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1. Introduction

The notion of alternating or zigzag permutation devised by Désiré
André, back in 1881 [Anl1881], for interpreting the coefficients E(n)
(n > 0) of the Taylor expansion of tan u + sec u, the so-called tangent and
secant numbers, has remained some sort of a curiosity for a long time, until
it was realized that the geometry of these alternating permutations could
be exploited to obtain further arithmetic refinements of these numbers.
Classifying alternating permutations according to the number of inversions
directly leads to the constructions of their g-analogs (see [AF80, AGTS,
St76]). Sorting them according to their first letters led Entringer [En66]
to obtain a fruitful refinement E, =) FE,(m) that has been described
under several forms [OEIS, GHZ11, KPP94, MSY96, St10], the entries
E, (m) satisfying a simple finite difference equation (see (1.1) below).

In fact, these numbers E,, (m), called Entringer numbers in the sequel,
appear in other contexts, in particular when dealing with analytical
properties of the André permutations, of the two kinds I and II, introduced
by Schiitzenberger and the first author ([FSch73, FSch71]). For each n > 1
let And! (respectively And”) be the set of all André permutations of
12---n (see §1.2). It was shown that # And! = # And” = E,,. The first
purpose of this paper is to show that there are several natural statistics
“stat,” defined on And,fl (respectively And,ff ), whose distributions are
Entringerian, that is, integer-valued mappings “stat,” satisfying

#{w € And! (respectively And¥) : stat(w) =m} = E,(m).

The second purpose is to work out a matrix refinement F, =
> .k @n(m, k) of the tangent and secant numbers, whose row and col-
umn sums » _, an(m, k) and ) a,(m,k) are themselves refinements of
the Entringer numbers. This will be achieved, first by inductively defining
the so-called twin Seidel matriz sequence (A, By) (n > 2) (see §1.5), then
by proving that the entries of these matrices provide the joint distributions
of pairs of Entringerian statistics defined on André permutations of each
kind (Theorem 1.2). See §1.6 for the plan of action.

The third purpose is to obtain analytical expressions for the joint
exponential generating functions for pairs of these Entringerian statistics.
See §1.7 and the contents of Section 7 and 8. Let us give more details on
the notions introduced so far.

1.1. Entringer numbers. According to Désiré André [An1879, An1881]
each permutation w = zjx9---x, of 12--.n is said to be (increasing)
alternating if x1 < xo, To > x3, T3 < T4, etc. in an alternating way. Let
Alt,, be the set of all alternating permutations of 12 --n. He then proved
that # Alt,, = E,, where E,, is the tangent number (respectively secant
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number) when n is odd (respectively even), these numbers appearing in
the Taylor expansions of secu and tan u:

u2n—1 u ud 5 o7 ud
t = ——Fop 1= =14+—24+—16+—=272+—7936+- - -,
ant ;(%—1)! I T T R T A
- u2n u2 4 6 u® 10
= ——Fs, =1+ —1+—54+—614+—13854+—50521+- - -.
sect 1;0(%)! T T TR TiT *
(See, e.g., [Ni23, pp. 177-178], [CoT4, pp. 258-259]).
Let Fw := x1 be the first letter of a permutation w = z1xo---x,
of 12---n. For each m = 1,...,n, the Entringer numbers are defined by

E,(m) := #{w € Alt, : Fw = m}, as was introduced by Entringer
[En66]. In particular, E,,(n) = 0 for n > 2. He showed that these numbers
satisfy the recurrence
(1.1) Ei(1):=1; E,(n):=0foralln>2;
AE,(m)+E,—1(n—m)=0 (n>2;m=n—1,...,2,1);
where A stands for the classical finite difference operator (see, e.g. [Jo39])
AE,(m) := E,(m+ 1) — E,(m). See Fig. 1.1 for the table of their first
values. These numbers are registered as the sequence A008282 in Sloane’s
On-Line Encyclopedia of Integer Sequences, together with an abundant
bibliography [OEIS]. They naturally constitute a refinement of the tangent
and secant numbers:

(1.2) " Eu(m) = E, = {tangent number, if n is odd;

secant number, if n is even.

= 1 2 3 4 5 6 7 8 9|Sum
n=1 1 1
21 1 0 1

3| 1 1 0 2

4| 2 2 1 0 5

5| 5 5 4 2 0 16

6| 16 16 14 10 5 0 61

7] 61 61 56 46 32 16 O 272

8| 272 272 256 224 178 122 61 O 1385

9| 1385 1385 1324 1202 1024 800 544 272 0 | 7936

Fig. 1.1. The Entringer Numbers E,,(m)

Now, let Lw := =z, denote the last letter of a permutation w =
T1Tg -+ - Ty of 12---m. In our previous paper [FH14] we made a full study
of the so-called Bi-Entringer numbers defined by

E,(m,k):=#{w € Alt,, : Fw=m, Lw = k},



4 DOMINIQUE FOATA AND GUO-NIU HAN

and showed that the sequence of the matrices (E,(m,k)i<m k<n) (n>1)
was fully determined by a partial difference equation system and the
three-variable exponential generating function for these matrices could be
calculated. As the latter analytical derivation essentially depends on the
geometry of alternating permutations, it is natural to ask whether other
combinatorial models, counted by tangent and secant numbers, are likely
to have a parallel development.

Let E(u) := tanu + secu = ) - (u"/n!)E,. Then the first and
second derivatives of F(u) are equal to E'(u) = E(u) secu and E”(u) =
E(u) E'(u), two identities equivalent to the two recurrence relations

n
(*) Eni = Z (2]') E,_2jEy; (n>0), Ey=1;

0<25<n

n
(**)  Eny2= Z ( .)Ej Enti-j (n>0), Ey=Ey =1

0<j<n N

The first of these relations can be readily interpreted in terms of alternating
permutations, or in terms of the so-called Jacobi permutations introduced
by Viennot [Vi80]. The second one leads naturally to the model of André
permutations, whose geometry will appear to be rich and involves several
analytic developments.

1.2. André permutations. These permutations were introduced in
[FSch73, FSch7l], and further studied in [Str74, FSt74, FSt76]. Other
properties have been developed in work by Purtill [Pu93], Hetyei [He96],
Hetyei and Reiner [HR98], the present authors [FHO1], Stanley [St94], in
particular in the study of the cd-index in a Boolean algebra. More re-
cently, Disanto [Dil4] has been able to calculate the joint distribution of
the right-to-left minima and left-to-right minima in these permutations.

In the sequel, permutations of a finite set ¥ = {y1 < y2 < -+ < yn}
of positive integers will be written as words w = xixs - x,, where the
letters x; are the elements of Y in some order. The minimum (respectively
mazimum) letter of w, in fact, y; (respectively y,), will be denoted by
min(w) (respectively max(w)). When writing w = v min(w) v’ it is meant
that the word w is the juxtaposition product of the left factor v, followed
by the letter min(w), then by the right factor v'.

Definition. Say that the empty word e and each one-letter word
are both André I and André II permutations. Next, if w = z1x0-- 2,
(n > 2) is a permutation of a set of positive integers Y = {y; < y2 <

- < Yn}, write w = v min(w)v’. Then, w is said to be an André I
(respectively André II) permutation if both v and v’ are themselves
André I (respectively André IT) permutations, and furthermore if max(vv’)
(respectively min(vv’)) is a letter of v'.
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The set of all André I (respectively André II) permutations of Y is
denoted by Andi (respectively Andi?), and simply by Andl (respectively
Andg) when Y = {1,2,...,n}. In the sequel, an André I (respectively
André II) permutation, with no reference to a set Y, is meant to be an
element of And! (respectively And).

Using such an inductive definition, we can immediately see that F, =
# And! = # And” the term (?) E; E,+1—j in (%) being the number of all
André T (respectively André II) permutations of zqxs - - - x,12 such that
x; = 1. Further equivalent definitions will be given in the beginning of
Section 2. The first André permutations from And’ and And” are listed
in Table 1.2.

André permutations of the first kind:

n=1 1, n=2 12; n=3 123, 213;

n=4: 1234, 1324, 2314, 2134, 3124;

n =5 12345, 12435, 13425, 23415, 13245, 14235, 34125, 24135,
23145, 21345, 41235, 31245, 21435, 32415, 41325, 31425.

André permutations of the second kind:

n=1 1, n=2: 12; n=3 123, 312;

n=4: 1234, 1423, 3412, 4123, 3124:

n =5 12345, 12534, 14523, 34512, 15234, 14235, 34125, 45123,
35124, 51234, 41235, 31245, 51423, 53412, 41523, 31524.

Table 1.2: the first André permutations of both kinds

1.3. Statistics on André permutations. The statistics “F” and “L”
have been previously introduced. Two further ones are now defined: the
next-to-last (or the penultimate) letter “NL” and greater neighbor of the
mazimum “grn”: for w = r1xs -z, and n > 2 let NL w := x,,_1; next, let
x; = n for a certain ¢ (1 < ¢ < n) with the convention that xg = z,,+1 := 0.
Then, grnw := max{x;_1,T;1+1}.

Let (Ens,) (n > 1) be a sequence of non-empty finite sets and
“stat” an integer-valued mapping w > stat(w) defined on each Ens,,.
The pair (Ens,,stat) is said to be Entringerian, if #Ens, = E, and
#{w € Ens, : stat(w) = m} = E,(m) holds for each m = 0,1,...,n.
We also say that “stat” is an Entringerian statistic. The pair (Alt,,F ) is
Entringerian, par excellence, for all n > 1.

Theorem 1.1. For each n > 2 the mappings
(i) F defined on And?,
(ii) n — NL defined on And?,
(iii) (n+1) — L defined on And¥,
(iv) n — grn defined on And”,
are all Entringerian statistics.
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Statements (i) and (ii) will be proved in Section 2 by constructing two
bijections 7 and # having the property

Alt, —5 And? % And!
(1.3) w = w = w"”

Fw = Fu' = (n—NL)w"

For proving (iii) and (iv) we use the properties of two new bijections
¢ : And? — And” and g : And] — And’, whose constructions are
described in Sections 3 and 4. By means of these two bijections, as well as
the bijection # mentioned in (1.3), it will be shown in Section 5 that the

following properties hold:

And? ¢—09> AndZ
(1.4) w . W
Fw = (n+1-L))w
and
And} qi(; And”
(1.5) w — w”
Fw = (n—grn)w”

thereby completing the proof of Theorem 1.1.

1.4. The fundamental bijection ¢. For proving (1.4) and (1.5) and also
the next Theorem 1.2, two new statistics are to be introduced, the spike
“spi” and the pit “pit”, related to the left minimum records for the former
one, and the right minimum records for the latter one. In Section 3 the
bijection ¢ between And! and And” will be shown to have the further

property:
(1.6) (F,spi, NL)w = (pit, L, grn)¢(w).

This implies that
(1.7) for each pair (m,k) the two sets {w € And’ : (spi, NL)w = (m, k)}
and {w € And? : (L, grn)w = (m, k)} are equipotent.

It also follows from Theorem 1.1 that “(n + 1) — spi” on And! and
“pit” on And” are two further Entringerian statistics.

1.5. The twin Seidel matriz sequence. The next step is to say some-
thing about the joint distributions of the pairs (F,NL) on And’ and
(L, grn) on And,ff , whose marginal distributions are Entringerian, as an-
nounced in Theorem 1.1. We shall proceed in the following way: first, the
notion of twin Seidel matriz sequence (A, By) (n > 2) will be introduced
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(see Definition below), then the entry in cell (m, k) of A, (respectively
B,,) will be shown to be the number of André I (respectively II) permu-
tations w, whose values (F,NL)w (respectively (L, grn)w) are equal to
(m, k). The definition involves the partial difference operator (% acting on

sequences (an,(m,k)) (n > 2) by

%an(n% k) = an(m +1, k) - an(m7 k)

The subscript (1) indicates that the difference operator is to be applied
to the variable occurring at the first position, which is ‘m’ in the previous
equation.

