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Overview

1 Around 1980: From the early lotharingian days

2 2013: Hermite and Laguerre are still alive!

Volker Strehl (FAU) Combinatoire rétrospective et créative SLC71 2 / 46



Around 1980: From the early lotharingian days

Favorite subjects

From the very beginning (1980)

Combinatorics of the symmetric group
Symmetric functions
Classical numbers and polynomials (Tangent/Secant, Genocchi,
eulerian polynomials,...)
Hypergeometric series and special functions (classical orthogonal
polynomials, q-analogues)

Approach

Reveal counting properties of these objects
Retrospective:
Understand known properties (identities) from combinatorial models
Creative:
Use these combinatorial models to invent meaningful refinements,
variations, generalizations . . .
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Around 1980: From the early lotharingian days

Some of my favorite examples: bi-(multi-)linear generating
functions

Hermite polynomials (matchings)

Proof of the (bilinear) Mehler formula [Foata]
(Multilinear) Kibble-Slepian-Louck identity [Foata, Garsia]

Laguerre polynomials (injective partial functions)

Proof of the (bilinear) Hille-Hardy identity [Foata, Strehl]
Bilinear Meixner identity [Foata]
Bilinear identities by Weisner and Srivastava [Strehl]
Multilinear extension of Hille-Hardy and Erdélyi [Foata, Strehl]

Jacobi polynomials (pairs of injective partial functions)

Generating function [Foata, Leroux]
Bailey’s bilinear generating function [Strehl]
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Around 1980: From the early lotharingian days

The vocabulary: Hermite

explicit
Hn(x) = (2x)n2F0

[
−n/2,−(n − 1)/2

−
;− 1

x2

]
=
∑

0≤k≤n
(−1)k

n!

k!(n − 2k)!
(2x)n−2k

generating function ∑
n≥0

tn

n!
Hn(x) = e2xt−t2
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Around 1980: From the early lotharingian days

The vocabulary: Hermite

combinatorial interpretation

H[U,V ] = involutions σ on U ] V with fix(σ) = U

valuation: σ 7→ u]fix(σ)v2 ]trans(σ) = u]Uv ]V

Hn(u, v) =
∑

U]V=[n]

∑
σ∈H[U,V ]

u]fix(σ)v2 ]trans(σ)

=
∑

K⊆{1,...,n}

m]K un−]Kv ]K

special case “perfect matchings”

M[V ] = H[∅,V ], m2k = ]M[{1, . . . , 2k}] =
(2k)!

k! 2k
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Around 1980: From the early lotharingian days

A classic: Foata’s proof of the Mehler formula
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Around 1980: From the early lotharingian days

The vocabulary: Laguerre

explicit

L
(α)
n (x) =

(1 + α)n
n!

1F1

[
−n

1 + α
; x

]
=
∑

0≤k≤n
(−1)k

(1 + α + k)n−k
k! (n − k)!

xk

generating function∑
n≥0

tnL
(α)
n (x) =

1

(1− t)1+α
e−xt/(1−t)
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Around 1980: From the early lotharingian days

The vocabulary: Laguerre

combinatorial interpretation

L[X ,Y ] = injective mappings λ : X → X ] Y

valuation: λ 7→ αcyc(λ)x ]X y ]Y

L(α)
n (x , y) =

∑
X]Y=[n]

∑
λ∈L[X ,Y ]

αcyc(λ)x ]X y ]Y

Simple fact: ∑
λ∈L[X ,Y ]

αcyc(λ) = (α + ]Y )]X
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Around 1980: From the early lotharingian days

Bilinear Laguerre: Hille-Hardy

∑
n≥0

tn

n!

L
(α)
n (x)L

(α)
n (y)

(α + 1)n

=
1

(1− t)α+1
e−(x+y)t/(1−t)

∑
n≥0

1

n!(α + 1)n

(
xyt

(1− t)2

)n
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Around 1980: From the early lotharingian days

CRAS 1981
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Around 1980: From the early lotharingian days

ICM 1983
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2013: Hermite and Laguerre are still alive!

