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GEODESICS IN A GRAPH OF PERFECT MATCHINGS

ROY H. JENNINGS

ABSTRACT. Let &, be the graph on the set of perfect matchings
in the complete graph Ks,,, where two perfect matchings are con-
nected by an edge if their symmetric difference is a cycle of length
four. This paper studies geodesics in &2,,. The diameter of &2,,,
as well as the eccentricity of each vertex, are shown to be m — 1.
Two proofs are given to show that the number of geodesics be-
tween any two antipodes is m™ 2. The first is a direct proof via a
recursive formula, and the second is via reduction to the number of
minimal factorizations of a given m-cycle in the symmetric group
Sm- An explicit formula for the number of geodesics between any
two matchings in &, is also given.

Let .#,, be the graph on the set of non-crossing perfect match-
ings of 2m labeled points on a circle with the same adjacency con-
dition as in £,,. #,, is an induced subgraph of £,,, and it is
shown that ., has exactly one pair of antipodes having the max-
imal number m™~2 of geodesics between them.

1. INTRODUCTION

Consider a set of 2m labeled points on a circle. Join its points
in disjoint pairs by m straight line segments, such that no two lines
intersect. Abstractly, this is a perfect matching in the complete graph
Ky,,. Such a matching is called a non-crossing perfect matching.
Hernando, Hurtado and Noy defined in [8] the graph of non-crossing
perfect matchings .#,,, in which two matchings are connected by an
edge if their symmetric difference is a cycle of length four. They showed
that the diameter and the eccentricity of every vertex in this graph are
m— 1.

This paper studies the graph &, on the set of all perfect matchings
in the complete graph Ks,, where two matchings are connected by an
edge if their symmetric difference is a cycle of length four.

The distance between any two matchings in &, is shown to depend
only on the number of components in their union.

Theorem (THEOREM 3.4). For any My, My € P, d(My, M) =
m — [, where | is the number of components in My U M.
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Although &, is larger than the graph of non-crossing perfect match-
ings .#,,, which is an induced subgraph of &,,, it is shown that the
two graphs still share the same diameter, and that it is equal to the
eccentricity of all of their vertices.

Theorem (COROLLARY 3.5). The diameter of &, as well as the
eccentricity of every vertex in it, is m — 1.

Enumeration of the number of geodesics (shortest paths) between
antipodes in &7, reveals the following surprising result.

Theorem (COROLLARY 4.5). The number of geodesics between any

two antipodes in P, is m"™ 2.

The expression m™ 2 appears in Cayley’s well known formula for the
number of labeled trees on m vertices. On the other hand, Hurwitz [9]
(see also [12]) showed that it gives as well the number of factorizations
of a given m-cycle as a product of m — 1 transpositions in S,,. (Bijec-
tions between these trees and factorizations appear, e.g., in [7, 11].) In
Section 5, an alternative proof, suggested by Y. Roichman, for Corol-
lary 4.5 is provided via reduction to the number of factorizations of a
given m-cycle as a product of m — 1 transpositions.

An explicit formula for the number of geodesics between any two
matchings in &, is given in Corollary 4.6.

Corollary 4.5 does not hold for the subgraph .#,,. Instead, we have
the following result.

Theorem (THEOREM 4.7). The graph #,, of non-crossing perfect
matchings has a unique pair of matchings with m™ =2 geodesics between
them. All other pairs have a smaller number of geodesics.

This paper is based on the author’s M.Sc. thesis. For generalizations
and extensions of results in this paper see [2, 3, 6].

2. THE GRAPH OF PERFECT MATCHINGS

Consider the set of all perfect matchings in the complete graph Ks,,.
Denote the graph of perfect matchings on this set, in which two
distinct matchings M; and M, are connected by an edge if their sym-
metric difference is a cycle of length four, by &,,. Here, the symmetric
difference of M; and M, is the graph consisting of the edges that be-
long to exactly one of these matchings. In this paper, all matchings are
perfect, and thus the term perfect is freely omitted. Denote adjacent
matchings in 2, by My ~ M, and write M, ~ M, if either My = M,
or My ~ Ms.



GEODESICS IN A GRAPH OF PERFECT MATCHINGS 3

. ..
L=

FIGURE 1. Adjacent matchings in &,

Fact 2.1. The cardinality of 2, is the double factorial:
| Pl =C2m -1l =2m—-1)-2m —-3)-...- 1.

For any edge e = (vy,v2) in the complete graph Ky, and a matching

M in &, the insertion of the edge ¢ into the matching M,
denoted by M x* e, is defined as follows:
If e is already in M, then M xe = M. Otherwise, if (v1,v3) and (vq, vy)
are the edges in M incident with v; and vq, then M * (vy,vq) is the
matching obtained from M by deleting (v, v3) and (ve, v4) and adding
(v1,v9) and (v, vy).

