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Introduction.

Definition: Hurwitz multizeta functions.
Let ST ={s=(s1," - ,s) €Nj;reNand s >2}.

For all s € S%:

He (2 = 3 !

0<n <<y (n1 —+ z)Sl . (nr + Z)sr .

Aim: Studying the algebra HMZF, =Vectq (He})

sest

The family (He}) g, is C(z)-free.
5Co
HMZF; ~Q(L(yi;y2i-+-) — {n}) .



A Fundamental Property
A Lemma of Rational Fractions and 1-Periodic Functions

Proof of the Key Point



A Fundamental Property



1. A Fundamental Property: Definitions and Notations

m Hurwitz multizeta functions.

1

eSSy ,forall (s1,---,s:) € St .
i 0<n;'<n1 (nl +Z)sl T (n’ +z)5r ( ' ) ’
1 1
1
iz — -— -
n

m The shift operator.
T_l(f)(Z) =f(z-1).

m A difference operator.

A _(f)(z) = f(z—1) — f(2) .

m Some auxiliary functions. For all (si,---,s;) € NI:

1
— ifr=1.
J51y"'75r(z) — zs1 LS

0 , otherwise .



1. A Fundamental Property - Statement and proof

Fundamental Property:

For all sequences s = (s1,---,s;) € S}, we have:

S1yttsSp—
A_(Hel Ty =Hel T ST



1. A Fundamental Property - Statement and proof

Fundamental Property:

For all sequences s = (s1,---,s;) € S}, we have:

S1y0tt \Sp—
A—(Hej_l’ ,sr) :He_*_l =1 s

Sketch of proof:

Het(z—1)= > 1

0<n, <o <my (nl tz-— 1)51 e (nr +z— l)s,

_ 1
- Z ('71+Z)51‘~~(I7,+z)5r

—1<n <<

1 1
= Z (n1+z)51...(n,+2)5, + Z (n1+z)51---(n,+z)5r

0<n, < - <my O=n,<---<m

S S1,° " sSp— 1
= Hel(z)+Hel T H(2)-

zsr




1. A Fundamental Property - Statements of corollaries

Corollary A:

Each Hurwitz multizeta function is a resurgent function.
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1. A Fundamental Property - Statements of corollaries

Corollary A:

Each Hurwitz multizeta function is a resurgent function.

Corollary B: the key point.
The family (He?) is C(z)-free.

seST

Both of these are not trivial consequences...

—> For the safety of the audience, we will focus ourself only on the second one.



A Lemma of Rational Fractions and 1-Periodic Functions



2. A lemma of rational fractions and 1-periodic functions

Lemma:

Let F be a rational fraction and f a 1-periodic function.

If, for an n-tuple (A1, -+, \n) € C", the equality F + Z)\;Hei‘r = f is a valid
i=1
one, then we necessarily have:
{ M= =X=0.

F and f are constant functions .



2. A lemma of rational fractions and 1-periodic functions

Lemma:

Let F be a rational fraction and f a 1-periodic function.

If, for an n-tuple (A1, -+, \n) € C", the equality F + Z)\;Hei‘r = f is a valid
i=1

one, then we necessarily have:

AM=--=X=0.

F and f are constant functions .

—

Sketch of proof:

AN eN, +N, —N ¢ poles(F)

—N € poles(f) = 7 C poles(f)
+N € poles(f) = +N € poles(F)
Contradiction.

. Z AitHel #0
i=1

Ll



2. A lemma of rational fractions and 1-periodic functions

Lemma:

Let F be a rational fraction and f a 1-periodic function.

n

If, for an n-tuple (A1, -+, \n) € C", the equality F + Z)\;Hei‘r = f is a valid
i=1

one, then we necessarily have:

AM=--=X,=0.
F and f are constant functions .

Sketch of proof:

o > MHel#0 = 3INEN, +N, —N ¢ poles(F)
i=1 = —N € poles(f) —> Z C poles(f)
= +N € poles(f) = +N € poles(F)
—>  Contradiction.
Z,\,-Hejr:o:>)\1:...:)\n:o_

i=1
F = f = constant functions. 0



Proof of the Key Point



3. Proof of the Key Point: Notations

m Definition of an order in S7:

Definition: d° (s1,--- ,s)=s1+ - +s —r.
Notation: For all d € N:

St = f{se& ;i d's<d)
S; = {se8"; d’s=d}
Order <: degree 1 < degree 2 < degree 3 < ---

For all d € N* | inside S : length 1 < length 2 < length 3 < ---
Notation: Sj,; ={s"; ne N"} .

ForallneN, S, ={s"; 1<i<n}.



3. Proof of the Key Point: Notations

m Definition of an order in S7:

Definition: d° (s1,--- ,s)=s1+ - +s —r.
Notation: For all d € N:

St = f{se& ;i d's<d)
S; = {se8"; d’s=d}
Order <: degree 1 < degree 2 < degree 3 < ---

For all d € N* | inside S : length 1 < length 2 < length 3 < ---
Notation: Sj,; ={s"; ne N"} .

ForallneN, S, ={s"; 1<i<n}.

