Combinatorics of asymptotic representation theory
Part 1

Piotr Sniady

Technische Universitdt Miinchen
and
Polska Akademia Nauk
and
Uniwersytet Wroctawski



plan: asymptotic representation theory 1

representations of the symmetric groups S, for n — oo

A= — OO
by
p" ="
Tr oM )
L(/\) =7 relative characters
dimp

characters — shape of the Young diagram




plan: asymptotic representation theory 2

Young diagram A dilated diagram 2\

study r for r — oo

characters — shape of the Young diagram




content of a box

content(dJ) = (x-coordinate) — (y-coordinate)

Example:

content(\) = (-2,-1,0,0,1,1,2,3)

multiset



Jucys-Murphy elements and contents

for 1 <j < n we define

Xj = (L) + (20)+ + (= 1j) =D _(i.j) € C(Sa):

i<j

sum of transpositions

elements Xi,..., X, € C(S,) commute.

If P(x1,...,xn) is @ symmetric polynomial, A+ n,
content(\) = (ci, ..., ¢n) then

Tr M P(Xe o X))
dim p?

= P(c1,...,¢n)




important example, part 1

for a clever choice. ..

P(x1,...,xn) = Z XJ-2

1<j<n
N——

main term

.. we obtain. ..

P(Xi, ...\ Xn (Z > (i) (i)

1<<n i1,h<j

correction term

(2 pe) (5 5o

1<j<n 11,12<_/ )

e

sum of all cycles of length 3



important example, part 2

Tr p*(sum of all cycles of length 3) ’ n
dim p? —atta={y)

Trp*((1,2,3) g+ +ca— (D)

dim p? ~ in(n—1)(n-2)

Morals:

e if we choose P in a clever way, we get something useful,

L P ((1,23))

T is an ugly quantity,

T ((1.2.3))

e use n(n—1)(n—2) Tm ™

@ character +— shape,

instead,

o fixed conjugacy class, arbitrary A —dual combinatorics



normalized characters
for m € Sx and A\ F n we define normalized character

Tr p*(m)