Definition. The twin Seidel matriz sequence (An,B,) (n > 2) is a
sequence of finite square matrices that obey the following five rules (T'S1)—
(TS5) (see Diagram 1.3 for the values of the first matrices, where zero
entries are replaced by dots):

(TS1) each matrix A,, = (an(m,k)) (respectively B, = b,(m,k))
(1 <m, k < n)is asquare matrix of dimension n (n > 2) with nonnegative
entries, and zero entries along its diagonal, except for as(1,1) = 1; let
an(m,e) = >, an(m, k) (respectively an (s, k) = > an(m,k)) be the m-
th row sum (respectively k-th column sum) of the matrix A, with an
analogous notation for B,,;

(TS2) for n > 3 the entries along the rightmost column in both A,, and
B,, are zero, as well as the entries in the bottom row of A, and the top
row of By, i.e., ap(e,n) = by(e,n) = an(n,s) = by(1l,s) = 0, as all the
entries are supposed to be nonnegative; furthermore, b, (n,1) = 0;

(TS3) the first two matrices of the sequence are supposed to be:

1. ..
Ap=  Ba=

(TS4) for each n > 3 the matrix B, is derived from the matrix A,,_;
by means of a transformation ¥ : (a,_1(m,k)) — (b,(m,k)) defined as
follows

(TS4.1) bn(n, k) i=an_1(s,k—1) (2<k<n—1);
(TS4.2) bp(n—1,k) :=ap_1(e,k) (2<k<n-—2);

and, by induction,

(TS4.3) (Al)bn(m, k) —apn—1(m,k) =0 (2<k+1<m<n-—2);

(TS4.4) (%bn(m,k)—an_l(m,k—l) =0 B<m+2<k<n-1)
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(TS5) for each n > 3 the matrix A,, is derived from the matrix B,,_1
by means of a transformation ® : (b,_1(m,k)) — (an(m,k)) defined as
follows

(TS5.1) an(Lk) :=bp_1(e,k—1) 2<k<n-1);
and, by induction,

(T'S5.2) (%an(m,k) +bp_1(mk—1)=0 B<m+2<k<n-1)

(TS5.3) (%an(m, E)+bp_1(mk)=0 2<k+1<m<n-1).

A2—1 l)Bg—l"iAzl—}i% i>B5:11'2'i>
1. . 129 ..
122.

S . 16 32 46 56 61 61 -
2455 . . 16 - 32 46 56 61 61 -

2.455 2223150150. 16 32 - 44 52 56 56 -
B4 2444w o o o T s P 4. 143044 - 4446 46 -
6= 134.2 = 8710243644 - 3232 -
59 1214 - 16 -
122 5 15243032 - 16 -
...... 5101416 16 - - 51014 16 16 - -
5 10 14 16 16
122
o1 1.22.
Bg—i:iAg—luLBz;—ii%.i)A5:12'1'i>
.. .11 - -
S11 o
''''' -5 10 14 16 16 - 101416 16 .
5 - 10 14 16 16 -
122 510 . 1314 14 . 5 5 - 20283232 -
v _11-44- @ T 010, Y, g — 101520 - 414646 -
672345 T o6 010 . 5. ® 714243341 - 5656 -
2455 - - o 45 5 . 16 30 42 51 56 - 61 -
. 2455 - e E e 16 32 46 56 61 61 - -

- 16 32 46 56 61 61 -

Diagram 1.3: First values of the twin Seidel matrices

It is worth noting that the twin Seidel matrix sequence involves two
infinite subsequences: Twin®" = (Ag, Bs, Ay, Bs, Ag, ...) and Twin® =
(B3, A3, By, As, Bg,...). They are independent in the sense that the
matrices Ag, (respectively Bs,) depend only on the matrices Ba,,+1 and
Asy, (respectively Ag,,+1 and Ba,,) with m < n, with an analogous
statement for the matrices Ag,, 11 (respectively Baji1).

As is easily verified, Rules (T'S1)—(TS5) define the twin Seidel matrix
sequence by induction in a unique manner. At each step Rules (TS1) and
(TS2) furnish all the zero entries indicated by dots, and Rules (TS4.1),
(TS4.2), (TS5.1) the initial values. It remains to use the finite difference
equations (TS4.3), (TS4.4), (TS5.2), (TS5.3) to calculate the other entries.
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Theorem 1.2. The twin Seidel matrix sequence (A,, = (an,(m, k)), B, =
(bn(m,k))) (n > 2,1 < m,k < n) defined by relations (TS1)—(TS5)
provides the joint distributions of the pairs (F ,NL) on Andfl and (L, grn)
on And” in the sense that for n > 2 the following relations hold:

an(m, k) = #{w € And? : (F,NL)w = (m, k)};
bn(m, k) = #{w € And” : (L, grn)w = (m, k)}.

By Theorems 1.1 and 1.2, the row and column sums of the matrices A,
and B,, have the following interpretations:

(1.10) an(m,+) = E,(m), bp(m,s)=FE,(n+1—-—m), (1<m<n);
(1.11) an(e, k) =bp(e, k) =FEp(n—Fk) (1 <k<n);

and furthermore the matrix-analog of the refinement of E,, holds:

(1.12) > an(mk)=> by(m,k)=E
m,k m,k

1.6. Tight and hooked permutations. For proving Theorem 1.2, the
crucial point is to show that the a,(m,k)’s and b,(m,k)’s satisfy the
partial difference equations (TS4.3), (TS4.4), (TS5.2), (TS5.3), when these
numbers are defined by the right-hand sides of (1.8) and (1.9). For each
pair (m, k) let

Ap(m, k) := {w € And? : (F,NL)w = (m, k)};
B, (m, k) == {w € And., : (spi,grn)w = (m, k)}.

As the latter set is equinumerous with the set {w € And” : (L, grn)w
(m,k)} by (1.7), we also have a,(m,k) = #A,(m,k) and b,(m )
#B,(m, k), by (1.8) and (1.9).

For the partial difference equation (TS5.2) (respectively (TS5.3)) the
plan of action may be described by the diagram

B,_1(m,k—1) (respectively B,,_1(m,k))
lo

(1.13) Ap(m, k) = T, (m, k) W NI, (m,k)
jf
n(m+1,k)

This means that the set A, (m, k) is to be split into two disjoint subsets,
A, (m, k) =T, (m,k)w NI, (m, k), in such a way that the first component
is in bijection with B, _1(m,k — 1) (respectively B,_1(m,k)) by using
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the bijection ¢ defined in (6.6), and the second one with A,,(m + 1, k) by
means of the bijection f defined in (6.5). If this plan is realized, the above
partial difference equations are satisfied, as

(%)an(mv k) = #An(m +1, k) - #An(mv k)

= #NT,(m, k) — #A,(m, k)

= —#T,(m, k)

= —#B,_1(m,k — 1) (respectively — #B,_1(m, k)
= —bp_1(m,k — 1) (respectively — b,_1(m,k)).

For the partial difference equation (TS4.3) (respectively (TS4.4)) the
corresponding diagram is the following

Ap—1(m, k) (respectively A, _1(m,k—1)
le
(1.14) Bp(m+1,k) = Hy(m +1,k) & NH,(m +1,k)
|8
B, (m, k)

where © and § are two explicit bijections, defined in (6.8) and (6.13),
(6.14), respectively. The elements in T,,(m, k) from (1.13) (respectively
in H,(m+ 1,k) from (1.14)) are the so-called tight (respectively hooked)
permutations. All details will be given in Section 6 and constitute the bulk
of the proof of Theorem 1.2.

1.7. Trivariate generating functions. The final step is to show that
the partial difference equation systems (TS4.3), (TS4.4), (TS5.2), (TS5.3)
satisfied by the twin Seidel matrix sequence (A,, B,) (n > 2) make it
possible to derive closed expressions for the trivariate generating functions
for the sequences (Azy,), (A2n+1), (B2n), (Bant1). We list them all in the
following theorems. See Section 8 for the detailed proofs.

The calculations are all based on the Seidel triangle sequence technique
developed in our previous paper [FH14]. Note that the next generating
functions for the matrices A,, do not involve the entries of the rightmost
columns and bottom rows, which are all zero; they do not involve the
entries of the rightmost columns of the matrices B,, either, since these are
also equal to zero, as assumed in (TS2). Finally, the generating functions
for the bottom rows of the matrices B,, are calculated separately: see (1.23)
and (1.24).

Also, note that the right-hand sides of identities (1.15)—(1.18) are all
symmetric with respect to z and z, in agreement with their combinatorial
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interpretation stated in Theorem 2.4. The property is less obvious for
(1.16), but an easy exercise on trigonometry shows that the right-hand
cosx cos zsin(x + y + z) — siny
cos?(z +y + 2)
summations below are taken over triples {(m,k,n)} or pairs {(k,n)} for
the last two ones; only the ranges of the summations have been written.

side is equal to the fraction

. Finally, the

Theorem 1.3 [The sequence (Aay,) (n > 1)]. The generating function for
the upper triangles is given by

xm—l yk—m—l ZZn—k—l

m—)(k—m-1!2n—k—-1)!

(1.15) > ag(m, k)<

2<m+1<k<2n—1
cosz cos zsin(x + y + 2)
cos?(z +y + 2)

)

and for the lower triangles by
2n—m—1 m—k—1 k—1

(1.16) 3" aza(m, k)< z i :

o — I (m—Fk—1(k—1N
2<k+1<m<2n—1 2n—m—1!(m —k—1)! (k—1)!

cosx sin z n sinx cos(z + y)
cos(x+y+2z) cos?(x+y+2z)

Theorem 1.4 [The sequence (As,+1) (n > 1)]. The generating function
for the upper triangles is given by

21 yk—m—1 S2n—k
(1.17) 2<m;k<2n Gan1 (M k) S G = = 1)1 @20 — Rl
_ CcosTCoSZ
cos2(z+y+2z2)’
and for the lower triangles by
p2n—m ym—k—1 Sh—1

(118) ) agnia(m, k:)(

2<k4+1<m<2n

2n—m)! (m—k—1)! (k—1)!

_cos(z +y) cos(y + z2)
 cos2(zty+2)

Theorem 1.5 [The sequence (Bay,) (n > 1)]. The generating function for
the upper triangles is given by

xm—l yk—m—l ZZn—l—k
1.19 ban (m, k
(L19) D baulm P T — b o

2<m+1<k<2n—1

sin x cos z
cos?(z+y+z)’

and for the lower triangles by
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2n—m—1 ym—k—l Zk—l

(120) > ban(m, k) 2n —m — 1)l (m — k1)! (k — 1)!

2<k+1<m<2n—1

_ cos(x +y) sin(y + 2)
 cos2(x 4y +2)

Theorem 1.6 [The sequence (Bs,+1) (n > 1)]. The generating function
for the upper triangles is given by
xm—l yk—m—l Z2n—k
1.21 Dot (m, k
(121) D bansa(m i P T — T N —_T

2<m+1<k<2n

sinx cos zsin(z + y + 2)
B cos?(x +y + 2)

)

and for the lower triangles by
2n—m m—k—1 k—1

x Yy <
(1.22) 2<k+1z<:mi’zz+l(m’ k) 2n—m)! (m —k—1)! (k—1)!
sin z sin z cosx cos(z + y)

cos(z +y + 2) * cos?2(z+y+2z2)

The bivariate generating functions for the bottom rows b,(n, k) (k =
1,2,...) are computed as follows:

g2kl yh1 Cos T
1.23 ban (21, k _ ;
( ) 1§k§n—l zn (20 )(2n—k— (k=1 cos(z+vy)
gh=t g2 h sin =
1.24 boni1(2 1,k _ .
- 1<%<:2n2 iz )(k - !'(2n—-k)!  cos(z+y)

The previous generating functions for the matrices A,, B, will be
derived analytically in Section 8, from the sole definition of twin Seidel
matrix sequence given in §1.5, without reference to any combinatorial
interpretation. It will be shown in Section 9 that, conversely, the closed
expressions thereby obtained provide an analytical proof of identity (1.12)
by means of the formal Laplace transform, that is, the fact that the entries
of these matrices furnish a refinement of the tangent and secant numbers.

2. From alternating to André permutations of the first kind

Two further equivalent definitions of André permutations of the two
kinds will be given (see Definitions 2.1 and 2.2). They were actually
introduced in [Str74, FSt74, FSt76]. First, let « be a letter of a permutation
w = x1T9 X, of a set of positive integers Y = {y1 < y2 < -+ < yn}.
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The x-factorization of w is defined to be the sequence (wy, wa, x, wy, ws),
where

(1) the juxtaposition product wqwezwaws is equal to w;

(2) wo is the longest right factor of xyxy---x;_1, all letters of which
are greater than x;

(3) wy is the longest left factor of ;11212 x,, all letters of which
are greater than .

Next, say that = is of type I (respectively of type IT) in w, if, whenever
the juxtaposition product wow, is non-empty, its maximum (respectively
minimum) letter belongs to wy4. Also, say that x is of type I and II, if wq
and w4 are both empty.

Definition 2.1. A permutation w = z1xe-- -z, of Y = {11 < y2 <
-++ < yp}is said to be an André permutation of the first kind (respectively
of the second kind) [in short, “w is André I' (respectively “André II")],
if z; is of type I (respectively of type II) in w for every i = 1,2,...,n.

Definition 2.2. A permutation w = x1x9- -2, of Y = {y; < yo <
-++ < yp} is said to be an André permutation of the first kind (respectively
of the second kind), if it has no double descent (a factor of the form
xi—1 > x; > x;y1) and its troughs (factors x;_1x;x,41 satisfying x;_1 > z;
and z; < x;41) are all of type I (respectively of type II). By convention,
Tp+1 = 0.

