1. S, characters

The partition A F n has the corresponding irreducible S,, character
A

X
For example, A = (n — i,1") has the corresponding irreducible S,
character

X(nfhli)'
The matrix (x*(u) | A\, ;pt=n) s the character table of Sy,
computed for example by the Murnaghan-Nakayama rule.



2. The character 27;01 X(”*"ali)

Denote x, = 27;01 (=11 When p F n we study
n—1 o
Xn(r) =D X ().
i=0
Example

e 4 (1) (22 (211 (19
xa(p) 0 2 0 0 8



3. A Theorem

We find out the following phenomena:

Theorem
Let = (p1,...,pr) F n, then

n—1
i 0 if some u; is even
(n—i,1") — Hj
Z; X (1) { 2w =1 if aff pj are odd

How to prove it?
First approach: Apply the Murnaghan-Nakayama rule. MAYBE!

Second approach: Prove a more general identity involving Lie
superalgebras.



4. Partitions in the k-strip

sk(A) = the number of the k-SSYT.

If £(\) > k then s,(\) = 0.

If £(\) < k, sk(A) is given by a hook formula, involving the
"content” numbers and the "hook” numbers of A, see for example

Macdonald's book.

This leads to the k-strip H(k,0;n) = {\F n | 4(\) < k}.

This partitions parametrize the Schur-Weyl Duality.



5. Partitions in the (k, ¢)-hook

sk,e(A) = the number of the (k,¢) — SSYT.
H(k,t;n) ={AFn| X1 <}
These partitions parametrize the "super” Schur-Weyl Duality.

There is a formula for s, ¢(\) for most A € H(k, ¢; n).

Example
k=1/¢=1, then

[ 0 if X (r,1"7") for some r
s11ld) = { 2 ifA=(r,1"")



6. The character } )y 4.0 Ske(A) - e

Construct the S, character

> sV Xt

AEH(k,t:n)

When /¢ = 0, this character arises in the Schur-Weyl theory, from
the action of S,, on V®" where dim V = k.

For general k, ¢ this character arises in the super Schur-Weyl
theory, from the super (i.e &) action of S, on (Vo @ V4)®", where
dim Vp = k and dim Vq = /.



7. The main result

Theorem
Let p = (pa,...,pr) = n where p, > 0. Then

r

Do sV XN = [J(k+ (~1yatto).

AEH(k,£;n) Jj=1



8. Special cases

The case k =¢=1. Let up = (p1,..., ) F n where g, > 0. In
that case the theorem is

r

ST 2w = JJa+ (e,

AEH(1,1;n) j=1
Equivalently

0 if some (i is even
\ B Hj
> X = { /=1 if all y; are odd
AEH(1,1;n)

The case ¢ = 0. In that case the theorem is

> sV xMp) = k.

AEH(k,0;n)

This formula is known, and can be proved via the Schur-Weyl
duality.



9. Thecase / =0

dmV =k Letoc€S,acton V&, v=v; ®---®v;, € V¥ a
basis element. Compute the matrix M,, then its trace tr(M,):

U:...(r7r+1,...,s)...
V:--~(Vi,,Vir+17-"’V"5)"~
O_V:_,.(Vr_’_l’...vis,vf,)'-.

To get a contribution # 0 to tr(M,) we must have v;, = --- = v,

and there are k possible values here. Q.E.D



