

—Kise3a2  —Kiseapz  —Kises|32
(4.5)

+Ki1s64(32

Wa,k = ((2, 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362[54

—Kiae253  —Kise2;3a  —Kizeas2
( 4,5) ( 4,5) ( 4,5)

(2,6) 2,5)

(2,5) (4,6)

+Kiseoss  +Kisessz T HKisesizzs  +HKisess  +Kizesja2
(45) N(45)

(4.6)

—Kise3a2  —Kiseapz  —Kises|32
(4.5)

+Ki1s64(32

Wa,k = ((2, 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362/54

(4.5)
(4.6)

—Kiae253  —Kise2i3s  —Kiseas2  —Kises|os
N(4.5) N(4.5) N\(4.5)

(2,6) 2,5)

(2,5) (4,6)

+Kiseoss  +Kisessz T HKisesizs  +HKisess  +Kizesja2
(45) N(45)

(4.6)

—Kise3a2  —Kiseapz  —Kises|32
(4.5)

+Ki1s64(32

Wa,k = ((2, 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

+K1362[54

(4.5)
(4.6)

—Kiae253  —Kise2i3s  —Kiseas2  —Kises|os
N(4.5) N(4.5) N\(4.5)

(2,6) 2,5)

(2,5) (4,6)

+Kiseoss  +Kisessz T HKisesizs  +HKisess  +Kizesja2
(45) N(45)

(4.6)

—Kise3a2  —Kiseapz  —Kises|32
(4.5)

+Ki1s64(32

Wa,k = ((2, 6)’ (27 5)a (47 6)7 (4* 5))
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Result and proof

KoftucTe1p = €5

for double Grothendieck polynomials



Result and proof

KoftucTe1p = €5

Direct proof :

KiftueTe1g = | D 2Ky | w1,
7249
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Result and proof

KoftucTe1p = €5

Direct proof :

KiftueTe1g = | D 2Ky | w1,
44

= @C’kﬂ'cqg

Viviane Pons A Pieri formula for double Grothendieck polynomials



Result and proof

Interval
+K1362[54

LI

—Kueos3  —Kiseoza  —Kiseas2  —Kizesps

e

+Kise2a3  +Kiaess2  +Kisesies T Kisesa T Kisesja2

—Kisessz  —Kiseapz  —Kiaes|32

+Kis64(32
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Result and proof

Interval
+K1362[54

LI

—Kueos3  —Kiseoza  —Kiseas2  —Kizesps

e

+Kise2a3  +Kiaessz  +Kiseses T Kisespa T Kizes)a2
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