Extend the definition recursively:
M x(e1,...,en) = (Mx(€1,...,65-1)) * €.

Observation 2.2. Two distinct matchings My and M, in &2, are
adjacent if and only if My = My x e, for some edge e not in M.

Remark 2.3. Let M be a matching in &,,. By definition, every neigh-
bor of M misses exactly two edges of M. Conversely, for each pair of
distinct edges in M, there are exactly two neighbors of M not contain-
ing this pair. Therefore, &, is a regular graph of degree 2("21)

Proposition 2.4. Let M be a matching in P,,, and let (eq, ..., ey) be
the edges of M arranged in any order. For any matching M’ in Z,,,
M =M x(e1,...,en).

Indeed, the edges inserted into M’ are vertex disjoint, and therefore
they all belong to the final matching.

Corollary 2.5. The graph of perfect matchings &, is connected.

3. GEODESICS AND DIAMETER

Recall that a geodesic between two vertices in a connected graph
is a shortest path between them. The distance between two vertices
u and v, denoted by d(u,v), is the length of a geodesic between them.
The eccentricity of a vertex is the maximal distance between this
vertex and any other vertex. The maximal length of a geodesic in
a connected graph is called the graph’s diameter. If the distance



4 ROY H. JENNINGS

between two vertices is the graph’s diameter, then the vertices are
called antipodes.

Hernando, Hurtado and Noy [8] found a formula for the distance be-
tween two matchings in the graph ., of non-crossing perfect match-
ings with m edges, implying that the diameter of this graph and the
eccentricity of every vertex in it are m — 1. In this section, it is shown
that, although &7, is larger than the graph of non-crossing perfect
matchings, where the latter is an induced subgraph, the diameter and
the eccentricity of every vertex in it remain m — 1.

Fact 3.1. The union of two matchings My and My in 22, is a vertex-
disjoint union of alternating cycles C; of even length (a common edge
is considered as a cycle of length two):

MlUMQZOlL.JCQU... UC[

Observation 3.2. Denote the number of connected components in a
graph G by ¢(G). Given two matchings My, My € P, and an edge
e & My, exactly one of the following cases holds:

(1) ¢(My xeU My) = c(M; U My) — 1. This is the case if and only
if the vertices of e belong to two different cycles in My U Ms.

(2) c¢(My xeU My) = e(M; U M,y)+ 1. This is the case if and only
if the vertices of e belong to the same cycle in My U M,y, and
the insertion of e into My splits this cycle into two cycles in
My xeUM,.

(3) ¢(My * e U My) = ¢(My U Ms). This is the case if and only if
the vertices of e belong to the same cycle in My U My, and the
isertion of e into My does not split this cycle in My x e U Ms.

Remark 3.3. In the settings of Observation 3.2, every pair of distinct
edges in M; that belong to different components in M; U M, corre-
sponds to two unique neighbors of M; that belong to the first case
of the observation. Moreover, every pair of distinct edges in M; that
belongs to the same component in M; U My corresponds to one unique
neighbor of M; that belongs to the second case of the observation, and
one unique neighbor that belongs to the third case.

Theorem 3.4. For any My, My € &, d(My, Ms) = m — [, where [ is
the number of components in My U Ms.

Proof. Note that m—1[ = 0 if and only if M; = M,. By Observation 3.2,
le(M"U My) — (M U Ms,)| < 1 for any two neighbors M ~ M’ in Z,,.
Thus d(My, M) > m — [. For every matching M # M,, there is
some alternating cycle C C M U M, such that |C| > 4. Therefore,
by Remark 3.3, for every pair of distinct edges in M N C, M has a
unique neighbor M’ such that ¢(M’ U Ms) — ¢(M U My) = 1. Thus,
d(Ml,Mg) Sm—l ]
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By Theorem 3.4, antipodes in &7, are pairs of matchings whose
union consists of one cycle.

Corollary 3.5. The diameter of Z,,, as well as the eccentricity of
every vertex in it, are m—1. The number of antipodes of every matching
is (2m — 2)!l.

Remark 3.6. An analogue of Theorem 3.4 for the graph .4, of non-
crossing perfect matchings appears in [8], in the equivalent form

l
d(My, My) = % > (length(C;) — 2).

=1
4. COUNTING GEODESICS

In this section, the number of geodesics between any two matchings
in &, is given. In particular, the number of geodesics between an-
tipodes is shown to be m™~2. The section concludes by showing that
in the subgraph .#,, of non-crossing perfect matchings, there is exactly
one pair of antipodes having the maximal number m™ 2 of geodesics
between them.

Definition 4.1. Denote the number of geodesics between two match-
ings, whose symmetric difference is one cycle of length 2k, by Py, for
k > 2. Define P, = 1.