The following notations are being used. f Y = {y1 < yo < -+ < yn}
is a finite set of positive integers, let py be the increasing bijection
of Y onto {1,2,...,n}. The inverse bijection of py is denoted by p3'.
If v = v,vi, --yi, is a permutation of Y, written as a word, let
py (v) == py (Yi,)py (Wiy) - - - py (Yi,) = i1i2-- iy be the reduction of the
word v, which is then a permutation of 12 ---n. When dealing with a given
word v, the subscript Y in py (v) may be omitted, so that p(v) = py (v).
In the same way, the subscript Y in each composition product p;lapy (v)
may be omitted, so that p~lap(v) = p3 apy (v).

Also, let ¢ be the bijection i — n+ 1 —i from {1,2,...,n} onto itself.
Furthermore, if v = y;, y;, - - - y;,, is a permutation of Y, written as a word,
let C(v) := Y and the length of v be |v| = n. Finally, a left mazimum
record (respectively left minimum record) of v is defined to be a letter of v
greater (respectively smaller) than all the letters to its left.

Proposition 2.1. Let n > 2 and w = x1x2 - - - x, be André I.

(1) In w = vmin(w)v’, both factors v and v’ are André I.

(2) If w is from And’ | then both permutations 1 (x1+1) (zg+1) - - - (z,41)
and x1xy - - - x,, (n+1) belong to Ande_l, and (ro—1)(z3—1) - (x,—1)
belongs to And’,_, whenever z; = 1.
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(3) The last letter x,, is the maximum letter.

(4) Let w = w' yw"x, with y being the second greatest letter of w. If
w' # e, then Fw” = min(w”).

(5) For each left maximum record y of v, less than max(w), the two factors
uy and v’ in the factorization w = uyu’ are themselves André I.

(6) Let w = vyv' be André 1. If y is a left minimum record, then v is
André L.

(7) Let w = vyv' be an arbitrary permutation with y a letter. If both
factors v and yv' are André I and vy is a left minimum record, then w
is André I.

Proof. (1) By the very definition given in Subsection 1.2.

(2) Clear.

(3) Write w = vmin(w)v’. By definition, max(v') = max(vv') =
max(w), and by induction the last letter of v/, which is also the last letter
of w, is equal to max(v') = max(w).

(4) If w” # e, let x := Fw”, and let (wy,ws,z,wy, ws) be the z-
factorization of w. As y is the maximum letter of wy, the maximum letter
of wy must be equal to maxw to make x of type I. This can be achieved
only if z is the minimum of w”.

(5) Let  := min(w) and y be a left maximum record less than max(w),
so that w = vx v = uyu for some factors v, v/ # e, u, v’ # e. Two
cases are to be considered: (i) z to the left of y so that w = vav” yu';
(ii) y to the left of x so that w = uyu” x v’ for some factors v/, u”. In
case (i) both factors v and v yu’ are André I, following the definition in
§2.1. Now, the letter y is also a left maximum record of the word v" yu/'.
By induction on the length, both v” y and «' are André I, so that the two
factors v and v”y of the word uy = vx vy are André I, making the latter
word also André I. Thus, both uy and u' are André I. In case (ii), the
same argument applies: both factors uyu” and v" are André I, then also
uwy and u” by induction, as well as the juxtaposition product u” xv’.

(6) If y = minw, then v is André I by definition. Otherwise, y is to the
left of min(w) in {w : w = vyu min(w) u'}. But y is also a left minimum
record of vy u. By induction on the length, v is André I.

(7) If y = min(w), then v" is André I by (2). Now, v and v" being both
André 1, the product w = vy’ is André I by definition. If y > min(w),
then w = vy u min(w) w'. There is nothing to prove if v = e. Otherwise,
as yv' is André I, both factors yu and u’ are André I. As y is also a left
minimum record of vywu, the juxtaposition product vywu is André I by
induction on the length. Finally, w itself is André I by definition, as v’ has
been proved to be also André I. []

In [FSch71] a bijection between And!, and Alt,, was constructed, but did
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not preserve the first letter. For proving Theorem 1.1(i), we need construct
a bijection

(2.1) n:w — n(w), suchthat Fw=Fn(w),

of Andfl onto the set Alt,, of all alternating permutations of length n. For
n = 1,2,3 it suffices to take: 1 — 1, 12 — 12, 123 — 132, 213 — 231.
When n > 4, each w from And! can be written w = w’ 1w”, where both
factors w’, w” (with w’ possibly empty) are André 1.

If w =e,let v :=1and v :=p~Lenpw”);
if w' # e, let
/ -1 /
vi=p np(w);
g { p~tnp(lw”), if |w'| is even;
v =
q p~tenp(lw”), if |w'| is odd;
an
(2.2) n(w) :=v"v".

For instance, let w = 1234 € Andi. Then, w' = e, w” = 234; hence,
v =1, p(w”) = 123, (123) = 132, ¢(132) = 312, p~1(312) = 423 = v"
and 7(1234) = 1423.

With w = 4361257 we get w’ = 436, w” = 257; hence, p(436) = 213,
n(213) = 231, p~1(231) = 463 = v'. Also, p(1257) = 1234, 5(1324) = 1423,
c(1423) = 4132, p~1(4132) = 7152 = v and n(4361257) = 4637152.

Theorem 2.2. The mapping 7 defined by (2.2) is a bijection between
And! and Alt,, such that Fw = Fn(w).

Proof. Again, factorize an André I permutation w in the form w =
T1To -+ Ty = w'lw”. When w’ = e, then p(w”) is an André I permutation
starting with p(z2). By induction, np(w”) is an increasing alternating
permutation if |w”| > 2. Then cnp(w”) will be a falling alternating
permutation, as well as the permutation v = p~!cnp(w”), which is
also a permutation of 23---n. Hence, n(v) = 1v” will be an alternating
permutation starting with 1.

When w' # e, then v’ is an alternating permutation of the set C'(w’).
By induction, it starts with the same letter as the first letter of w, that
is, x1. If |w’| is even, v = p~1np(1w”) is an alternating permutation
starting with 1, by induction. The juxtaposition product v’v” will then
be an alternating permutation starting with x1, as the last letter of v’ is
necessarily greater than the first letter of v”. If |w’| is odd, we just have
to verify that Lv' < Fv”. But w, being an André I permutation, ends
with its maximum letter n and so does w”. By induction, n p(1w") starts
with 1, so that c¢np(lw”) starts with the maximum letter n. Therefore,
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v is a falling alternating permutation starting with n and v’v” is an
alternating permutation starting with z;. []

For each permutation w = zix9- - xp_12, (n > 2) the next-to-last
letter NL w of w has been defined as NLw := z,,_1. The construction of
a bijection 6 from And,ﬂ onto itself having the property

(2.3) NLO(w) +Fw = |w| =n
is quite simple. It suffices to define:
(2.4) O(x1- xpo0rpn_1n):=M—2y_1)(Nn—Tp_2) -+ (n—2x1)n.

Property (2.3) is readily seen. It remains to prove that, if w belongs to
And’, so does 0(w). This is the object of the next Proposition.

Proposition 2.3. Let Y = {y1 < y2 < --- < y,} be a finite set of
positive integers and w = x1x2 - - - &, be an André I permutation from the
set Andi.. Then 8(w) := (xp — Tp_1)(Tn — Tn_2) - (Tn — 1)z, is also
André I.

Proof. Proposition 2.3 is true for n = 2, as 0(y192) = (y2 — y1)y2-

For n = 3 we have 0(y1y2y3) = (y3 — ¥2)(ys — y1)y3, O(y2y1y3) =
(ys — y1)(y3 — y2)ys, which are two André I permutations.
Forn > 4 let w = x129...2, € And{/ be written w = w'y w”. If

w =e,let w —y; :=(xa—y1) - (Tn—2—v1)(@n-1—v1)(Yn —y1). Then,
w’ is André T by Lemma 2.1 (b), as well as w” —y1, since y; is the smallest
element of Y. By induction,

G(w” Y1) = Yn —y1 — (@n—1 = 1)) Wn — Y1 — (Tn-2 — y1))
o (Yn =1 — (22 = 91)) (Y — 11)
= (yn - xn—l) (yn - xn—2) T (yn - x2)(yn - yl)

is André I. Therefore,

(Yn — Tn-1) Un — Tn—2) * = (Yn — 22)(Yn — Y1)Yn

= (n —Tp_1) (@ — Tp—2) - (Tn — 22)(Tp — T1)Yn

is André I a fortiori and is precisely the expression of f(w) that was wanted.
Let |w'| = k > 1. By induction, both

Q(w’yn) = (Yn — k) (Yn — 2)(Yn — T1) Yn

and
O(y1w") = (Yn — Tn—1) - (Yn — Tht2) (Yn — Y1) Un
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are André I, and also

é(ylw”) = (Yn — Tn-1) " (Yn — Thy2) (Yn — Y1)

The juxtaposition product 6(y;w”) 6, (w'y,) reads

Yn = Tn-1) - (Un — Tha2) WUn — Y1) Wn — 2&) -+ - (Yn — 22) (Yn — T1) Yn,

that is, precisely 0(w), since y,, — y1 = Yp — Tgt1-
Now, note that xj is the greatest letter of w’ by Lemma 2.1 (3), so that
(yn — xr) is the smallest letter of the right factor

(Yn — k) -+ (Yn — 22)(Yn — 1) Yn

of (w). On the other hand, (y,—y1) > (yn—2k). Thus, (y,—xx) is a trough
of 6(w); moreover, the (y, — xx)-factorization (wy,ws, (Y, — T), Wa, Ws)
of O(w) is of type I, since wy contains the letter (y, —y1) and wy the letter
Yn, which is greater than (y, — y1). Finally, the x-factorizations of the
other letters = from f(y1w") (respectively from (w'y,)) in each of these

two factors are identical with their z-factorizations in §(w). They are then
all of type I, and #(w) is André I.  []

By Proposition 2.3 and Identity (2.3) we obtain the following result.

Theorem 2.4. The statistics “F” and “(n —NL)” are both Entringerian
on Andfl. Moreover, the distribution of the bivariate statistic (F,n — NL)
on And}, is symmetric.

3. The bijection ¢ between André I and André II permutations

For each permutation w = zjz9---x, of 12---n (n > 2) make the
convention x,4+1 := 0 and introduce the statistic spike of w, denoted by
“spiw,” to be equal to the letter x; (1 < i < n) having the properties

(3.1) 1 <y, 1 <To, ..., x1 <z, and 1 > T

The spike statistic may be regarded as the permutation analog of the
classical statistic that measures the time spent by a particle starting at
the origin and wandering in the y > 0 part of the zy-plane, before crossing
the x-axis for the first time. For instance, spi(253416) = 4, as all the letters
to the left of 4 are greater than or equal to 2, but the letter following 4 is
less than 2. Also, spi(425136) = 4 and spi(14235) = 5.

When w is an André I permutation and spiw = x;, then z; is a left
maximum record, i.e., greater than all the letters to its left. Otherwise, the
minimum trough between the maximum letter within 25 - - - z;_1 would
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not be of type I. Accordingly, when w is an André I permutation, the
spike z; of w can also be defined as the smallest left mazimum record (or
the leftmost one), whose successive letter x;11 is less than .

For introducing the statistic “pit”, we restrict the definition to all
permutations w = 129 ---x, of 12---n such that n > 2 and x,_1 < z,.
Let 1 = a1 < as < -+ < xp_1 = ap—1 < x, = ax be the increasing
sequence of the right minimum records of w, that is to say, the letters
which are smaller than all the letters to their right. With the assumption
Tpn_1 < Xn, there are always two right minimum records to the right of
each letter greater than x,,. If z,, = n (= maxw), let pit w := 1 (= minw).
Otherwise, let x; be the rightmost letter greater than x,, and a; < aj41
be the closest pair of right minimum records to the right of x;. Define
pitw = a;j41.

For instance, pit(451236) = 1, as the word ends with the maximum
letter 6. In the permutation 614235, the letter 6 is the rightmost letter
greater than z,, = 5, and 1 < 2 is the closest pair of right minimum
records to the right of 6, so that pit(614235) = 2.

An alternate definition for “pit” is the following: if w ends with
maxw, let pitw = minw. Otherwise, write w = wj(minw)ws and
define pitw := pit ws. If wy does not end with the maximum letter,
let we = ws(minws)w, and define pit ws := pit wy, continue the process
until finding a right factor wy; ending with its maximum letter to obtain
pitw := pitwy = --- = pit wy; = minws;. For instance, pit(614235) =
pit(4235) = 2.

Remember that we have introduced three other statistics, namely
“NL” (“next-to-last”), “L” (“last”), and “grn” (“greater neighbor of
the maximum”), and that grnw = NLw whenever w is an André I
permutation. Our goal is to prove the next theorem.

Theorem 3.1. The triplets (F,spi, NL) on Andfl and (pit,L,grn) on
And” are equidistributed.

Let X = {a; < az < --- < a,} be a set of positive integers (or any
finite totally ordered set), and let And% (respectively And¥) denote the
set of all André I (respectively André II) permutations of X. To prove the
previous statement, a bijection

(3.2) ¢ : Andy — And¥
will be constructed having the property
(3.3) (F,spi, NL) w = (pit, L, grn) ¢(w).