Chz(A):=n(n—1)---(n—k+1) dim p

k factors

— KEROV & OLSHANSKI

Example

n
~~~ (7 ) ) 2

character on cycle of length 3 S5

algebra of polynomial functions is defined as the linear span of
(Chy) over all choices of ™

Exercise:
Chy - Chy = Ch2,2 +3 Ch3 +2 Ch1,1



discrete functionals of shape

fork >0
pk(N) = Z(content )k
Oex
Po, P1,- .. form an algebraic basis of the algebra of polynomial
functions
Example:

1 1
Ch3=3! P2 —<2p§—2po>]
N 2~ 2

C12++CE



continuous functionals of shape 1

for k > 2
S =(k=1) [[ ey dedy
(x,y)EX
2
3
2
1
—
1 2 3 4 5 6
S5, S3,... form an algebraic basis of the algebra of polynomial

functions



continuous functionals of shape 2

Young diagram A dilated diagram 2\

Sk is homogeneous of degree k:

Sk(r)) = rkSe(N)



outlook

’characters +— shape of the Young diagram

Chi= S ,
~—
degree 2
Ch2 = 53 ’
—~—
degree 3
3 2
Chy =85, — *52 + S ,
2 ~—~

v degree 2
degree 4

Chy =55 —45,5;+ 553 |
S— ~~

degree 5 degree 3
5 25
cmz%—5$&—§§+€f

degree 6 degree 4

35
S3 4155, — =S2+ 85, .
2 ~~
degree 2




Stanley coordinates

pxXq=

a1

p1

k---5

if A= F(A) is an nice on Young diagrams, it is a good idea to
study the polynomial

F(p x q)

and the p-square free coefficients

[prai - p,gk|F(p x q)



p-square-free terms 1

Kiyo ook >2

0 0 _
..._F :[plq]l-(l 1.

it F = F(X) is a polynomial in S, S3, ... then for any

- P '|F(p % q)

Example: for any k, ki, ko > 2:

[Sk]F =[prar 1F (p x ),
[Sks Sk ]F =[p1as* " p2g82 ' 1F (p x q)
2 - [SEIF =[P afp2a5]F(p x q),

if ki # ko,



p-square-free terms 1

it F = F(X) is a polynomial in S, S3, ... then for any
ki,....,kr >2

0 0 ki1

oco—— [3 = [p1gs* " - prg* 'IF(p % q)




p-square-free terms 1

it F = F(X) is a polynomial in S, S3, ... then for any
ki,....,kr >2

0 0 ki1

oco—— [3 = [p1gs* " - prg* 'IF(p % q)

Hint: forh <---<i,, r>0

exponent at least 1
~ =~

- pi] Sk(pxa) =< (-1t (k=1)qqf " ifl<r<k-1
as polynomial in p 0 otherwise



p-square-free terms 2

if F = F()\)is a polynomial in S, S3, ... then for any ki, kp > 2

[Pray* ' p2gy '1F(p x q) =
o 9

F =
05y, 95, S2=53="=0
o 0 _
askz 85,’(1 Sp=53=---=0

10 p2g5* '1F (p x a)



p-square-free terms 3
if F = F(X)is a polynomial in S, S3,... then for any kK >3

[prp2g; *1F = —(k — 1) [S{]F = —(k — 1)[pray 'IF

Hint: forqn <--- <14, r>0

exponent at least 1

—~—
[pi--pi] Sk(pxa) =S (1)1 (k=1),1 g ifl<r<k-1
—— r

as polynomial in p 0 otherwise



outlook

’characters +— shape of the Young diagram

Chi= S ,
~—
degree 2
Ch2 = 53 ’
—~—
degree 3
3 2
Chy =85, — *52 + S ,
2 ~—~

v degree 2
degree 4

Chy =55 —45,5;+ 553 |
S— ~~

degree 5 degree 3
5 25
cmz%—5$&—§§+€f

degree 6 degree 4

35
S3 4155, — =S2+ 85, .
2 ~~
degree 2




maps

map
@ is a graph drawn on an
oriented surface,

@ bipartite,
@ with one face,

o labeled,

01,02 € Sg

map with k edges  «— such that o102 = (1,2,...,k)



Stanley’s character formula

—STANLEY, FERAY, SNIADY

4
Latn w
2, B 3 >

Np(X) = # embeddings of M to A

Chk()\) _ Z(—l)k_#White vertices NM(/\),
M

where the sum runs over maps M with k edges



Ny in Stanley coordinates
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¢ - - -3

ao
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Ny in Stanley coordinates
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Ny in Stanley coordinates

¢ - - -

¢ - - -3

ao
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Ny in Stanley coordinates

¢ - - -

q1

¢ - - -3

ao

a3

7 N pu— Sy

A i el I P S

p1 X



Ny in Stanley coordinates
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¢ - - -3

ao
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Ny in Stanley coordinates

¢ - - -

¢ - - -3

ao

a3

A i el I P S

e

p1 X



Ny in Stanley coordinates

M
/_/R\
™M
I
1
k--->
A

pP1 X p3 X



Ny in Stanley coordinates

I'I{n g3 :P3
m v “ .
k- - --F-1-- EEIEEEE [
92 ' P2
p w X
e,
> a1 1P
{z# | | ;
w

p1 X p3 X



Ny in Stanley coordinates

I'I{n g3 ' P3
] 14 e ~
k- - --F-1-- EEIEEEE [
92 ' P2
p w X
e,
PR q1 1 P1
{z—n ? ‘ L
w

p1 X p3 X



Ny in Stanley coordinates

N N
I'I{n g3 :P3
I %4 NS
e_.____ _____ [ S —
ao
pN w
e_ e I e — T e
z{z—n a

p1 X p3 X



Ny in Stanley coordinates
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Ny in Stanley coordinates

—>i H
I'I{n g3 :P3
m v “ .
k- - --F-1-- EEIEEEE [
92 ' P2
p w X
e,
> a1 1P
{z# | | ;
74

p1 X p3 X g1 X



Ny in Stanley coordinates

K_E/lH
™M
|
[ o
k--->
o

P1 X p3 X g1 X



Q
& - - -
~ _
Q |
oo - _
o Ll [s
Q. | ]
s o ||
it I
HEat .
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LT E >
B = N
[ N
=
O
S -
: q
>
£
[
[qv]
-
(9p)]
= o
= = W
=

P1L X p3 X q1XQg3



Ny in Stanley coordinates

k--->
a)
=

P1L X p3 X q1XQg3



Ny in Stanley coordinates

k--->
a)
=

Nu(p xq) = Z H PF(v) H aG(w)

F:Ve—N \veV,

where G(w) : max F(v)
€Ve
v adj;cent to w



Corollary:
0 0
85,1 851[ Sp=S3=--=0
(1) o1+ pegit - g ] Chy(p x q) =

number of maps

(-1

o with k edges,

@ which have ¢ black vertices, labeled V4, ..., V,

@ and there are iy — 1 white vertices attached to V/,
°

there are jy_1 — 1 white vertices which are attached to V,_;
but not attached to V),

@ there are iy_» — 1 white vertices which are attached to V,_»
but not attached to V,_1, V,,

@ there are i1 — 1 white vertices which are attached to V4 but
not attached to Vb, ..., V),