Theorem 4.2. For every positive integer k, we have
k—1

k k—2
sz:§Z(i_1)P2iP2k—2iy for k> 2,

Proof. Let My, My € &2,,, m > k, be two matchings with a symmetric
difference of one cycle of length 2k. Denote this cycle by C'. M;UM, has
m — k+1 components (m — k components of size 2 and one component
of size 2k). Therefore, by Theorem 3.4, d(My, My) =k — 1.

By Remark 3.3 and Theorem 3.4, a neighbor M’ of M; is in some
geodesic between M; and Ms if and only if C splits in M’ U M, into
two cycles. The lengths of these two cycles are 2¢ and 2k — 2¢ for some
Twith 1 <4< % Therefore, the number of geodesics from M; to Ms,
beginning with M’, is (f:f) Py, Pyj._5;, where the binomial coefficient
(’f:f) counts the ways to interlace the remaining £—2 insertions between
the two cycles.

For every 1 <1 < g, there are exactly k neighbors of M; in which
C splits into two cycles of length 2¢ and 2k — 2i¢ as above. If k is
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even, then for i = % there are exactly g neighbors of M; in which
C splits into two cycles of length k as above. Therefore, the for-
mula k Zi.:ll (]::12) Py; Py _o; counts every geodesic twice, leading to the
claimed result. U

The following is a reformulation of Theorem 4.2, and its proof was
suggested by R. Adin.
Lemma 4.3. For every positive integer k, we have

k-1
(k-2
Py, = Z’L<Z._ 1>P2iP2k—2i>

i=1

Proof. Write a; = z(k )PmPQk 2;- The symmetry of the binomial co-

)

efficients (kf’ 2) = ( k-2 ) implies

i—1 —i—

. k—2
+(k —1) (k i 1) P2(k—i)P2k—2(k—i))

k—1
k—2 k—2
. PPy o _ 3 Por o:P5;
2 (l(i—l) i 1 21+(k’ Z)(i—l) 2k—2i 21)

The last equation is essentially Theorem 4.2. U

Corollary 4.4. For every positive integer k, we have Py, = kF2.

Proof. By the well known Cayley Formula [5], the number of labeled
trees on k vertices is T}, = k*=2. By [10, Ex. 6, p. 34 and pp. 249-
250], we have T}, = Zf 11 i(z 1)TTk i, with 77 = 1. Comparison with
Lemma 4.3 concludes the proof. Il

By Theorem 3.4, antipodes in &, are pairs of matchings with a
symmetric difference of one cycle of length 2m.

Corollary 4.5. The number of geodesics between antipodes in 22, is
mm2,
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Corollary 4.5 can be generalized to count the number of geodesics
between any two matchings in &2,,.

Corollary 4.6. Let Ml, M2 € :@m with M1UM2 = Cl U CQ U cee U Cl,
as in Fact 3.1. The number of geodesics between My and M, is
l

(n(cl)m- _ ln(C’l)> H (n(C;) 4+ 1)™@)=

=1

where n(C;) = % —1.

Proof. n(C;) is the number of insertions within the cycle C;. The bi-
nomial coefficient (n(cﬁf;(q)) counts the ways to interlace insertions
between the cycles. O

The analogue of Corollary 4.5 for the induced subgraph in &, of
non-crossing perfect matchings .#,,, is the following.

Theorem 4.7. The graph #,, of non-crossing perfect matchings has a
unique pair of matchings with m™=2 geodesics between them. All other
pairs have a smaller number of geodesics.

Proof. M, consists of matchings on a set of 2m points on a circle.
Denote the convex hull of these points by H. We show that the two
matchings having all their edges on the boundary of H are the only
pair of antipodes in ., with m™2 geodesics between them. All other
pairs have a smaller number of geodesics.

Let M; and M5 be the two matchings in .#,, having all their edges
on the boundary of H. By Remark 3.6, M; and M, are antipodes
in .#,,. By Theorem 3.4, they are also antipodes in &,,. Let P =
(My = M, M, ..., M= M) be a geodesic between M; and Ms. Since
M U M), has one component, by Theorem 3.4, M U M), is a union of
two vertex-disjoint alternating cycles. It is clear that these cycles are
the boundaries of two disjoint polygons (including the case of a shared
edge, which is a convex polygon with two vertices). Therefore, M} is
also in .#,,. Similarly, for every M/ € P, 2 < i < d, some convex
polygon in M; ; U M}, is split into two disjoint convex polygons in
M/ U M). Thus, P is contained in .#,,, and the number of geodesics
between M; and M, in A, is m™ 2.