When n = 0, let ¢(e) := e with e the empty word. Let ¢(a;) := ay for
n = 1; ¢(ajaz) := ajay for n = 2. For n > 3 each permutation w from
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And’% has one of the two forms:
(i) w = vg aj v1 ag vo; (il) w = vg ag vy ay vy.

Note that the three factors vy, v1, v2 and the product vgasvs are all André I
permutations, and vy is possibly empty. In case (i), v1 may be empty, but
not vy (which ends with a,, greater than as); in case (ii), v2 may be empty,
but not v; (which ends with a,,). For both cases (i) and (ii), define

(3.4) d(w) = ¢(v1) a1 ¢(vo az vz2).

By induction, both factors ¢(v1) and ¢(vpasve) are André 11, as well as
od(w), since as is to the right of a;.

Ezxample. Consider the André I permutation

w=78569]2 |10 |1 113124 13;
Vo az V2 Qi V1
we then have:
o(w) Y $(11312413)16(78 56 9 2 10);

6113 124 13) 2123 ¢(11 4 13);

Vo a1 V1 G V2
o114 13) @ 13 4 11;
a2 a1 V1
678 5692|100 102 67856 9);
Vo a2 V2 a1 U1
o(78 [5[6]9) 256796 9):
Vo Q1 G Vg
o7 [s]6]9)

az V2 a1 V1

D96 p78)=9678:
so that
Gw)=123134111102596 7 8.

We can verify that (F,spi,NL)w = (pit, L, grn) ¢(w) = (7,8,4).

With the previous definition of ¢, we see that the maximum letter a,
of X occurs in ¢(vgagvy) (respectively in ¢(v1)) when w is of form (i)
(respectively of form (ii)). For constructing the inverse ¢~ of ¢, this
suggests that we start with the factorization

V= wWo a1 W1
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of each permutation v from And% with #X > 3, after defining ¢~ (e) :=
e; ¢ H(ay) := ay for n = 1; ¢ (aras) := aras for n = 2. As both wg, wy
are André II permutations with fewer letters, the images ¢~ (wyg), ¢~ (w1)
are defined by induction. Let v := ¢~ !(wp). As the minimum letter of w;
is as, define vy and vy to be the factors in ¢~ !(wy) := vg as ve. Next, let

1  Jwvoaiviazve, if ay is a letter of wy;
(3.5) ¢~ (v) = {vo asvoay vy, if a, is a letter of wy.

Lemma 3.2. The André II permutation ¢(w) ends with its maximum
letter if and only if w starts with its minimum letter minw, and then
pit p(w) = Fw = minw.

Proof. This is obviously true for n = 2. For n > 3, we have w = ajvia2v2
and ¢(w) = ¢(v1)agd(agvse). As agvs is André I starting with its minimum
letter as, then, by induction, ¢(agvs) ends with its maximum letter, which
is equal to max w. Hence, pit ¢p(w) = pit(¢p(v1)a1¢p(azvs)) = a3 = F w. For
the converse take the notation v = wpaiwy of (3.5). When the maximum
letter a,, occurs in wi, then ¥ (v) = vgajviazvy with v; = ¥(wy) and
(w1) = voagve. By assumption, a, occurs at the end of v, hence, at the
end of wy. By induction, 1(w;) = vpasve starts with its minimum letter.
This can be true only if vg = e. Therefore, ¥(v) = ajvia2v2 and starts
with its minimum letter a;. []

Theorem 3.3. The mapping ¢ is a bijection between And,‘i and Andf;f .
Moreover, relation (3.3) holds.

Proof. The bijectivity is proved by the construction of the inverse ¢~*
(see (3.5)). To prove identity (3.3), let w be a André I permutation, either
of the form vgaiviasvs, or of the form vgasveaivi. In both cases,

spiw = spivg = spi(vpazv2)
= L ¢(voazv2) [by induction]
= L (¢(v1)a1¢(voazvz)) = L g(w).

Next, if w = vgavia2v9, then

NL w = NL(vgagvs)
= grn ¢(voasvz) [by induction]
= grn(¢(v1)a1¢(voazv2)) = grn gp(w),

because the maximum letter a, is a letter of vy. If w = vgasveaivy, then
a1v1 has at least two letters and ends with a,,, so that a;v; is André I of



ANDRE PERMUTATION CALCULUS 21

form (i). Consequently,

NLw = NL(CL1U1>
= grn ¢(a1v1) [by induction]
= grn(¢(v1)a1d(voazvz)) = grn p(w).

When w does not start with its minimum letter, then ¢(w) =
od(v1)ard(voasve), and @(vgagve) does not end with maxw. Therefore,
pit p(w) = pit ¢(voazve) = Fugasve. As vy = e only in case (ii), we
then have: pit ¢(w) = Fvgaz = Fw. []

4. The bijection g from the set of André I permutations
onto itself

When making up the tables of the distribution of the bivariate statistic
(spi,F) on Andfl for n = 1,2,...,7, as shown in Table 4.1, it can
be noticed that the matrices are symmetric with respect to their skew-
diagonals. The property will hold in general if a bijection g from And,,
onto itself can be constructed satisfying

(4.1) (F,spi)w=(n+1—-spi,n+1—F)g(w)

for all w from And,{b.

F=|1234
F=|123 spi= 2 .
=|12 spi=2[. 1 3].13 .
F= |1 spi =2 1 3. 11 41. 21 2
spi=2]1 3‘1 412 515
n=2 n=3 n=4 n=>5
=1 2 3 4 5 6
=1 2345 spi=2 16 .
spi =2 5 . 3 5 27
3 2 8 . 4 7 8 31
4 338 . 5) 11 10 8 27 .
5/ . 6 3 25 6. 22 11 7 5 16
6|16 7|61
n==6 n="17

Table 4.1: distribution of (spi, F) on And?

For the construction of g we proceed as follows. An André I permutation
v = y1y2---y; on a set X (of cardinality [ > 2) is called simple, if the
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first letter y; of v is equal to min X. Consider an André I permutation

W = T1T9 -+ T, [rom Andfl. Let 1 = a; < az < -+ < a, (respectively
1 =10 < by <--- < bs =n) be the increasing sequence of subscripts
such that z,, > x,, > -+ > x,, (respectively zp, < zp, < --- < mp,)

is the increasing (respectively decreasing) sequence of the left minimum
(respectively maximum) records of w = 13 - - - 2, from AndZ.

For the following André I permutation the left minimum (respectively
maximum) records are underlined (respectively overlined):

w=785692101113124 13.
Going back to the general case, let
V1 =1 Lay—1, V2 1= gy Lag—1, .- 5 Up i=Tq, ** Tn,

so that w is the juxtaposition product vivs - - -v,, and the factors v; are
obtained by cutting the word w just before each left minimum record.
The factorization (vq,ve,...,v,) is called the canonical factorization of
the André I permutation w. Furthermore, the sequence

((Fu,Lv),(Fog,Lvsg),...,(Fov,.,Luv,.)),

which is also equal to ((21,Za-1), (Tay, Taz—1);- - - (Ta, Zrn) ), is called
the type of the canonical factorization of w.
In our running example, the canonical factorization reads

w=78|569[210[111312413
V1 V2 (0K} V4
and is of type ((7,8),(5,9), (2, 10), (1,13)).

Proposition 4.1. Let (vi,vs,...,v,) be the canonical factorization of
the André I permutation w = x1x2 - - - X, from And,fl. Let s be the number
of left maximum records of w. Then:

i) r<s;
(ii) each factor v; (i =1,2,...,7) is a simple André I permutation;
(iii) Lv; is a left maximum record, so that Lv; < Lvy < -+- < Lwv,_1 <

L v, =n and, of course, Fv; > Fvy > --->Fu,_1 >Fo, =1,
(iv) (Fv1,Lv) = (Fw,spiw).

Let w = xy29---x, be an André I permutation from Andfl and
W := TpTp—1Tn—2 - 21 be the permutation defined by ; := N — xp411-;
(i=1,2,...,n), where N is some integer greater than n.
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Proposition 4.2. If w is a simple André I permutation, so is .

For constructing the bijection g, let n > 3 and N = n + 1. If
(v1,v2,...,v,) is the canonical factorization of a permutation w from
And’, define g(w) to be the juxtaposition product

(4.1) g(w) =010z ... U,

Furthermore, if 7 = ((p1,q1), (P2,42), ..., (Pr,q)) is the canonical factor-
ization type of w, let

7:= ((91,71), (@2, P2), - - - (@, Py))-

We then have the following fundamental property of g.

Theorem 4.3. The transformation g is a bijection from And,fl onto itself.
Furthermore, if T is the canonical factorization type of w, then T is the
canonical factorization type of g(w). In particular,

(4.2) (F,spi)g(w) = (n+1—spi, n+1—F)w.

In the running example, where n + 1 = 14, we get
g(w)=67 589|412 | 110211313,

which is of type ((6,7),(5,9),(4,12),(1,13)).

The proofs of Propositions 4.1, 4.2 and Theorem 4.3 do not present any
difficulties and are therefore omitted.

5. The proof of Theorem 1.1 (iii) and (iv)
We reproduce the sequence (1.5) by decomposing the product ¢ o g:

And! %L And} N And”
(5.1) woo— g9(w) = ¢(g(w))
Fw = n+1-spiglw) = n+1-L¢(g(w))

The first (respectively second) identity F w = n+1—spi g(w) (respectively
spig(w) = L ¢(g(w))) is a specialization of (4.2) (respectively of (3.3)).

Take the example of the previous section: w =78569210111312413
and g(w) =67589412110211 3 13. By using the definition of ¢ given in
(3.4), we get ¢(g(w)) =1011121331248956 7, which belongs to Andl%,
andn+1—-Lo¢(g(w)) =14—-7=7=Fw.
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Next, reproduce the sequence (1.4) by decomposing the product ¢ o 6:

Andfl i> And,{b i> Andg
(5.2) w o o= Ow) - P(0(w))
Fw = n—NLA(w) = n—grn¢(f(w))

The first (respectively second) identity Fw = n — NL6(w) (respectively
NL 6(w) = grn(¢(g(w))) is a specialization of (2.3) (respectively of (3.3)).

For example, with w’ = 10211312194586 713, we obtain §(w') =
67589412110211313 and ¢(A(w')) = 10111213312489567. Thus,
Fuw =10=n—-NL6(w') =13 -3 =n—grn¢(f(v')).

The proofs of (iii) and (iv) of Theorem 1.1 are now completed. Another
proof of Theorem 1.1 (iii) and (iv) makes use of the properties of a
rearrangement group G,, acting on the group &,, of all permutations
of {1,2,...,n}, which were developed in [FSt74, FSt76], and another
correspondence I' on binary increasing trees, introduced in [FH13]. They
constitute the main ingredients for the constructions of three bijections,
T, &', and ®, appearing in the diagram

I
and” Los 6, 2 And!

lq)ﬂ
And”
which have the property
Lw=1+NL®T(w)=1+grn®"T(w).

6. Combinatorics of the twin Seidel matrix sequence

This section is devoted to proving Theorem 1.2. As announced in
Subsection 1.5, the question is to show that the integers a,(m,k) and
by (m, k), when taken as a,(m,k) = #A,(m, k), b,(m,k) = #B,(m, k)
with

(6.1) Ap(m, k) == {w € And! : (F,NL)w = (m, k)};
Bn(m, k) := {w € And’ : (spi, grn)w = (m, k)};

satisfy all the properties (TS1)—(TS5) stated in Subsection 1.5.

The verifications of properties (TS1), (TS2), (TS3), (TS4.1), (TS4.2),
(TS5.1) are easy and given in the next subsection. The proofs of the other
properties are much harder and will be developed thereafter.
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6.1. The first evaluations. By (1.7), the set By, (m, k) is equinumerous
with

(6.3) B! (m, k) == {w € And? : (L, grn)w = (m, k)}.

The evaluations in this subsection are made by using B/ (m, k) instead of
B, (m, k).

(TS1) Nothing to prove, except for the diagonals of the twin Seidel
matrices A, and B,,. They have zero entries when n > 3, because the first
and next-to-last letter of each André I permutation cannot be the same!
On the other hand, the identity Lw = grnw = m would mean that the
permutation w from And” ends with a double descent n > m > 0.

(TS2) We have ay(k,n) = b,(k,n) = 0, because grnw < n — 1
for each w from either And’, or And”. Also, a,(n,k) = 0, as each
permutation from Andfl ends with n. Finally, b,(1, k) = 0, because each
permutation from And! cannot end with the letter 1.

(TS3) We have: A = |~ and By =
and (F,NL,L,grn)(12) = (1,1,2,1).

i , because Andé = Andg = {12}

(TS4.1) The entry b, (n, k) counts the André II permutations w from
And” ending with the two-letter factor kn. The deletion of the ending
letter 7 maps w onto an André II permutation w’ from And” | ending
with k in a bijective manner. Hence, b, (n, k) = b,—1(k, ), which is equal
to an—1(e, k — 1) by Theorem 1.1 for 1 <k <n — 1.