In October 2012, D. Babusci, G. Dattoli (both from Roma), K Górska
(Kraków) and K.A. Penson (Paris) published a list of 12 lacunary
generating series involving Laguerre (and Hermite) polynomials:

Generating Functions for Laguerre Polynomials: New identities for
Generating Series, arXiv1210.3710 [math-ph]

Karol Penson asked me, what a combinatorialist might see in these
identities

My résumé today:
All identieties are very combinatorial, and combinatorics can help to
systematize and extend them considerably
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2013: Hermite and Laguerre are still alive!

Lacunary Laguerre series – what do they really count?

∑
n≥0

tn

n!
L2n(x) = et

∑
r≥0

(i x
√
t)r

(r !)2
Hr (i
√
t)

∑
n≥0

t2n

(2n)!

(2n)!

n!2n
L2n(x) = . . .

∑
n≥0

t2n

(2n)!
m2n L2n(x) = . . .

∑
n≥0

Hn(u, v)

n!

Ln(x , y)

n!
= ?

∑
n≥0

Hn(u, v)

n!

L(α)
n (x , y)

(α)n
= ?
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2013: Hermite and Laguerre are still alive!

Lacunary Laguerre series – what do they really count?

The lacunary generating series

∑
n≥0

tn

n!
L2n(x) = et

∑
r≥0

(i x
√
t)r

(r !)2
Hr (i
√
t)

is essentially a (very) special case (u = 0) of a joint bilinear
generating function for Hermite and Laguerre

Combinatorics tells us, what the full bilinear gf should be:

∑
n≥0

Hn(u, v)

n!

L(α)
n (x , y)

(α)n
=M(xv)

∑
s,p≥0

Hs(xyv2, yv)

s!

L(α+s)
p (xu, yu)

p! (α)s+p

The fully combinatorial proof is based on a superposition of Hermite
configurations and Laguerre configurations
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2013: Hermite and Laguerre are still alive!

U V

σ ∈ H[U,V ]
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2013: Hermite and Laguerre are still alive!

X

Y

λ ∈ L[X ,Y ]
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2013: Hermite and Laguerre are still alive!

X

Y

U V

UX

V Y

UY

V X

(σ, λ) ∈ H[U,V ]× L[X ,Y ]
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2013: Hermite and Laguerre are still alive!

X

Y

U V

W

UX

V Y

UY

WX

WY

V X

β : transpositions of σ between X and Y
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2013: Hermite and Laguerre are still alive!

X

Y

U V

W

UX

V Y

UY

WX

WY

V X

σVX ∈ H[∅,VX \WX ], σVY ∈ H[WY ,VY \WY ]

β ∈ B[WY ,WX ], λVX ∈ L[VX ,UX ] Y ], λUX ∈ L[UX ,Y ]
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2013: Hermite and Laguerre are still alive!

A new kind of lacunary series
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2013: Hermite and Laguerre are still alive!

A new kind of lacunary series

Some obvious questions
Why are these identities interesting? Ask the authors
Are these identities true? Yes!
Is it true that for any k ≥ 0 there is always a polynomial p2k(r ; x , t) of
degree 2k in r with integer coefficients s.th.∑

n≥0

tn

n!
L

(k)
2n (x) = et

∑
r≥0

p2k(r ; x , t)

r !(r + 3k)!
(i x
√
t)r Hr (i

√
t)

How does this generalize to∑
n≥0

tn

n!
L

(α+k)
2n (x) = . . . ?

What about ∑
n≥0

tn

n!
L

(α+k)
3n (x) = . . . ?

What is the counting behind these identities? You will see ...
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2013: Hermite and Laguerre are still alive!

A new kind of lacunary series

Assuming the existence of a polynomial p2k(r ; x , t) of degree 2k in∑
n≥0

tn

n!
L

(k)
2n (x) = et

∑
r≥0

p2k(r ; x , t)

r !(r + 3k)!
(i x
√
t)r Hr (i

√
t)

you can ask your CA software to compute it for any specific k . . .

