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Hopf algebra of decorated rooted trees H/:‘»

Dyson-Schwinger systems

Let / be a set. Rooted trees decorated by /:

c

a,acl: 12, (a,b) € /% e =\ ke (a b, c) € B

d
b\V‘ad:b\dVac:” d bbK/ d\}aa\{b a,t,(abcd)el“
Coproduct:

A("L/dc) = "K/f ®1+1 ®"K/f TR +..0
Feo @18 418 ® g+ eaee ® 15,
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Hopf algebra of decorated rooted trees H,/;

Dyson-Schwinger systems

Dyson-Schwinger system from QED:
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Hopf algebra of decorated rooted trees H,/;

Dyson-Schwinger systems

Dyson-Schwinger system from QED:
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Hopf algebra of decorated rooted trees H,/;

Dyson-Schwinger systems

Dyson-Schwinger system from QED truncated at order 1:
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Hopf algebra of decorated rooted trees H,/;

Dyson-Schwinger systems

Lifting to decorated trees:

B (1+X)3
o= B ((1—X3)2(11—X2)>’
_ (1 + Xp)?
X = Bz<(1—X;)2>’
(1+ X;)?
% = B“‘((1x2)(11x3)>'
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Hopf algebra of decorated rooted trees H,/;

Dyson-Schwinger systems

Xy = o +311 +1%7 4213
1 2 3 1 3 1 2 3
+oti + 3l +6l] 42tz 427 1als 2l 428
+3'"Vi" +3'Vi2 6"V + 2V 22V 3V L
1 2 3 1 2 3
vely vl vali 1 4l3 1203 yobs
+'% 4N 3R
Xz = .3+213 +13+13
1 2 3 1 3 1 2 3
1oty 4ot y4ly 1olz 4202 128 418 418
+'V5 4+ 2'VE £ 2'VED AR A VY

Loic Foissy Dyson-Schwinger systems on rooted trees



Graph associated to a system

Combinatorial Dyson-Schwinger systems Operations on Dyson-Schwinger systems

Examples

@ Letfy,...,fn e K[[h,...,hy]] — K. The combinatorial
Dyson-Schwinger systems attached to f = (f1, ..., f,) is:

X1 = Br(f'l(X‘Iu?Xﬂ))

(S): :
Xo = Bi(fa(Xi,..., X)),

@ Such a system has a unique solution
(Xi,...,Xn) € HY =",

@ The subalgebra generated by the homogeneous
components of the X(/)’s is denoted by Hs).

@ If this subalgebra is Hopf, we shall say that the system is
Hopf.
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Graph associated to (S)

Let (S) be associated to (fi, ..., f,). The oriented graph
associated to (S) is defined by:

@ The verticesare 1,...,n.

© There is an edge from j to j if, and only if, g;;’ #0.
J
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Graph associated to a system

Combinatorial Dyson-Schwinger systems Operations on Dyson-Schwinger systems

Examples

Example coming from QED

(1+X)°

Xy = B; ((1 — X3)2(1 —X2)> ’

(1+Xp)?
= B"’(u — %) x3)>'

<

-/

Graph:
(1
,
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Change of variables

Let (S) be the following system:

Xy = BFH(X,...,Xn)
(S): :
Xo = Bi(f(Xi,....Xn)).

If (S) is Hopf, then for all family (\4,. .., Ay) of non-zero scalars,
this system is Hopf:

(S): :
Xn = BrJ{(fn(M X1 9y Aan))
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. . . Graph associated to a system
Combinatorial Dyson-Schwinger systems Operations on Dyson-Schwinger systems

Examples

Concatenation
Let (S) and (S’) be the following systems:

X1 = B‘T(f1(X177Xn))

Xn B Br—-,i_(fn(X‘], . 7)(n)).

X1 = B{F(g'](X‘],,Xm))
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Concatenation

The following system is Hopf if, and only if, the (S) and (S') are
Hopf:
([ Xy = Bf(H(X1,...,Xn)

Xn = By(fa(Xi,..., Xp))
Xns1 = B 1(91(Xng1, -, Xnrm))

[ Xnem = B;+m(gm(xn+1 voo s Xngm)).

This property leads to the notion of connected (or
indecomposable) system.
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Graph associated to a system

Combinatorial Dyson-Schwinger systems Operations on Dyson-Schwinger systems

Examples

Extension

Let (S) be the following system:

X, = BHH(Xi,...,Xn)
(S): :
Xy, = Bi(fa(Xi,..., Xn)).