(TS4.2) The entry b,(n — 1,k) counts the André II permutations w
from AndTILI of the foom w =21+ z;_onx; - zp_1(n—1) withi <n—-1
and k equal to x;_o or x;. Such a permutation can be mapped onto a
permutation w’ from And” | defined by

(6.4) w =1z o (n—1) 2 T 1.

This defines a bijection between the set of all w from And” such that
(L,grn)w = (n — 1,k) and the set of all w' from And” , such that
grnw' =k (1 <k <n-—2). Thus, b,(n —1,k) = b,_1(s, k), which is also
equal to a, (s, k) by Theorem 1.1.

(TS5.1) The entry a, (1,k) counts the permutations w from A% such that
(F,NL)w = (1, k). The bijection 1zo---kn+— (zo—1)---(k—1)(n—1)
maps the set of these permutations onto the set of all w’ from AZ_,; such
that grnw’ = k — 1. Hence, a,,(1,k) = an—1(s, k — 1).
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6.2. Tight André I permutations. As sketched in Subsection 1.6 and its
display (1.13), proving (TS5.2) and (TS5.3) amounts to do the following
points:

(a) split each set A, (m, k) into two disjoint subsets

Ap(m, k) = To(m, k) & NI, (m, k),

in such a way that
(b) when 2<k+1<m<n—-2or3<m+2<k<n-—1 a bijection

f:NT,(m,k) = A,(m+ 1,k);
(c) and another bijection
¢ : Bp_1(m, k) — T,(m, k), when m > k;
¢:Bp_1(m,k—1) = T,(m, k), when m < k;
can be duly constructed.

Points (a) and (b). Let f be the transposition of the first letter Fw =
m within a permutation w and the letter equal to (m+1) (1 <m <n-—2):

(6.5) frw=mvm+1)v —=w =(m+1)vmo.
If w is an André I permutation, the image w’ = f(w) is not always
an André I permutation. For example, 423516 belongs to Andé , but not

f(w) = 523416, for the trough 2 is not of type I. However, the reverse
transposition

fTlrw' =(m+Dovmo = fHw)=w=mv(m+1)v,
whenever defined, maps each André I permutation to an André I permu-

tation. The André I permutations w, whose images f(w) are not André I
permutations, are called tight. They are characterized as follows.

Definition 6.1. An André I permutation w = mwv (m + 1)’ is said to
be tight, if the following two conditions hold:

(i) either v = e, or v # e and all its letters are less than m;
(ii) either v’ # e and F o’ is less than all the letters of w to its left, or
v = e and necessarily m =n — 1.

Let T,, (respectively NT,,) be the subset of all André I permutations
from And!, which are tight (respectively not tight), and let T}, (m, k) =
T, N An(m, k), NI,(m,k) := NI, N A, (m, k).

Note that the André I permutations from A, (1, k) are all of the form
1v29" and, either the letters of v are all greater than 2, or v/ # e but 2 <
F o', so that at least one of conditions (i), (ii) does not hold. Accordingly,
NT,(1,k) = A,(1,k) for all k, that is, all André I permutations starting
with 1 are not tight. Also, note that each André I permutation from
A, (n — 1,k) is of the form w = (n — 1)vn and is necessarily tight, so
that T,,(n — 1, k) = A, (n — 1, k) for all k.
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Proposition 6.1. Let n > 3 and let w be a tight André I permutation
from And’,. Then, f(w) (defined in (6.5)) cannot be an André I permuta-
tion.

Proof. Take the notation of (6.5) for w and w’ = f(w). If m = n—1, then
w' =nwv(n—1)isnot André I. If m < n—2, v = e, and (ii) of Definition 6.1
holds, then w’ contains the double descent (m + 1) > m > Fv’, therefore
isnot André I. If m < n—2, v # e and (ii) of Definition 6.1 holds, let x be
the minimum trough in w’ between (m+1) and m; then the xz-factorization
(w1, wa, z,wy, ws) of w' is such that maxwowy = m + 1 with (m + 1) a
letter of wo. Again, w’ cannot be an André I permutation. []

Proposition 6.2. If2<k4+1<m<n—-2or3<m+2<k<n-—1,
then f maps NT,,(m,k) onto A, (m + 1,k) in a bijective manner.

Proof. To prove that w’ is André I when w is not tight, we prove that (i)
w’ has no double descent; (ii) all the troughs of w’ are of type I.

(i) The only double descent that could be created when going from w
to w’ is (m + 1) > m > Fo'. This could occur only if v = e, v' # e and
m > F v, and this would mean that w is tight; a contradiction.

(ii) Let @x; (respectively z) be the i-th letter counted from left to
right of w (respectively w’). Also, let (w1, ws,x;, wy, ws) (respectively
(w], wh, %, wy, wi)) be the z;- (respectively z)-)factorization of w (respec-
tively of w’). Several cases are to be considered.

(1) Suppose that z; is to the right of (m + 1) in w. Then 2 = z;.
If z; is a trough of w, then either (m + 1) is a letter of ws, or not. If it is,
then w) is derived from wsy by replacing the letter (m+1) by m. Therefore,
max wh < maxwe < maxw, = maxwy, and the z}-factorization remains
of type I'in w’. If it is not, then w) = ws, wj = wy, and the same conclusion
holds.

(2) Now, suppose that z; = (m+1), so that =, = m. If z; is a trough of
w — this is possible, as w is supposed to be not tight — then v # e, and
m is not a letter of wo. Furthermore, (m-+1) is a letter of wj only when all
the letters between m and (m+1) are greater than (m+1). Whatever the
particular case may be, we have maxw), = maxws < maxw,; = maxwl,
so that x} is a trough of type I in w’.

(3) Next, let z; lie between m and (m + 1) in w, so that x, = z;, and
suppose that x; is trough of w. If x; is greater than (m+ 1), then w) = wo
and w) = wy. Moreover, =, = z; will be a trough of type I in w’. If ; is less
than m, the only problem arises when m and (m + 1) are the maximum
letters of wy and wy, respectively. In such a case, all the letters between m
and (m + 1) are smaller than m and m > Fv'. Hence, w would be tight,
a contradiction.

Thus, the image f(w) of w, supposed to be not tight, is André I. If
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2<k+1<m<n-—2,afortiori, k < m+1, so that the next-to-last letter
of a permutation w from NT,,(m, k), which is equal to k, cannot be equal
to (m 4+ 1). Thus, f(NT,,(m,k)) C A,(m + 1,k). In the same manner, if
3 <m+1 < k <n—1, the inequality m+1 < k implies the same inclusion.
As f and f~! are inverses of each other when applied to the sets A,,(m, k)
and A, (m + 1,k), respectively, the restriction of f=! to A, (m + 1,k) is
necessarily NT,,(m, k) by Proposition 6.1. Thus, Proposition 6.2 is proved
for2<k+1<m<n—-2and3<m+1<k<n-1. []

In Table 6.1 the bijection f : NT5(m, k) — As(m+ 1, k) is materialized
by the vertical arrows. The five tight permutations in Andé are reproduced
in boldface. They can only be targets of these arrows. This completes the
program of points (a) and (b).

NL
F 1 2 3 4
] 13425 12435 12345
\ 142;5 \ 13245
e ¥ ¥ i
9 | 23415 21435 l 21345 l
‘ 24135 ‘ 23145
Y a Y
3 | 32415 | 31425 31245
‘34125
Y r'd
4 41325 41235

Table 6.1: the bijection f : NI5(m, k) = As(m + 1,k) (k # m+1).
f:As(m,m+1) = As(m + 1,m)

Remark. When 3 < m+1 = k < n — 2, in the permutation
w=muv (m+1)v from A, (m,m+1) the right factor v’ is equal to the one-
letter word n. This implies that f maps A, (m,m+ 1) onto A, (m+1,m)
in a bijective manner. In particular, a,(m,m + 1) = a,(m + 1, m). This
fact is illustrated in Table 6.1 by oblique arrows.

Point (¢). Let n > 3, and consider a permutation w = z123 - Tp_1
from And!_,. Let z; = spiw. Define ¢(w) := x;ziah---x!,_,, where

2P if o <x; —1;

The inverse bijection ¢! is defined as follows: let w' = zjzh-- -z,

belong to T,; then ¢~ (w') := p(x - - - x],), where p is the reduction defined
in Section 2.
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Theorem 6.3. The mapping ¢ is a bijection between And£_1 and the
set T,, of all tight André I permutations having the following properties:

(i) spiw = F ¢(w);
. | grn w, if spiw > grnw;
(ii) grno(w) = grnw+ 1, if spiw < grnw.

2 21435 21345
231546 | 231456
3 | 32415 31425 23145
342516 | 341526 324156
31245
341256

4 | 23415 34125 24135
423516 | 435126 | 425136
41325 41235
451326 | 451236

5 13425 12435 12345
513426 | 512436 | 512346
14235 13245
514236 | 513246

Table 6.2: The bijection ¢ : Bs(m, k — 1) (respectively Bs(m,k)) — Tg(m, k).

In Table 6.2 the permutations in boldface are the elements of And?.
Their images under ¢ are the sixteen tight permutations from Ty, written
in plain below them. The box (m,k) contains the permutations w from
And! such that spiw = m and grnw = k (respectively grnw = k — 1)
when m > k (respectively when m < k). It also contains the elements w’
from Tg such that Fw’ = m and grnw’ = k. A hat sign ~ has been put
on the spike of w.

Proof of Theorem 6.3. Let w = x129---Tp_2x,_1 be from Andfl_l.

Let z; = spiw. If j = 1, then 21 > z9 and ¢(w) = z1 (21 + 1)
xo---xh _oxl 1. Accordingly, ¢(w) is tight. Moreover, spiw = x; =
F ¢(w), still since x1 > xo. Also, either grnw = z,,_2 < ;1 = spiw, and
then grn¢(w) = z),_5 = 2 = grnw, or grow = T,_o > xr; = spiw,
and then grn ¢p(w) =), 5 =x,_2+ 1 =grnw + 1.
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If j > 2, we have
(6.7) P(w) = xj21 -+ w1 (25 4+ 1) T2 -2y

On the other hand, ¢(w) is André I, because no double descent has
been created; furthermore, the new trough z; is of type I, as the letter
(x; + 1) is to its right. Also, ¢(w) is tight, because x4 (respectively
(x; + 1)) is less (respectively greater) than all the letters to its left.
Finally, spiw = z; = F ¢(w). Moreover, grn¢(w) = =z, _, is equal
to T, = grnw or z,_o + 1 = grnw + 1, depending on whether
T,_o = grnw is less than or at least equal to x,, = spiw. []

This achieves the program of point (c), by definition of B,,(m, k) given
in (6.2).
6.3. Hooked and unhooked permutations. Let n > 3, and consider the

mapping O, defined on And;fl_1 as follows. Let w = 129 ---x,_1 belong
to And!_,. Define

(i + Dzahy-xy, i x < o
(6.8) Ow) := {xl(azl + Db ---ah_q, if x> x;

where z} := x; (respectively z; + 1) if z; < x; (respectively if z; > x1).
Clearly, © is an injection from And! | into And’. The permutations

belonging to the subset @(AndI

1) are said to be hooked. Their formal
definition is stated next.

Definition 6.2.  An André I permutation w = z1x5 -z, (n > 3) from
And,fl is called hooked, if x1 — 1 =25 < x3 0r 1 +1 =29 > T3.

Let H, denote the subset of all the hooked permutations from And?.
The elements of the set-theoretic difference NH,, := And’ \H, are said
to be unhooked. Let H, (m, k) (respectively NH,,(m, k)) denote the subset
of H, (respectively of NH,) consisting of all w such that (spi,grn)w =
(m, k).

Proposition 6.4. The injection © defined in (6.8) from And’ | into
And! maps And!_| onto H,. Moreover, for each w from And! we have

spi©O(w) =1+ Fw;
_J1+gmw, ifFw<grnw;
(6.9) grn O(w) = {grnw, if Fw > grnw.

Proof. With the notation of (6.8), we have spi®(w) = x; + 1 in both
cases. The identity for “grn” follows from the very definition of ©. []
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Corollary 6.5. The mapping © is a bijection between A, _1(m,k) and
H,(m+1,k) when 1 <k <m <n —2, and onto H,(m + 1,k + 1) when
3<m+2<k<n-1.

In Table 6.3, the sixteen permutations from Andg are reproduced in
boldface, and below them the hooked permutations from Hg that are
their images under ©. A hat sign ~ has been put on the spike of each
permutation from Hg.

k= 1 2 3 4 5
m=1 . .
2

13425 | 12435 | 12345
214536 | 213546 | 213456
14235 | 13245
215346 | 214356
3 | 23415 21435 | 21345
324516 231546 | 231456
24135 | 23145
325146 | 324156

4 | 32415 31425 31245
342516 | 341526 341256
34125
435126
5 41325 41235

451326 | 451236

Table 6.3:
the bijection © : As5(m, k) — Hg(m + 1,k) (respectively Hg(m + 1,k + 1))

Referring to the program displayed in (1.14), the first bijection © has
been constructed. The next step is devoted to the construction of the
bijection 5.

