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Université Paris 13
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I The Hopf algebra of rooted forests first appeared in the work of
A. Dür [2]

I It has been rediscovered by D. Kreimer in the context of
quantum field theory [10].

I A noncommutative version, using ordered forests of planar trees,
has been discovered independently by L. Foissy [6] and R.
Holtkamp [8]. This Hopf algebra is self-dual.

I Commutative Hopf algebras of graphs have been introduced
and studied by A. Connes and D. Kreimer [3, 4, 5], as a powerful
algebraic tool unveiling the combinatorial structure of
renormalization.

↪→ Inspired by constructive quantum field theory [11, V. Rivasseau],
we propose a noncommutative version of a Hopf algebra of graphs,
by putting decorations on each edge.
The decorations take values in the positive integers (or even in any
totally ordered infinite set), and edges of a connected graph carry
pairwise distinct decorations.
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I The idea of decorating the edges of a graph with discrete scales
comes from quantum field theory

I This versatile technique of multi-scale analysis was successfully
applied for scalar quantum field theory renormalization (see [11,
V. Rivasseau]), renormalization of scalar quantum field theory on
the non-commutative Moyal space (see, for example, [7,
R. Gurau, J. Magnen, V. Rivasseau and A. Tanasa]) and recently
to the renormalization of quantum gravity tensor models [1,
J. Ben Geloun and V. Rivasseau].

I The combinatorics of the multi-scale renormalization was
encoded in a Hopf algebraic framework in [9, T. Krajewski, V.
Rivasseau and A. Tanasa]
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Non-commutative graph algebra structure
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TOTALLY ASSIGNMENT

Definition 3.1.
A total assignment µ for a connected graph Γ is a list of distinct inte-
gers il, l = 1, . . . ,E associated to the edges of the graph Γ, where E is
the number of edges of the respective graph.

Definition 3.2.

A connected total assigned graph (connected TAG) is a pair (Γ, µ)
formed by a connected graph Γ together with a totally ordered scale
assignment µ.
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EXAMPLE

a1 = 1 a5 = 10

a2 = 3 a6 = 8

a4 = 4a3 = 7

One can associate to a given graph an infinite number of totally
ordered scale assignments.
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THE VECTOR SPACE OF TAGS

Let K be a field of characteristic 0. Let CTAG be a set of connected
TAGs. One sets

H = K 〈CTAG〉 . (1)

The product m onH is given by the operation of non-commutative
disjoint union of TAGs, i.e. the resulting graph is given by the
ordered concatenation of graphs and each disjoint component keeps
its scale assignment.

m((G1, µ1), (G2, µ2)) = (G1 t−→G2, µ1 t µ2). (2)

The empty TAG is the empty graph and the empty list assignment,
denoted by 1H.
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EXAMPLE

a1 = 2

a2 = 4

Figure: The TAG (Γ1, µ1).

a1 = 3

a2 = 4

a3 = 5a4 = 9

Figure: The TAG (Γ2, µ2).

One has

m((Γ1, µ1), (Γ2, µ2)) =

a1 = 2

a2 = 4

a1 = 3

a2 = 4

a3 = 5a4 = 9 . (3)
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ALGEBRA STRUCTURE

One has:
Proposition 3.3.

(H,m, 1H) is an associative unitary algebra.
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Hopf algebra structure
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TOTALLY ASSIGNED SUBGRAPH

Definition 4.1.

A subgraph γ of a graph Γ is the graph formed by a given subset of
edges e of the set of edges of the graph Γ together with the vertices
that the edges of e hook to in Γ.
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TOTALLY ASSIGNED SUBGRAPH

Definition 4.2.

A totally assigned subgraph (γ, ν) of a given TAG (Γ, µ) is con-
structed in the following way.

I A graph γ is a subgraph of the graph Γ, in the usual way in 4.1.
I The totally ordered scale assignment ν of γ is given by the

restriction of the totally ordered scale assignment µ to the edges
of γ.
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Remark 4.3.
I If Γ is connected, then the order between various (possible) connected

components of subgraph γ: the first connected component contains the
edge with the smallest scale in the list of scales of the subgraph γ, the
second connected component of the subgraph contains the edge with the
smallest scale in the list of scales of γ after deleting from this list the
scales corresponding to the edges of the first connected component.