Then (&) is an extension of (S):
X1 = B‘T(f1 (X17"')Xf7))
S): :
)Y X = Bih(XG,... X))
Xop1 = B (1+aiX).
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Combinatorial Dyson-Schwinger systems

Graph associated to a system
Operations on Dyson-Schwinger systems

Examples

lterated extensions

4

(S):
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Graph associated to a system
Operations on Dyson-Schwinger systems

Combinatorial Dyson-Schwinger systems

Examples

(S') is a dilatation of (S):

Xi = BH(f(Xi X)),
S B
2 — 0 (g(X1 ) X2))7

X1 = Bi(f(X1+ Xo 4+ X3, X4 + Xs)),
Xo = By (f(X1+ Xao+ X3, X4 + Xs)),
(S): Xs = Bj(f(X1+ X+ X3, X4 + Xs)),
Xo = Bi(g(Xi+ Xo+ Xg, Xa + Xs)),
Xs = BF(g(Xi+ Xo+ Xz, Xs + Xs)).
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Graph associated to a system

Combinatorial Dyson-Schwinger systems Operations on Dyson-Schwinger systems

Examples

Fundamental systems

Let 81,..., 0k € K. The following system is an example of a

fundamental system:
k 145 n
X = Bl(1-X)[[00-8X) 7 J] (1-X)"
j=1 j=k—+1
if i <Kk,
k 1+ﬁ/ n
X = B {(-x)[Ja-sx) 7 [T (1-x)"
j=1 j=k—+1
L if i >k
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Graph associated to a system
Operations on Dyson-Schwinger systems
Examples

Combinatorial Dyson-Schwinger systems

Cyclic systems
The following systems are cyclic: if n > 2,

X = B?—(‘I +X2),
Xo = B;—(1 +X3),

Xo = Bi(1+X).

Graph on a cyclic system: an oriented cycle.
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Structure coefficients
A simple example
Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Theorem

Let (S) be an SDSE. Ifitis quf, then, for all /,j € [, for all
n > 1, there exists a scalar )\S,"/) such that for all tree t', which
root is decorated by i:

Z n(t, t)ar = Af;}/‘)at',
t

where n;(t, t') is the number of leaves ¢ of t decorated by j such
that the cut of ¢ gives t'.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

We shall denote by a](-i) the coefficient of h; in f; and by a/(.y",z the
coefficient of h;hy in f;.

Lemma
o
oh;

= 0 if, and only if, aj(-i) £ 0.

Loic Foissy Dyson-Schwinger systems on rooted trees



Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Let us assume that (S) is Hopf. Let us fix /.
@ Forallpathi=i; — ip — ... — i in the graph of (S)

( S a/('if")
/,] _ »ip+1
N =g+ 30+ b0~
p=1 Ep
In particular, )\gi’j) = aj(.i).

Q Forallpy,---,ppeN:

20 _ 1 (i) _ () 40

Hor ot T gt Api++pnt1 ;P/af A(py.+ pn)

(S
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Lemma

Let (S) be a Hopf SDSE. In the graph associated to (S):

T e

/ k |—k / k
Let us assume that aﬁ(") =0. As aj(’) £0,j#k. As a(') 0
Then:
A = \{Hayy = ap + g, = aa 0
Hence:

A = + 0.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Moreover, As a,') #0, 1 # k. Then:
a " = Nai =ay va,, =a'a) +o.

s0: ,
AR _ )

Hence: _
af(’) = af(/) #0.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

@ A first special case is given by i = k:

i~—j = (i jori j.
/ / /

© A second special case is given by i = /:

Ci—i = (i—=]

l N\

k k
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Structure coefficients
A simple example
Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Proposition

Let (S) be a Hopf Dyson-Schwinger system with the following
graph:
Up to a change of variables, two cases can occur:
X = Bi(1+ Xa),
0 (9): { X = B(1+X).
X1 = B1((1 —X2)71)
S): ’
e ( ) { X2 = Bg((1 —X1)71).
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems WETNET
Associated prelie algebras

We put:

fi(h) = ahb, fo(h) = bih}.
i=0

i=0

Up to a change of variables, assume that a; = by = 1. Then:

A = A0 g = 241, = 2b
3 3 2
LI €

On the other hand:

2aphy = Ag%”azvz —a . =2a.
1

.
2\}12
S0 2axb, = 2a, and a, = 0 or b, = 1. Similarly, b, = 0 or
a» = 1. Finally:

ao = b2 =0or1.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems WETNET
Associated prelie algebras

In the first case, fi(h2) =1+ hp and f(hy) =1 + hy. In the
second case, consider the path1 — 2 — 1 — ... of length n.