6.4. A bijection between B,,(m,k) and NH,(m+ 1,k). We go back to
the proofs of (TS4.1) and (TS4.2) made in Subsection 6.1. It was shown
that b,(n — 1,k) = by(n,k +1) = bp_1(s,k) for 1 < k < n — 2. By
means of the bijections described in Subsection 6.1 and Section 4, and
also the bijection ¢ constructed in (5.2), we can set up a bijection between
B, (n—1,k) and By, (n,k+1). We can also proceed directly as follows. Let

n>3and w=1x1---Ti_1 (n/—\l) Zir1 -+ -kn be an André I permutation
such that (spi, grn)w = (n — 1, k). Then the mapping « defined by
(6.10) a(w) =1(r1+1)(zim1 + 1) (g1 + 1) - (k+ )7
fulfills our requirements.
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1 /

The inverse o~ " is easy to find: let w' = x| 2} -- -2z, _;n be a
permutation from B, (n,k -+ 1), so that 2} = 1. Then a~!(w’) is obtained
by first determining the leftmost letter zj_ ; less than or equal to x5 and
subsequently letting

6.11) a7 W)= (@h— 1) @y — 1) (= 1) (1) k.

The bijection a will be an ingredient for the next bijection, 3, between
B, (m,k) and NH,,(m + 1, k).

First, let

(6.12) 2<k+1<m<n—-2 or 3<m+2<k<n-—1,

and partition By, (m,k) into two subsets B,gl)(m, k), B,(f)(m, k) as fol-
lows. Note that each permutation w from B, (m,k) is of the form w =
wymuws(m+ 1)ws and the factor ws is never empty, as m is the spike of w.
Also, w3 # e because of condition (6.12). Say that an element of B,,(m, k)
belongs to Bfll)(m, k) (respectively to By(f)(m, k)) if Fws is not (respec-
tively if Fws is) a left minimum record, or equivalently, if min ws < F w3
(respectively if min wy > F ws).

Let w = x129 -+ -z, = wy mws (m+1) ws be from B, (m, k) with (m, k)
satisfying (6.12).

(1) If w belongs to BT(Ll)(m, k), define w’ := 3(w) to be the permutation
derived from w by transposing the letters m and (m + 1):

(6.13) B:w=wmws(m+1)ws — w =w (m+1)wymuws.

(2) If w belongs to BT(LQ)(m, k), consider the factorization w = vjws,
where v; = wy mwa (m + 1). Then v; is André I by Proposition 2.1 (6).
Let n’ be the length of v; and p(v1) be the reduction of vy (by using the
increasing bijection from the set {z1,...,m,...,m+1}onto {1,2,...,n'}).
Thus, p(v1) is an André I permutation from And’, such that spip(v;) =
n’ — 1. The bijection «, introduced in (6.10), can be applied to p(v;), and
the permutation w’ := (w) is defined by replacing the left factor v; of w

by p~tap(vi):

(6.14) B:w=uvws—w = p tap(v) ws.

Example. The permutation w = 453816729 belongs to Bél)(S, 2),
as minwy, = min 381 = 1 < 7 = F ws. It then suffices to transpose 5 and 6
to get the permutation w’ =46 3815729.
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Next, w = 356271849 belongs to Béz)(6,4), as minw, = 2 >
1 = Fws. Hence, v1 = 35627, p(v1) = 23415, ap(vy) = 13425,
p tap(vy) =25637 and w’' =256371849.

When w belongs to Bfll)(m, k), the letter (m + 1) occurs to the left
of m in w’. On the other hand, as w, is non-empty and m +1 > F w», the
permutation w’ is unhooked if w; = e. The same conclusion also holds if
wy # e, because Lw; < m + 1 and Lw; # m. Obviously, spiw’ =m + 1
and grnw’ = k by (6.12).

Let us now prove that w’ is André I. Note that the troughs remain the
same in both w and w’. Let = be a trough within wy and (vy, va, 2, v4, vs5)
(respectively (vf, v, z,v),v})) be the z-factorization of w (respectively
of w’). When going from w to w’, the type of z is not modified when at
least one of the following conditions holds: max vy # m, maxwvy # m + 1.
If both were violated for a given z, it would be the case for x = min ws,
and all the letters of wy would be less than m. But maxvy = m—+1 implies
max vy > Fws > minws, and F w3 is a trough of w. If (v{, v, F ws, vy, vy)
is the F ws-factorization of w, the word F wsv] is necessarily a factor
of vy, as all its letters are greater than min wy. Hence, maxwvy > m +1, a
contradiction. Thus,

w’ is an unhooked permutation from And;rl such that spiw’ =m+1,
grnw’ =k with (m+1) to the left of m. In short, w’ € NH,(LI)(m + 1, k).

As the transposition wy (m+ 1) we mws +— wy mws (m+ 1) ws, when
applied to André I permutations with (m + 1) to the left of m, always
maps an André I onto an André I permutations,

the direct transposition [ defined in (6.13) is a bijection between
B (m, k) and NHV (m + 1, k).

Next, let w belong to Br(f)(m, k), and consider the permutation w’ =
B(w) defined in (6.14). The left factor p~tap(vi) of B(w) is André I and
ends with (m+1). Therefore, f(w) is of the form w] m wj (m+1) ws. Again,
with the hypothesis (6.12), the letter z,_1, equal to k in the permutation
w = T1T2---kn, remains untouched when going from w to w’. Thus,
grnw’ = grnw = k. Next, we get spip(vy) =n’ — 1 and spiap(vy) = n/;
hence, spip~lap(vi) = m + 1. As ws starts with a letter less than all the
letters in vy, we have spiw’ = spip~tap(vi)ws = m + 1. Moreover, w3
is André I by Proposition 2.1 (5), so that f(w) is André I by Proposition
2.1 (7). This shows that

the mapping B defined in (6.14) is a bijection between B,(f)(m, k) and
the set NHy(lz)(m + 1,k), defined as the set of all unhooked permutations
from Andfl such that spiw’ = m + 1, grnw’ = k with m to the left of
(m+1).
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This proves the following theorem.
Theorem 6.6. Under condition (6.12), the mapping (8 : w — w’ defined
in (6.13) and (6.14) is a bijection between B,(m,k) = Br(Ll)(m, k) @
B (m, k) and NH,,(m + 1,k) = NHS" (m + 1, k) & NH (m + 1, k).

N 1 2 3 4 5
1
9 214536 213546 | 213456
‘ 215346 \ 214356
¥ v
l 315246 314256
3 312546 231456
231546 324156
324516 | 314526 325146 | 312456 |
* | 12356
193516 241536 412356
4| | 342516/ 413526 412536 234156
341526 415236 241356 4
435126 425136 413256
‘ ‘ 341256
Y Y Y
1 243516 l 345126 l 245136
5| 234516 | | 351426 1 514236
513426 1 512436
451326 | 251436
451236

Table 6.4: the bijection 5 : Bg(m, k) — NHg(m + 1, k)

Ezample. In Table 6.4, the image 5(w) of each André I permutation w
from Bg(m, k), with (m, k) satisfying inequalities (6.12) for n = 6, is
indicated by a downarrow. The hooked permutations are reproduced in
boldface. Note that they are not bottoms of any downarrows, as [ is a
bijection between B, (m, k) and NH,(m + 1, k).

With the construction of the bijection 5 : B, (m, k) — NH,(m + 1,k),
the program displayed in (1.14) is completed, as

(%bn(m, k) =#B,(m+ 1,k) — #B,(m, k)
=#B,(m+1,k) — #NH,(m + 1,k)
=#H,(m+1,k)
=#A,_1(m,k) (respectively = #A,,_1(m,k—1))
if 1 <k<m<n-—2(respectively if 3<m+2<k<n-1).
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7. The making of Seidel triangle sequences

7.1. The Seidel tangent-secant matriz. In the sequel, three exponen-
tial generating functions will be attached to each infinite matrix A =
(a(m, k))m k>0,

Alp ) = ey
(.’If,y) T Z a<m7 )Wﬁa
m,k>0
yk m
Am,-(y> = Za(m7 k)pa A- k(l’) = Z a(m7 k) [ )

k>0

for A itself, its m-th row, its k-th column. Let H = (h; ;) (i,j > 0) be the
infinite matrix whose entries are the Entringer numbers E,,(m) displayed
along the skew-diagonals with the following sign:

(7.1) R — (=1)"Eipj1(j+1), ifidj=2n
' " (-D)"Eiyj(i4+1), ifi+j=2n-1,
or still
(7.2) Bon1(j +1) = (=1)" han—j; (0<j < 2n);
(7.3) Eon(i+1) = (=1)"hign-1-: (0<4i<2n—1);

or still in displayed form:

Ei(1)  —Ex(1) 0 E4(1) 0 —FEg(1) 0 -
0 —E5(2)  Eu(2) E5(4) —Ee(2) —E7(6)
—E5(1)  E4(3)  E5(3) —Ee(3) —Ez7(5)
_ 0 Es5(2) —Ee(4) —Eq(4)
H=1 Es(1) —Es(5) —Ez(3)
0 —E7(2)
—E7(1)
1 —1 0 2 0 —-16 0
0 —1 2 2 —16 —16
—1 1 4 —14 =32
0 5 —10 —46
- ) -5 =56
0 —61
—61
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As noted by Dumont [Du82], the definition of such a matrix H goes
back to Seidel himself [Sel877]. Entringer [En66] rediscovered the abso-
lute values of the entries, when he classified the alternating permutations
according to their first letters. The entries of the top row are the coeffi-
cients of the Taylor expansion of 1 — tanhy = 2/(1 + €2¥):

2n—1
7 Y
Hou(y)=1—tanhy =1+ > - (~1)"Ey,
= (2n —1)!
3 5 7 9
_ Y Y Y Y Y

The entries of the leftmost column are the coefficients of the Taylor
expansion of 1/coshx = 2¢e%/(1 + €2%), so that

1 2n

— x
H, = = —1)" Esy,
ol@) cosh x T;)(Qn)!( )" B
22 ! x° 8

By means of recurrence (1.1) satisfied by the Entringer numbers and
(7.1), we can verify that the entries Ei,j obey the following rule: Ei,j =
Ei_u + Ei_l’j_'_l for 7 > 0, ¢ > 1, so that the entries Ei’j can be obtained
by applying such a rule inductively, the entries of the top row being
given. Such a matrix is called a Seidel matriz by Dumont [Du82], and its
exponential generating function is directly obtained from the exponential
generating function for its top row by the formula H(x,y) = Ho ,(z+y) e®

(see, e.g., [DV80]). Accordingly,
— 2e”

Two further matrices are derived from H. The first one, Hq, is obtained
by replacing all the entries h; ; such that i + j is odd by zero, so that

1 : 0 : 0 .0
A 2 . _16
1 . 4 .32

_ 5 L 46

Hi= | 5 . 56
. 61
61
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_ 2e*
As H(z,y) = m, we get
- Hloy) + H(-,—y) _ . 14" _ coshy
7'5 H , — = T == .
(7.5) Hi(z,y) 9 © 1 ezt cosh(z + y)

The second one, Ho, is derived from H by replacing the entries Ei,j
such that ¢ 4+ j is even by 0, so that

- =1 . 2 . —16 . 272
0o - 2 . —16 . 272
-1 . —14 . 256
o - —10 . 224
H,= |- -5 - 178
0o - 122
- 61
0
Therefore,
— H(z,y)— H(~x,—y) ., 1—e% —sinhy
(7.6)  Halwy) = 2 1t ezaray cosh(x +y)°

In the sequel, further matrices will be derived from H; and H, es-
sentially by transposing them and/or removing either their top rows or
leftmost columns. The corresponding actions on their respective exponen-
tial generating functions Hi(x,y) and Hy(z,y) are the exchange of the
variables x and y: TH;(z,y) := H;(y, x); then, the partial derivatives with
respect to x and y: D, H;(z,y) and Dy H;(x,y) (i =1,2).

7.2. The generating function for the Entringer numbers. The generat-
ing function for the Entringer numbers, already derived in [FH14], can be
obtained from relations (7.5) and (7.6). In fact, they are simply equal to
Hy(xI,yI) and THy(xl,yI), where I = v/—1. Thus,

x2n+1—k yk—l cos y

7.7 Eopiq(k _ :

(7.7) 1§k§n+1 2n+1( )(gn +1-k)! (k=1 cos(z+y)
k—1 2n—k

T y B sin y
(7.8) 1§%§:2n Eay (k) (k—1)!'2n—k)!  cos(z+y)

7.3. Seidel triangle sequences. For calculating the generating functions
for the twin Seidel matrices, we shall take recourse to the techniques
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developed in our previous paper [FH14] for the so-called Seidel triangle
sequences. Only definitions will be stated, as well as the main result.