I If Γ is not connected, we follow the algorithm for the first component of
Γ, then for the second, etc., up to the last one.
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EXAMPLE

1 3 5

2 4 6

(a) A TAG (Γ,µ).

3

4

(b) The sub-TAG (γ,ν).

1 3 5

2 4 6

(c) A TAG (Γ,µ).

1

2

5

6

(d) The sub-TAG (γ′,ν′).
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SHRINKING

Definition 4.4.

The shrinking of a totally assigned subgraph (γ, ν) of a given TAG
(Γ, µ) is defined in the following way: the subgraph γ is defined in the
usual way (deleting the internal structure of γ), leading to the cograph
Γ/γ. The totally ordered scale assignment µ/ν of the cograph Γ/γ
is given by deleting the totally assignment ν from the initial totally
assignment µ. The TAG (Γ/γ, µ/ν) is called a totally assigned cograph.

For example, one has

a1 = 2 a2 = 3 a3 = 5

a4 = 4

a5 = 11

a6 = 13

a7 = 8

/
a2 = 3

a6 = 13

a7 = 8

=
a1 = 2 a3 = 5

a4 = 4

a5 = 11
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THE COPRODUCT

Let us now define the coproduct on the spaceH, ∆ : H −→ H⊗H as

∆((Γ, µ)) = (Γ, µ)⊗1H+1H⊗(Γ, µ)+
∑

(γ,ν)((Γ,µ)

(γ, ν)⊗(Γ/γ, µ/ν). (4)

for any TAG (Γ, µ).
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EXAMPLE

∆(
1

2

) = 1H ⊗
1

2

+ 1 ⊗
2

+ 2 ⊗
1

+
1

2

⊗ 1H. (5)

∆(

2

1 4

) = 1H ⊗

2

1 4

+ 1 ⊗

2

4

+ 4 ⊗

2

1

+
2

⊗ 1 4

+

2

1

⊗
4

+

2

4

⊗
1

+ 1 4⊗
2

+

2

1 4

⊗ 1H (6)
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BIALGEBRA STRUCTURE

Proposition 4.5.

The coproduct defined in (4) is coassociative.

↪→ One has
Theorem 4.6.

The triple (H,∆, ε) is a coassociative coalgebra with counit.
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HOPF ALGEBRA STRUCTURE

Proposition 4.7.

Let (G1, µ1) and (G2, µ2) be two TAGs inH. One has

∆(m((G1, µ1), (G2, µ2))) = m⊗2 ◦ τ23(∆(G1, µ1),∆(G2, µ2)) (7)

where τ23 is the flip of the two middle factors inH⊗4.

Theorem 4.8.

(H,m, 1H,∆, ε) is a bialgebra.
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HOPF ALGEBRA

For all n ∈ N, one callsH(n) the vector space generated by the TAGs
with n edges. Then one hasH =

⊕
n∈NH(n). Moreover, one has:

1. For all m,n ∈ N,H(m)H(n) ⊆ H(m + n).
2. For all n ∈ N, ∆(H(n)) ⊆

∑
i+j=nH(i)⊗H(j).

One thus concludes thatH is a graded bialgebra.
Note thatH is connected, i.e. H(0) = K1H.
Then, the antipode S : H −→ H is given by the recursive formula:

S(1H) = −1H;

S((Γ, µ)) = −(Γ, µ)−
∑

(γ,ν)((Γ,µ)(γ, ν)⊗ (Γ/γ, µ/ν), if (Γ, µ) 6= 1H.(8)

We can now state the main result:
Theorem 4.9.

The bialgebra (H,m, 1H,∆, ε,S) is a Hopf algebra.
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CONCLUSION

We propose a noncommutative version of a Hopf algebra of graphs,
by putting decorations on each edges.
This work is based on arXiv:1307.3928 [math.CO]
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Thank you for your attention!
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