We know the cases k = 0, 1, 2

Here is what you get for k = 3 . . .
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2013: Hermite and Laguerre are still alive!(
8 t3 + 48 t2 + 54 t + 6

)
r6

+
(
48 xt3 + 312 t3 + 192 xt2 + 1872 t2 + 108 xt + 2106 t + 234

)
r5

+
(
120 x2t3 + 1680 xt3 + 288 x2t2 + 5000 t3 + 6720 xt2 + 54 x2t

+30000 t2 + 3780 xt + 33750 t + 3750
)
r4

+
(
160 x3t3 + 3600 x2t3 + 192 x3t2 + 23280 xt3 + 8640 x2t2

+42120 t3 + 93120 xt2 + 1620 x2t + 252720 t2 + 52380 xt + 284310 t + 31590
)
r3

+
(
120 x4t3 + 3840 x3t3 + 48 x4t2 + 40200 x2t3 + 4608 x3t2 + 159600 xt3

+ 96480 x2t2 + 196592 t3 + 638400 xt2 + 18090 x2t

+1179552 t2 + 359100 xt + 1326996 t + 147444
)
r2

+
(
48 x5t3 + 2040 x4t3 + 30560 x3t3 + 816 x4t2 + 198000 x2t3

+ 36672 x3t2 + 541152 xt3 + 475200 x2t2 + 481728 t3 + 2164608 xt2 + 89100 x2t

+2890368 t2 + 1217592 xt + 3251664 t + 361296
)
r

+ 8 x6t3 + 432 x5t3 + 8640 x4t3 + 80640 x3t3 + 3456 x4t2 + 362880 x2t3

+ 96768 x3t2 + 725760 xt3 + 870912 x2t2 + 483840 t3 + 2903040 xt2

+ 163296 x2t + 2903040 t2 + 1632960 xt + 3265920 t + 362880
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2013: Hermite and Laguerre are still alive!

. . . where the coefficient polynomials don’t simplify in any reasonable
way

. . . but, if you change the priority of the variables, you can get

8 x6t3 + 48 x5t3 (r + 9) + 24 t2 (r + 9) (r + 8) (5 t + 2) x4

+ 32 t2 (r + 9) (r + 8) (r + 7) (5 t + 6) x3

+ 6 t
(
20 t2 + 48 t + 9

)
(r + 9) (r + 8) (r + 7) (r + 6) x2

+ 12 t
(
4 t2 + 16 t + 9

)
(r + 5) (r + 9) (r + 8) (r + 7) (r + 6) x

+ 8 (r + 9) (r + 8) (r + 7) (r + 6) (r + 5) (r + 4) t3

+ 31590 r3 + 6 r6 + 234 r5 + 3750 r4 + 147444 r2

+ 48 (r + 9) (r + 8) (r + 7) (r + 6) (r + 5) (r + 4) t2

+362880+54 (r + 9) (r + 8) (r + 7) (r + 6) (r + 5) (r + 4) t+361296 r
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2013: Hermite and Laguerre are still alive!

This suggest to look at cases k = 1 and k = 2 again:

k = 1

2 x2t + 4 xt (r + 3) + 2 (r + 3) (r + 2) t + 6 + r2 + 5 r

k = 2

4 x4t2 + 16 x3t2 (r + 6) + 2 t (r + 6) (r + 5) (12 t + 5) x2

+ 4 t (r + 5) (r + 4) (r + 6) (4 t + 5) x

+ 4 (r + 5) (r + 4) (r + 3) (r + 6) t2

+10 (r + 5) (r + 4) (r + 3) (r + 6) t+238 r2+684 r+2 r4+36 r3+720

A pattern emerges!
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2013: Hermite and Laguerre are still alive!

This suggests that in general one should have∑
n≥0

L
(k)
2n (x)

tn

n!
= et

∑
r≥0

p̃2k(r ;−x , t)

r !
(i x
√
t)r Hr (i

√
t)

where

p̃2k(r ; x , t) =
2k∑
i=0

k∑
j=0

x i t j
(

2j

i

)
1

(r + k + i)!
ak,j

with (positive integer) coefficients (ak,j)0≤j≤k .
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2013: Hermite and Laguerre are still alive!