For any other pair M; and M, of antipodes in .#,,,, one of the match-
ings, say Mj, has an edge e contained (except for its endpoints) in the
interior of H. Denote the two components of H \ e by H; and H,.
M; must have at least one edge e; contained in H; and another e
contained in Hy. Let ¢’ be an edge incident with a vertex of ¢; and a
vertex of ey such that the cycle My U My splits in (M *e’)U M into two
cycles. Then M x € is a neighbor of M; in a geodesic between M; and
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My in &,,. Since e and €' intersect, M, x €’ ¢ #,,. Thus, the number
of geodesics between M; and M, in .#,, is smaller than m™ 2. O

5. FACTORIZATION OF PERMUTATIONS BY TRANSPOSITIONS

Let S,, be the symmetric group on m elements. A minimal factor-
ization by transpositions (or, simply, minimal factorization) of
a permutation 7w € S,,, is a product oy - - - g, of a minimal number of
transpositions, such that @ = oy ---0,. In this section, the number of
geodesics between antipodes in &2, is shown to be equal to the num-
ber of minimal factorizations of an m-cycle in S,,. It follows from a
result of Hurwitz [9], as explained by Strehl [12], and Cayley’s classical
formula [5] that the latter number is the same as the number of labeled
trees on m vertices. Bijections which explain this coincidence directly
can be, e.g., found in [7, 11].

Throughout this section, the vertices of the underlying complete
graph Ko, of &2, are labeled by {1,—1,...,m,—m}. Denote the
complete bipartite graph with bipartition of vertices {1,...,m} and
{-1,...,—m} by K, . Denote the subgraph of .%,,, induced by the
perfect matchings of K, ., by &pm. Matchings in &, ,, correspond
naturally to permutations in S,,, by identifying a matching = € &, ,
with a permutation 7’ € S,, such that «’(i) = j for every (i,—j) € 7.
Using this correspondence, a matching © € &, ,,, will also be referred
to as a permutation in S, (and vice versa).

Observation 5.1. Let m € &, ,,. For1 <i < j <m, we have
mo (i,j) = mx (i, —7(j)) = 7 * (j, —7(7)),

where (1,1) is understood as the identity of Sp,.

In Observation 5.1, the neighbor 7 * (i, —m(j)) = 7 * (j, —7(i)) of
7 in Pp,.m is one of the two neighbors of 7 in &, corresponding to
the choice of the two edges (i, —7 (7)) and (j, —m (7)), as in Remark 2.3.
The other neighbor in &2,,, corresponding to this choice of two edges,
is not in &, . Thus, every pair of edges in 7 corresponds to a unique
neighbor of m in &), ,,, which also corresponds to right multiplication
of m by a unique transposition in S,,. In other words, adjacency in
Pm.m can be understood as right multiplication by transpositions.

Let G be a group, and let S be a symmetric (S~ = S) generating
set of G. Recall that the (right) Cayley graph X (G, S) is the directed
graph on the elements of GG, in which (g1, ¢2) is an edge if g;s = go for
some s in S.

Corollary 5.2. &, ,, is the underlying simple graph of the (right)
Cayley graph X (S, S), where S is the set of all of the transpositions
m Sy,.
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Observation 5.3. Let m and o be two matchings in P, m, and let
m* e be a neighbor of ™ (in &, ) in a geodesic between m and o. Then
Txe € Pym.

Indeed, the union of 7w and o, in Observation 5.3, is a vertex-disjoint
union of alternating cycles of even lengths. Clearly, the signs of the
labels of the vertices within each cycle alternate. By Observation 3.2
and Theorem 3.4, a neighbor 7 * e of 7 in &, is in some geodesic
between m and o if and only if a cycle in 7 U o is split into two cycles
in mxeUo. This implies that the vertices of e belong to the same cycle
in mU o, and that their labels have different signs (see Figure 2).

+ - + -
I N N I
+e | .- + o .-
- + - +

TUo TmxelUo

FIGURE 2. Neighbors in a geodesic in &, ..

Here, the dotted edges belong to o and the solid edges
belong to 7.

Corollary 5.4. Let m and o be two matchings in Py, . Every geodesic
between m and o in Py, is contained in Py, .

By Corollaries 5.2 and 5.4, the number of geodesics in &7, between
two elements 7 and o in &, is equal to the number of minimal
factorizations of mo~!. In particular, by Theorem 3.4, an m-cycle m and
the identity of S,, are antipodes in &,,, and the number of geodesics
between them is equal to the number of minimal factorizations of .

Corollary 5.5. The number of geodesics between antipodes in &, is
equal to the number of minimal factorizations of an m-cycle in S,,.

Hurwitz’s result was generalized to enumeration of maximal chains
in the non-crossing partition lattice of any well-generated complex re-
flection group (see [4, Proposition 7.6]). Appropriate generalizations of
Corollary 5.5 to other reflection groups are most desired.
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