A sequence of square matrices (C),) (n > 1) is called a Seidel triangle
sequence if the following three conditions are fulfilled:

(STS1) each matrix C, is of dimension n;

(STS2) each matrix C,, has zero entries along and below its diagonal;
let (¢, (m,k)) (0 < m < k < n —1) denote its entries strictly above its
diagonal, so that

63(071) 63(072)
. 0,1

01:< ), 02:<. 62(. >>, 03: : 63(1,2) Yo

cn(0,1) ¢,(0,2) -+ - cy(0,n—2) cn(0,n — 1)

: Cn(172) Tt Cn(lvn'_'2) Cn(17n/_'1>
Co=|: SRR s ;

cn(n—2,n—1)
the dots “” along and below the diagonal referring to zero entries.

(STS3) for each n > 3, the following relation holds:

cn(m, k) —cen(m,k+1) =cp_1(m, k) (m < k).

Record the last columns of the triangles Cs, C3, C4, Cs, ..., read
from top to bottom, namely, c2(0,1); ¢3(0,2), c3(1,2); ¢4(0,3), c4(1,3),
c4(2,3); ¢5(0,4), c5(1,4), ¢5(2,4), ¢5(3,4); ..., as skew-diagonals of an
infinite matrix H = (h; ;)i j>0, as shown next:

0 1 2 3 4
0 CQ(O, 1) 03(1,2) C4(2,3) C5(3,4> 06(4,5)
1 63(0, 2) C4(1,3) 65(2,4) 66(3, 5)
2 C4(O, 3) C5<1,4) C6<2, 5)
(7.9) H:= 3| ¢5(0,4) ¢6(1,5) )
4| c6(0,5)

Equivalently, the entries of H are defined by
(7.10) hij = Ciyjr2(j,i+J+1).

The next theorem has been proved in [FH14] and will be of great use in
the next sections.
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Theorem 7.1. The three-variable generating function for the Seidel
triangle sequence (C,, = (¢, (m, k)))n>1 is equal to

pn—k—1 yhom=1 gm o
(7'11> 1Sm+1zg:k§c:_(71n, k) (n g 1), (k o — 1)' W =e H(l' + y72)7
where H is the infinite matrix defined in (7.10).
With I := y/—1, we get
n—k—1 yh=—m=1  m

(7.12) Z I"2¢,(m, k) *

k- (k—m—-1!'m!
I (mn—k—-1!k—m-1!m!

= el"H(Ix + Iy, I2).

8. Trivariate generating functions

Each of the sequences Twin® = (As, B3, Ay, Bs, Ag,...) and
Twin® = (Bg, Az, By, As, Bg, ...) (see Diagram 1.3) gives rise to two
Seidel triangle sequences, by considering the upper and lower triangles of
the matrices.

8.1. The upper triangles of Twin™. The Seidel triangle sequence to
be constructed is the following: first, C; := (-), then for n > 2 each C,
will be derived from the upper triangle of A, ; (respectively B,11) by
(i) dropping the rightmost column; (ii) transposing the remaining triangle
with respect to its skew-diagonal; (iii) changing the signs of its entries
according the following rule. More precisely,

: an-i—l(n - 17 n) T an+1(27 n) an+1(17 n)

— n+1)/2 B : . . .
C = (—1)(n T/ © ns1(2,3) anga(1,3) ifnisodd;
an+1<172)

“bpr1(n—1,n) - bpy1(2,m) byt (1,n)

C, = (—1)"/? - bna1(2,3) by (L, 3) if n is even;
. 1,2

By referring to Diagram 1.3, we get O = - ; Co = oy Gz= - 1
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- —16 =14 -10 =5 0

910 - —2-4-5-5 ~14 —10 =5 0
1o - —4-5-5 -8 —4 0
Ci= i G= —4-dy Go= ~2 0’
. _2 0
1699 46 56 61 61 - 272 256 224 178 122 61 0
256 224 178 122 61 0
. 3246 56 61 61
208 164 112 56 0
- 44 52 56 56 136 92 46 0
C, = - 444646 ; Cg = 64 32 0
. 3232
232 16 0
. . 0

Therefore,
_1)(n+1)/2a (n—k,n—m), if nis odd;
1 k) = 4 nt1 ’ ’ !
(8.1) cn(m, k) { (—=1)*2b, 1 (n — k,n —m), if n is even.

Proposition 8.1. The sequence (C,) (n > 1) just defined is a Seidel
triangle sequence.

Proof. We only have to verify that rule (STS3) holds. If n is odd and
0<m<k<n—-2then3<m'+2:=n—-k—-1)+2<k :=n-m<
(n+1)—1and
en(my k) —cp(m,k+1)
= (=) (@ g (n = kyn —m) — angr(n—k —1,n —m))

= (—1)(mth72 (%anﬂ(n —k—1,n—m)
= (_1)(n+1)/2 (% angr (M, k)

= (=)D 2p (m K —1) [by rule (TS5.2)]
= (=D V2 (n—k—1,n—m—1)
= (=)= V2 D2 (k) = eney (M, k).

The case when n is even can be proved in a similar way. []

The next step is to determine the matrix H, as defined in (7.9), whose
skew-diagonals are equal to the rightmost columns of the matrices C,,. For
n > 2 the skew-diagonal (¢, (0,n —1),c,(1,n —1),...,¢cn(n —2,n — 1))
of H, being the rightmost column of C,,, is equal to

(=) +D/2(q, 1 (1,n), anp1(1,n —1),. .., ane1(1,2)), if nis odd,
(=1)"2(bpr1(1,n),bugr(1,n — 1), ..., bps1(1,2)), if n is even;
which is also equal to
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(=) +D/2(b, (e;n — 1), bp(e,n — 2), ..., bu(e, 1)), if n is odd;
(0,0,...,0), if n is even;

by Rules (TS5.1) and (TS2); finally, this is equal to
{ (=1)*tD/2(E, (1), En(2), ..., En(n—1)), if nis odd;

(0,0,...,0), if n is even;
by (1.11).
Thus,
0 E5(2) 0 —FE5(4) 0 E;(6) 0
Es5(1) 0 —FE5(3) 0 E;(5) 0
0 —E5(2) 0 E:(4) 0
—Es5(1) 0 E7(3) 0
H= 0 E1(2) 0
E.(1) 0
0
(8.2)
0 1 0O -2 0 16 O
1 0O —4 0 32 0
0O -5 0 46 O
-5 0 56 0
- 0 61 O
61 0

This matrix is to be compared with the matrix H; (see §7.1). For
getting H, it suffices to delete the top row of H; and change the signs
of all the entries. As Hq(x,y) = coshy/ cosh(z + y) by (7.5), we have

cosh y sinh(x + y)
cosh?(z + )

(8.3) H(z,y) = —D.Hi(x,y) =

Hence, the right-hand side of (7.11) becomes

zcosh z sinh(z +y + 2)
cosh?(z 4y + 2)

and the right-hand side of (7.12) is equal to

e"H(x+y,z)=e

I cosz sin(z +y + 2)

e H(Iz + Iy, Iz) = (cos + Ising)—"r = =2

It remains to interpret the left-hand side of identity (7.12) by using
(8.1). If n = 21 4 1, then I"2 = (—=1)'*'] and (—1)("T1/2 = (—1)!+1,
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Thus, I"2¢,(m, k) = I a,1(n—k,n—m). The imaginary part of identity
(7.12) then reads

xn—k—l yk—m—l Zm

2 ant1(n = kn = m) S e )
1<m+1<k<n-—1
n odd

_cosz coszsin(z +y + 2)
cos?(z +y + 2)

With the change of variables n < 2n — 1, n —k < m, n —m <« k, we
get (1.15) from Theorem 1.3. Note that the above generating function
involves all the matrices Ay, Ag, ... of Twin(l), but not the very first

term As = ((1)8).

If n = 2I, then 1" 2 = (=1)""! and (-1)*? = (—1)!, so that
I"2¢c,(m, k) = —bp1(n — k,n —m). As for the real part, we have
xn—k—l yk—m—l Lm

b’I’L - k) -
Z +1(n " m)(n—k—l)!(k—m—1>!m!
1<m41<k<n—1

n éven B sinx cos z SiIl(fE +y+ Z)

cos?(x +y+ 2)

With the change of variables n < 2n, n — k < m, n — m < k, we get
(1.21) from Theorem 1.6.

8.2. The upper triangles of Twin®. The sequence of triangles to be

considered is the following: C7 = - and for n > 2

“bpgr(n—1,n) - bpt1(2,n) buga(1,n)

Cn — (_1)(71—1)/2 ) bn+1(2, 3) bn—|—1(17 3) if nis Odd,
. 1,2

: an—i—l(n - 17 n) T an+1(27 n) an+1(17 n)

R n/2 B : . . .
Cp o= (-1) C ans1(2,3) anii(1,3) | 10 is even;
CLn+1<1,2)
-122
-1 o 22

thatis, Cy =-, Ca=  *; Cy= - 0; Cu= 7 ;
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- —5 —10 —14 —16 —16

5420
420
-1 0;
-0

Cs Cs =

- —61 —56 —46 —32 —-16 0
—56 —46 —32 —16 0

~10 —14 —16 —16
~13 —14 —14_
~10 —10°

St

- 61 122 178 224 256 272 272
- 122 178 224 256 272 272
173 214 242 256 256

o —41 :;ﬁ jé 8. . 194 214 224 224
7 = g 8 = 173 178 178"
0 122 122
' 61
Thus,

(8.6)  cn(m,k) = { (=) D20 (n = Ky —m), if n is odd,
(=) 2an41(n — k,n —m), if n is even.

The sequence of triangles (C),) defined by (8.6) is a Seidel triangle sequence

(same argument as in the proof of Proposition 8.1). Following the same

pattern as in the preceding subsection, we form the matrix H, whose

skew-diagonals carry the entries of the leftmost columns of the C),’s:

1 0 1 0 -5 0 61
0 2 0 —10 0 122
2 0 —14 0 178
0 —16 0 224

H=1_16 0 256
0 272
272

This matrix is to be compared with the matrix Hy (see Subsection 7.2).
We see that H is obtained from H, by transposition and deletion of the
first row, so that

— —sinhz
H =D, Hs(y,z) =Dy | —————
(.’If,y) 2<y .’13) (COSh(IIJ—f—g))
_ —coshz cosh(z +y) + sinh 2 sinh(z + y)
cosh?(z + %)

—coshy
cosh?(z +9)
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Therefore,

—cosh z
cosh?(z 4y + 2)

e"H(x+y,z) =¢€"

—cos z
cos?(z+y+2)

e*H(Ix+ Iy, 12) = (cosx + Isinzx)

By using (8.6), the left-hand side of identity (7.12) can be computed as
follows. If n = 21 4 1, then I""2 = (=1)"*'T and (-1)»~1/2 = (—1)%.
Thus, 1" 2c,(m,k) = —Ib,y1(n — k,n — m). The imaginary part of
identity (7.12) reads

xn—k—l yk—m—l om
b n—k,n—m —
D bua )(n—k—l)!(k—m—l)!m!
1<m+1<k<n-—1
n odd B sin x cos z
cos?(z +y+2)

With the change of variables n < 2n — 1, n — k < m, n — m < k, we get
(1.19) from Theorem 1.5.

If n = 2I, then I"2? = (=1)""' and (-1)?2 = (—1)!, so that
I"2¢c,(m, k) = —ani1(n — k,n —m). As for the real part, we have
xn—k—l yk—m—l Zm

2 e KLl pry g ey

1<m+1<k<n—1
n even

COS T COS 2
cos?(z+y+z)

With the change of variables n <— 2n, n — k < m, n — m < k, we get
(1.17) from Theorem 1.4.

8.3. The bottom rows of the matrices B,’s. By Rule (TS4.1) and
(2.6), these bottom rows, after discarding the rightmost entry which is
always zero, read by(2,1) = 1; (b3(3,1),03(3,2)) = (0,1), (ba(4,1),b4(4,2),
ba(4,3)) = (0,1,1), (bs(5,1),b5(5,2),bs(5,3),b5(5,4)) = (0,1,2,2), ...,
which are equal to the sequences of the Entringer numbers: Fj(1),
(E2(2), E2(1)), (E3(3), E5(2), E5(1)), (E4(4), E4(3), E4(2), E4(1)), ... By
(7.7) and (7.8), we recover the two identities (1.23) and (1.24) written at
the end of Section 1.