@ If n= 2k is even:
A1 — 242k —1)=2k=n.
@ If n=2k+ 1is odd:
A2 4 ok =n,

So:
)\571’2) =nforalln>1.

Hence, for all n > 1, ap.1 = a, and finally f;(h2) = (1 — h)~".
Similarly, f(ht) = (1 — hy)~ 1.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Main theorem

Let (S) be Hopf combinatorial Dyson-Schwinger system. Then
(S) is obtained from the concatenation of fundamental or cyclic
systems with the help of a change of variables, a dilatation and
a finite number of extensions.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

If (S) is a Hopf, the dual of H(s is the enveloping algebra of a
prelie algebra g(s-

Description of g(s)

It has a basis (&;(p))1<i<np>1. The prelie product is given by:

ei(p) o 6/(q) = A ei(p + q).
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

As a consequence, g; = Vect(ej(p),p > 1) is a prelie
subalgebra. In the fundamental case, there are three
possibilities:
@ i <k, with 3; = —1. Then e;(p) o ei(q) = ei(p+ q): gi is an
associative, commutative algebra.
@ /> k. Then ei(p) o ej(q) = 0: g; is a trivial prelie algebra.

© i< kandp;# —1. Then b; # 0, and g; is a Faa di Bruno
prelie algebra with parameter given by:

—Bi

A= .
T4
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Structure coefficients
A simple example
Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Proposition
Let (S) be a fundamental SDSE. If k < n or if there exists i < Kk,

such that 3; # —1, then the Lie algebra g sy can be
decomposed in a semi-direct product:

gs) = (My @ ... & M) % go,

where:

@ go is a Lie subalgebra of gs), isomorphic to the Faa di
Bruno Lie algebra, with basis (f,?),,21 such that for all
m,n>1:

[ 3] = (A — m)f3, .

@ Forall1 </ <k, M;is an abelian Lie subalgebra of gs),

with basis (f});>1.
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Structure coefficients
A simple example

Study of Dyson-Schwinger systems Main result
Associated prelie algebras

@ Forall1 < i<k, M;is aleft gg-module in the following way:

0 £ __ i
fO.f) = nfl,, .
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Structure coefficients
A simple example
Study of Dyson-Schwinger systems Main result
Associated prelie algebras

Proposition

Let (S) be a cyclic SDSE, possibly with dilatations and
extensions. The prelie g(s) admits a basis (&;(k))1<i<nk>1 such
that:

ei(k + /) if there exists a path from j to i of length /,
eik)oei(l) = { 0 otherwise.

This prelie product is associative.
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Definition and main result
Examples

More realistic Dyson-Schwinger systems

We now consider systems of the form :

X1 = ZB?:/(fLi(Xh--an))

ied;

(S): :
Xn = ZB;::,'(fn,i(Xh"':Xn)):

i€dn

where for all k, i, B ; is a 1-cocycle of degree i.

Theorem

We assume that 1 € Ji for all k. Then (S) is entirely
determined by fi 1,..., 1.
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Definition and main result
Examples

More realistic Dyson-Schwinger systems

Fundamental system

( k 1+,3 n

X = Y Big|(-sX)[J-8x%) 7° [ (1-x)°
ged; J=1 j=k+1
if i <Kk,

k 145 iq n

Xi = > Big|(1=X)][0=5x) 7" ][ 1-X)
ged; Jj=1 J=k+1
if i > k.
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Definition and main result
Examples

More realistic Dyson-Schwinger systems

For example, we choose n=3, k=2, 3y =—-1/3 > =1,
Ji = N*, U, = J3 = {1}. After a change of variables hy — 3hy,
we obtain:
—|—X1)1+2k >
Xy = B (
1 % P = Xe)PK (1 = X )
. 1+ X)?
(S): sz( (1 + X )
° N -X)(1 - X)
(1 +X1)2>
X3 = B3| ~——~4 ).
’ 3((1 —Xe)

This is the example of the introduction, with X; = M@: ,
Xo= >, X3= "~ .
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Definition and main result
Examples

More realistic Dyson-Schwinger systems
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Definition and main result

Examples
More realistic Dyson-Schwinger systems

X; = Y B, (1 +x1—+j),

Jeh

X, — > Bay (1+ X)) -

jeh

(S):
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Definition and main result
Examples

More realistic Dyson-Schwinger systems

n=3:
_ _ 31
X; = «anteag+ 1Y +. (T,s)+12‘?‘353+}%31§,
_ _ 1,1
Xo = ntogo+ BN +opa + tEY + 1B
. - 31
X§ = .31 *t-. 32)-1—1% }—i— (5,3)+I{%;53+Ifégli.
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