= Double induction process:

Pad.n = “the family (Hei)geszd U (He®),es, is C(2)-free”



3. Proof of the Key Point: Example to picture the proof 1/3

m Let us suppose that:

FHe + FsHed + FaiHel + FyHe! = G
4
F=FR=FR=F=G6G=0.
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3. Proof of the Key Point: Example to picture the proof 1/3

m Let us suppose that:

FHe + FsHed + FaiHel + FyHe! = G
4
F=FR=FR=F=G6G=0.

m Let us consider the relation:
FHe, + FsHel + FaiHe' + FaHel + FsaHel' = G,

where F> , F3, F21, Fa, F3,1 and G are rational fractions.
Aim: F2=F3:F2,1:F4=F3’1=G:O.
Main idea: Proving by contradiction that f3; =0 .

Remark: If F3; # 0, we can suppose that F31 =1 .



3. Proof of the Key Point: Example to picture the proof 2/3

Reminder:

FyHel + FsHed + ForHe?' + FiHel + Hel' = G,
m Applying A_ to this equality:

(A_(szei + YR - J?) n (A_(Fg)Hei +rY(F)- J3)
n (A_(F2,1)Hei1 Y (Far)He? - Jl) + (A_(F4)He1 +r YR J4)
+ Hel S =A_(G).
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3. Proof of the Key Point: Example to picture the proof 2/3

Reminder:
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3. Proof of the Key Point: Example to picture the proof 3/3

m Contradiction:
A (F)+J'=0 = A (F3+7MHel)=0
= F3+ Hel =1 — periodic function

— 1= 0, because of the last lemma !!!



3. Proof of the Key Point: Example to picture the proof 3/3

m Contradiction:
A (F)+J'=0 = A (F3+7MHel)=0
= F3+ Hel =1 — periodic function

— 1= 0, because of the last lemma !!!

| SO, F371 =0 .

The hypothesis implies now:

Fo=F=FRi=FfR=FR1=G=0.



3. Proof of the Key Point: Proof 1/5

Reminder: SJ,; ={s"; ne N"} .

ForallneN, S, ={s'; 1<i<n}.

m Let us consider the following properties:

Dy :  “the family (He§)§eszd is C(z)-free.”

Pa,n:  “the family (Hei)geszd U(He®)ses, is C(2)-free.”

m Aim: Vd S N, Pd,n - Pd,n+1 5

because:

Dy is true.
Dyy1 is true <= Vn € N, Py, is true.



3. Proof of the Key Point: Proof 2/5

Let us consider:
> R-MHe=F,

SESL ;USpi1
A0
where F and Fs , s € S, U Sp11 , are rational fractions.

Aim: Proving that Fg+1 = 0, by contradiction.

p=>1.

Let us denote s"t! = u - p, where {
$=u uEStan,

If Fgni1 # 0, we can suppose Fgi1 = 1.

m Step 1: writing the system.

Ve (S5,US) — {0}, A(R)+ > (RS =0.

kEN*
§~k€$%dU5n

d+1
A_(F) = 7 F)J + (1= 6n0)7 H(Fupa) S

k=2




3. Proof of the Key Point: Proof 3/5

m Step 2: solving partially the system.

Lemma:

Let r be a positive integer and p > 2 .
Let us also consider two r-tuples, (n1,---,n,) € N and (ky,--- , k) € (N>2)"

such that Z(k,- -1)<p-2.

=1

0 ,ifn >0.
Then' Fﬂ'kl'llnll“"kr'l[n'] = { cste , |f nr = 0.

Sketch of proof:

letd=p—2— Z(k,- — 1) ; let us suppose here that § =0 nn
=1

Applied to v - 11 neN, wherev=u-k -1 ...k the system gives us:

VneN, A (F!_I[n]) T (F!_l[nﬂl) J=0.



3. Proof of the Key Point: Proof 4/5

VneN s A (Fg-l["]) + '7'_1 (F!'l["+1]> Jl =0. (1)
0 €N, Fyyot =0 = A (Fyym-u) =0, by (1)
= F, -1 is a 1-periodic function :
= F!41[no—11 is a constant function :
F!.l[no—l] = f!_l[nofl] eC
= A_ (Fg-]_["cv*zl —+ f!.l[no—l]’Hel) =0, by (1)
= Foam-2+ f!_l[,,_l]Hel is a 1-periodic function
=

Fyairo—11 = T, 3ng—11 =0
F, 1in—2 is a constant function

— and so on.

Consequence: Fukiaml.kat =

0 ,sin >0.
cste,sin, =0.



3. Proof of the Key Point: Proof 5/5

m Step 3: Highlighting of the contradiction.

We have: )
p—
A (R)+Y 7 Y (Fu) S + P =0.
k=1
Vk € I[]., p—].]l, Fg.p_l = f!p_l cC.
From
p—1
A_ <Fu—|— Z faxHe + He”) =0,
k=1
we deduce:
p—1
Fu+ Z fuxHe* +1-HeP defines a 1-periodic function.
k=1

This contradicts the lemma. Thus, Fi1 = 0 and the induction hypothesis
gives the conclusion. ([



Conclusion

We have proved:

The family (He}) g, is C(z)-free.
5Co
HMZF, = Q(L(ys; y2i---) = {n}) -

Consequence:

The algebra spanned by the Hurwitz multizeta functions is an embodiment of
QSym.
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THANK YOU FOR YOUR ATTENTION !
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