8.4. The lower triangles of Twin®. As for the upper triangles, a
geometric transformation is to be made to configurate these lower triangles
into Seidel triangles. The bottom rows of the A,’s and B,’s being
discarded, we form the following sequence of triangles:
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+—2-2-10
1 10 '(_)jj . -4 -3 -1
Cir=+Co= ;0= -1; Cy= _oi G5 = - —4 =2
: —2

16161410 5 0

'93‘613150 . 32302415 5

919 14 . 4436 24 10

Ce = 1116 Cr= - 44 30 14;

16 . 3216

- 16
Thus, for 0 < m < k <n — 1, we have

—1)(”+1)/2an+1(7€ +1,m+1), ifnisodd;

_J(
(8.9) cn(m, k) = { (—1)+2/2h, (K +1,m+1), ifnis even.

The sequence of triangles (C),) defined by (8.9) is a Seidel triangle
sequence. The corresponding matrix H reads

1 1 -2 -2 16 16

0 -2 -2 16 16
-1 -1 14 14
H=]| 0 10 10
5 b
0
1 9 16 1 . =2 16
0 -2 . 16
. =2 . 16
-1 . 14
-1 . 14
.10
5 .5
i 0
— _D,f, - .
Thus,
sinh y sinh y
H —
(z,9) Y cosh(z + y) + cosh(z +y)
(8.10) _ cosh x sinh y

cosh®(z +y)  cosh(z +y) /
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h inh
eIH(as+y,Z):€x< 0028 (v +y) sinh 2 );
cosh®(z +y+2)  cosh(z +y +2)
. _ cos(x + y) I sinz
H(Iz+Iy,1z) = d ( )
e"H(Ix+ Iy, 1z) = (cosx + I'sinx) cos?2(z +y+2) cos(x+y+2)

If n = 20+ 1, then I"2 = (=1)"*'T and (—1)»+*1/2 = (—1)"*!, Thus,
I"2c,(m,k) = I a,y1(k+1,m+1). The imaginary part of identity (7.12)
becomes

n—k—1 k—m—1 m

y G
(n—k—-1)!k-m-1)!m!

Z CLn—i—l<k—i_ 17m+ 1)

1<m+1<k<n-—1
n odd

cos T sin z N sinz cos(x + )
cos(r+y+2z) cos?(x+y+z)

With the change of variables n <+ 2n — 1, k+ 1+ m, m+ 1 < k, we get
(1.16) from Theorem 1.3.

If n = 2, then "2 = (=1)""! and (—1)"*2)/2 = (—1)*+1, 5o that
I"2¢c,(m, k) = byy1(k+1,m+1). As for the real part, we have

n—k—1 k—m—1 m

x Y z

byt (k+1,m+1 G

2 bun(k ot Lom 4 D) e e
1<m+1<k<n—1

n even

sin x sin z N cosx cos(r + y)
cos(t+y+2z) cos®(x+y+z)

With the change of variables n < 2n, k+1 < m, m + 1 < k, we get
(1.22) from Theorem 1.6.

8.5. The lower triangles of Twin®. Again, the bottom rows of the
Ay’s and B,,’s having been discarded, the Seidel triangle sequence to be
considered is

0122
1 -0 -1 'fliéfl 134
Cir=-; Co= 3 Cy3= - —-1; Cy4= 1 Cs = - 45;
) .5
-0 —-5—-10 —-14 —16 —16
g 150 3 2 g - —H —15 —24 —30 —32
.13 9 4 —20 —33 —42 —46
06 == 10 5; 07 = : —41 -51 —56;
5 —56 —61

—61
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the general formula being

(=)= D2p, (B +1,m + 1), ifnis odd;
(8.13) en(m, k) = { (=1)»=272q, 1 (k+1,m+1), if nis even.

Next, form the matrix H, whose skew-diagonals carry the entries of the
rightmost columns of the ¢,,’s, and write it as the sum of the two matrices

1 -1 -1 ) 5 —61 61
-1 -1 5) 5 —61 —61

0 4 4  —56 —56

2 2  —46 —46

H=1 o _32 -3 = Ky + Ko
~16 —16
0
1 - -1 - 5 . —61 . -
1 5 - —61
1 5 . —61
0 4 . —56
4 - 56 -
2 . 46
= +| 2 - —46 -
0 - —32 ay
16 By
0 .

These matrices are to be compared with the matrix H, (see Section 7).
Clearly, K3 can be obtained from H; by deleting the top row and then
transposing the matrix, so that Ks(z,y) = TD,Hi(z,y). Also, K1 =

THy, and then Ki(z,y) = Hi(y,z). As Hi(x,y) = coshy/ cosh(x + y),
we get

H(l’,y) = TDmﬁl(xvy) +H1(y,$)

_ coshz sinh(z + ) coshz
cosh?(z + y) cosh(z +y)’
FH(z+y,2) = e (_ cosh(x + g) sinh(z +y + 2) cosh(z + y) >;
cosh®(z +y + 2) cosh(z +y + 2)

e®H(Ix + Iy, I12)=(cosz + Isinx)
y ( I cos(z +y)sin(z +y + 2) cos(z + y) )
cos?(z +y + 2) cos(x +y+2)/

If n = 20 + 1, then I"2 = (=1)"*'] and (—1)(»=1/2 = (=1)!. Thus,
I"2¢c,(m,k) = —Ib,y1(k + 1,m + 1). The imaginary part of identity
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(7.12) becomes

n—k—1 k—m—1 m

x Y z
bosa (k+1,m + 1 =
D bkt Lm A 1) g
1<m+1<k<n—1
n odd

sinz cos(z+y) cosx cos(x + y)sin(z +y + 2)
 cos(z+y +2) cos?(x +y+ 2)
_ cos(z +y) sin(y + 2)
- cos?(z+y+2)

With the change of variables n <+~ 2n — 1, m + 1+ k, k+ 1 < m, we get
(1.20) from Theorem 1.5.

If n = 2, then "2 = (=1)""! and (—1)*=2)/2 = (=1)!=1, so that
I"2¢,(m, k) = any1(k +1,m+1). As for the real part, we have

n—k—1 k—m—1 m
T Y <
2 (b Lm o+ 1) e
1<m+1<k<n-—1

n even

cosz cos(x+y) sinz cos(x + y)sin(x +y + 2)
cos(z +y + 2) cos?(x +y + 2)
_ cos(z +y) cos(y + z)
 cos?(z+y+2)

With the change of variables n <—2n — 1, k+ 1 < m, m + 1 < k, we get
(1.18) from Theorem 1.4.

9. The formal Laplace transform

The purpose of this section is to show that, when the Entringer
numbers F, (k) are defined by relations (1.1), without any reference to
their combinatorial interpretations, they can be proved to be a refinement
of the tangent/secant numbers: ), F, (k) = E, (n > 1). In the same
manner, when the twin Seidel matrix sequence (A4,,), (B,) is analytically
defined, as it was stated in Subsection 1.5, also without reference to any
combinatorial interpretation, their entries (a,(m,k)), (b,(m, k)) make up
a refinement of the Entringer numbers, by row and by column, and

> an(m k) = bu(m, k) = E,.
m,k m,k

The proofs of these results make use of the closed expressions found for
the generating functions in the preceding section, and of a well-adapted
formal Laplace transform technique.
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Theorem 9.1. (1) Let (E, (k)) be the sequence of the Entringer numbers,
defined by

Ei(1):=1; E,(n):=0foralln>2;
AE,(m)+E,—1(n—m)=0 (n>2;m=n—1,...,2,1);

(9.1) Z Ean_1(k) = Ean_1; Z Eon(k) = Eop;  (n2>1).

1<k<2n—1 1<k<2n

(2) Let (an(m,k)), (by(m,k)) be the entries of the twin
Seidel matrix sequence (Ay,), (B,,), as they are defined in Subsection 1.5.
Then,

(9.2) ap(m,s) = E,(m), by(m,s)=FE,(n+1—-—m), (1<m<n);
(9.3)  an(s, k) =bn(e,k) =Epn(n—k) (1<k<n).

The proof of (9.1) is fully given. Next, we reproduce the proof of
agn(m,s) = FEan(m), based on Theorem 1.3. The other identities in
(9.2) and (9.3) can also be derived following the same method by using
Theorems 1.4, 1.5, 1.6. Their proofs are omitted.

The formal Laplace transform, already used in our previous paper
[FH14], maps a function f(z) to a function L(f(z),z,s) defined by

L(f(x),x,8):= /000 f(x)e ™ du.

In particular, £(s, z, s) maps x* /k! to 1/s*+1:
k
x 1

E(H,{IJ,S) = ﬁ

For proving (9.1), start with identity (7.7) involving the generating
function for the numbers Es,,11(k) and apply the Laplace transform twice
with respect to (z,s), (y,t), respectively. We get

1 _ COSY syt
2 s2n—k+2 tkEQ”“ / / cos(x + y) oy
1<k<2n+1

which becomes, with ¢t <— s and r = x + ¥,

1 L COSY sy
n TS Sd d
Z 82n+2 2 +1 / / COS T+ y T ay

1<k<2n+1
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> [ cos
:/ / —ye_mdydr
0 o COsT
> sinr
:/ e "dr
o COST
o0
:/ (tanr)e "*dr
0

= Z SQLHEzn—l-

n>1

Z Eopn_1(k) = Eap_1.

1<k<2n-—1

Hence,

In the same manner, apply the Laplace transform to identity (7.8) twice
with respect to (z,s), (y,t), respectively. We get

1 1 Smy R
Z sk ¢2n—k+1 gt Pan(h / / cos(x + ) dr dy,
1<k<2n

which becomes, with s <t and r = x + v,

SlIly —mt—ytd d
Z t2n—|—1 / / COS 33+y T ay

1<k<2n
[T sin
:/ / ye_”dydr
0 o COST
1 —cosr
:/ — e "ar
0 CoST
:/ (secr — 1)e "dr
0
1
- Z $2n+1 E2n
n>1
Hence,
> Ean(k) = Eap.
1<k<2n

Next, to prove ag,(m,.) = FEa,(m) start with identity (1.15) of
Theorem 1.5 and apply the Laplace transform to its left-hand side three
times with respect to (z,s), (y,t), (z,u), respectively. We get

1 1 1
Z S_mtk:—m u2n—k a2n(m’ k>’
2<m+1<k<2n—1

which becomes
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1 1
(9.4) > — azn(m, k),
2<m+1<k<2n—1
when t <— u and s < su. Apply the Laplace transform to the right-hand
side of (1.15) three times with respect to (z,s), (y,t), (z,u), respectively,
and let t <— u, s < su. With r =y + z, we get

/ / / cosx cos zsin(x + y + z) e TSUTYU=2U gy d
cos?(x +y + 2)

/ / / Cosxcozzsm(x+T)e‘““_mdzdrda:
cos?(x + 1)
9.5) / / cos x sinrsin(z + ) p—zsU—TU g, g

cos?(x + 1)

With identity (1.16) apply the Laplace transform to its left-hand side
three times with respect to (z,u), (y, s), (z,t), respectively. We get

1 1 1
Z y2n—m gm— om—k tk agn(m k)
2<k+1<m<2n—1

which becomes

1 1
(9.6) > o 3 G2n (1K),

2<k4+1<m<2n—1

when s < su and t < su. Apply the Laplace transform to the right-hand
side of (1.16) three times with respect to (z,u), (v, s), (z,t), respectively,
and let s < su, t < su. With r =y + z we get

/ / / cos x sin z n sinx cos(z + y>>e_m“_y3“_25“da: dy d

cos(z+y+z) cos?(z+y+2)

/ / / cosa: sin z + sinz cos(x +r — z))e_m_rsudz dr de
cos(z + ) cos?(x +r)

(1-— : . o
Cosx cosr) sinz (sin(z +7) Smx))e_‘m_”“dr e

cos(z + ) cos?(x + 1)
9.7) / / cosr (1—cosz) N sinr (sin(x + r)—sin T))e_m_”“dr .
cos(z + r) cos?(x + 1)

By (9.4)-(9.7), we have

1 1 [
. ———aoy, , — F ’ —zsu—Tru ,
(9.8) E o an 42 (m, k) /0 /0 (z,7)e dr dz

1<k,m<2n—1;k#m
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where
Fa.r) coszsinrsin(z +r) cosr(l—cosz) sinr (sin(x +r) —sinr)
x,r) =
’ cos?(z + 1) cos(x + r) cos?(z + 1)
_ cosx
cos?(x + 1)

However, from (7.8), we conclude

S Eou(m) e e 0 sinr
1<m<2n - (m o 1)‘ (2n —m= 1)' ~or COS(:I: + T)
COS T
o e

Apply the Laplace transform to (9.9) twice with respect to (z,s), (y,u),
respectively. We get

1 1 cos T e
E —— 2 e TSy dr,
sm u=n"- m CcOos :L' + r

1<m<2n
or still

1 COS T —Tsu—ru
(9.10) Z s_m— / / o2z 17 e dz dr.

1<m<2n

By (9.8) and (9.10), we obtain

11 11 1
> St k) = Y e Ban(m) —

1<k,m<2n—1;k#m 1<m<2n
and then

11 11
Do mmten(mk) =Y o B (m).

1<k,m<2n—1 1<m<2n

Hence,

> agn(m,k) = Eap(m). []

1<k<2n—1
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