The triangular scheme for the coefficients (ak,`)0≤`≤6

k\` 0 1 2 3 4 5 6

0 1
1 1 2
2 2 10 4
3 6 54 48 8
4 24 336 492 176 16
5 120 2400 5100 2920 560 32
6 720 19440 55800 45240 13680 1632 64

which agrees with the recurrence

ak,` = 2ak−1,`−1 + (k + 2`) ak−1,`
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2013: Hermite and Laguerre are still alive!

It is more convenient to consider the numbers

ak,` = ak,`
`!

k!
for which

k ak,` = 2 ` ak−1,`−1 + (k + 2`) ak−1,`

and ∑
k≥0

∑
0≤`≤k

ak,` t
` zk =

1− z

1− 2(1 + t) z + (1 + t) z2

with first values

k\` 0 1 2 3 4 5 6

0 1
1 1 2
2 1 5 4
3 1 9 16 8
4 1 14 41 44 16
5 1 20 85 146 112 32
6 1 27 155 377 456 272 64
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2013: Hermite and Laguerre are still alive!

Balls into boxes

These numbers are known to the OEIS, counting order-consecutive
partitions (Hwang-Mallows, JCT-A 70, 1995)

Another combinatorial interpretation is more convenient here:

k (ordred) singleton boxes which can contain at most one ball
` (ordered) double boxes, which can contain at most one ball in each of
two compartments
ak,` is the number of distributions of balls into the boxes such that

each double box contains at least one ball
the total number of balls in singleton boxes equals the total number of
balls in double boxes
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2013: Hermite and Laguerre are still alive!

Illustration for k = 3, 0 ≤ ` ≤ 3
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2013: Hermite and Laguerre are still alive!

The proof of∑
n≥0

L
(k)
2n (x)

tn

n!
= et

∑
r≥0

p̃2k(r ;−x , t)

r !
(i x
√
t)r Hr (i

√
t)

follows from

m2n

(
2n

s

)(
2n + k

k

)
=

∑
2a+2b+i+j=2n

(
2n

2a, 2b, i , j

)
m2a m2b mi+j 22b−s+i

(
b

s − i − b

)
ak,(i+j)/2
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2013: Hermite and Laguerre are still alive!

Remember Foata’s principle
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2013: Hermite and Laguerre are still alive!

There are the two special cases

k = 0

m2n

(
2n

s

)
=

∑
2a+2b=2n

(
2n

2a, 2b

)
m2a m2b 22b−s

(
b

s − b

)
We know this already!

s = 0

m2n

(
2n + k

k

)
=

∑
2a+2c=2n

(
2n

2a, 2c

)
m2a m2c ak,c

This is immediate from a combinatorial picture

The general case is by amalgamating these combinatorial views
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2013: Hermite and Laguerre are still alive!

Illustration fo the second special case

n = 8, k = 10, ` = 4

Volker Strehl (FAU) Combinatoire rétrospective et créative SLC71 42 / 46



2013: Hermite and Laguerre are still alive!

The α-extension

∑
n≥0

t2n

n!

(2n)!

(α)2n
L

(α+k−1)
2n (x)

= et
∑
r≥0

1

r !
p

(α)
k (r ,−x , t) (i x

√
t)r Hr (i

√
t)

holds with an appropriate extension of the polynomials p
(α)
k (r , x , t)
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2013: Hermite and Laguerre are still alive!

three step Lacunary Laguerre, k = 1
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2013: Hermite and Laguerre are still alive!

three step Lacunary Laguerre, general case

∑
n≥0

L
(k)
3n

zn

n!
= et ·

∑
r≥0

qk(r ;−x , t)

r/3∑
s≥0

(−tx3)2 (ix
√

3t)r−3s

(r − 3s)! s!
Hr−3s(i

√
3t/2)

where

qk(r ; x , t) =
3k∑
i=0

k∑
j=0

x i t j
(

3j

i

)
1

(r + k + i)!
bk,j

and where the polynomials

bk(t) =
k∑
`=0

bk,` t
`

are defined via the “balls into boxes” linear recurrence

bk,` = 3 bk−1,`−1 + (k + 3`) bk−1,`,

now using triple boxes (not yet in OEIS)
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2013: Hermite and Laguerre are still alive!

A combinatorial exercise for you

Find out what kind of counting is behind
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