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o G = (N, E) simple connected graph, N = {1,...,n}, E C (})

Embedding problem

n —vi|2>1(jeE
minimise E il st Ivi = v . (& )
P vi e R" (i € N)

Where does it come from?

o Weighted Laplacian of G: For edge weights w € RE, wj; > 0,
L. (G) € RN*N is defined as

—wj if ij € E,
Lw(G)ij = Luw(G)ji = { Xikee Wik if i =],
0 otherwise

S Lu(G) =D wi(ei—e)(ei—¢)"

jeE
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Embedding problem

n —vi|2>1(jeE
e Z“vi||2 = HVI VJH = (U )
— vi € R" (i € N)

is (almost) the Lagrangian dual of

Minimise largest eigenvalue of weighted Laplacian L,,(G) (Fiedler '90)

Anl — Ly (G) = 0,
maximise /\—n s.t. ZUGE wij = 1,
wij >0(ijeE), \peR

@ Strong duality: Both programs attain their optimal values which
coincide! (Goring, Helmberg, ReiB)

@ This work provides a combinatorial algorithm to compute the largest
eigenvalue of L, (G) for a bipartite graph.
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Embedding problem

n —v|2P>1(jecE
minimise Z”Vin S.t. HVI VJH = (U )
= vi e R" (i € N)

@ Solvable by a compactness argument.

Existence of 1d optimal embeddings of bipartite graphs

Every optimal embedding V* = (vy,..., v,) of a bipartite
G =(N=WUB,E C W x B) comes with an associated optimal
one-dimensional embedding

oo LIVl e W,
" vEll, if i e B.

(opt. obj. and feasible: 1 < [lv — vi[12 < [Ilv ]| + I III2 < [vi — )

@ Every opt. embedding lives within unit ball.
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Definition
Let G = (N = WUB,E C W x B) connected bipartite graph and

vi — vi||? ij
V = [Vl, NN Vn] € Ran Opt sol. to <minimise S lvil? st {!/I, IG R”J‘(‘i GZV]l-/(Lj;)E) >

Call Gy = (N, {ij € E: vj — vj = 1}) the active subgraph of G w.r.t. V.

v

Optimally embedded graph and active subgraph

Wi
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E ——— |

— Wi

I

@ No isolated vertices in Gy,.
e Let C C Gy connected component with vertex set W(C)UB(C).
Then W(C)>i—yand B(C)>i—y+ 1
o C contributes |W(C)|-y?+ |B(C)| - (1 + y)? to objective.
e Minimal at y. = m =y=yc.
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@ No isolated vertices in Gy,.

e Let C C Gy connected component with vertex set W(C)UB(C).

Then W(C)> i+~ yand B(C)>i—y+1.
o C contributes |W(C)|-y?+ |B(C)| - (1 + y)? to objective.

@ Minimal at y. = % =>y=yc.

Definition
For a bipartite graph C = (W(C)UB(C), E(C)) the embedding

- (5 I
M= I o Wiy~

o dwey
2B wie e

is called the two point embedding (2PE) of C.
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Lemma

Let G = (WUB,E C W x B) be a connected bipartite graph and V' be an
optimal 1d embedding. Then V' decomposes into optimal 2PEs, i.e. there
are partitions (W;)ic7 and (B;)ies of W resp. B such that
G = G[VV, U B,'] — {y(_-,., 1 —i—ycl.} and

Q@ Vwbe E:we W, be B; = yc < yc (feasibility),

@ Vi the 2PE of C; is an optimal embedding of C;.

Conversely, any such decomposition yields an optimal embedding.

Suboptimal and optimal decomposition into 2PEs
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Optimality criterion for two point embeddings
The 2PE of a bipartite graph G = (WUB, E) is optimal
_Ql W] IN6(P)| . W]
S VQCW: ey <1l (& vp c B: WPl > Il where
Ne(Q)={jeWuB:3ieQ:ijeE}

Proof.

=: Observe: —|B(C)| 1B(C))] IW(C) _ [W(C)

ye < Yo < BoHw ) < BEn+Hw e < Bl < T80

Consider @ € W with s > T2l H = 6 [Ne(Q) U Q).
yc+1

Vy > y¢ this embedding is also G\H—

feasible: H— 5 v 11

H's contribution |Q] - y? + [Ng(Q)| - (1 + y)? is min. at y = yy > yg
= the 2PE of G not optimal.

Ol

v
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Optimality criterion for two point embeddings
The 2PE of a bipartite graph G = (WUB, E) is optimal
_el W IN6(P)| < W]
© VR C W: oy < a <<:> VP CB: St 2 |B|) where
Ne(Q)={jeWuB:3ieQ:ijeE}

Proof.
<: If not opt. consider an opt. embedding of G.
The subgraph embedded in the -z 1 1,3

0

1
2

rightmost pair (y,1 + y) of
coordinates is of the form ]
QUNg(Q), @ C W and T

QL . Wl w\Q]
We(Q) ~ 18] ~ TB\Ne(Q)["
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Trees

Optimality criterion for two point embeddings
The 2PE of a bipartite graph G = (WUB, E) is optimal
Q| W] INe(P)| ~ [W]
& VR C W |N(Q)|<|B| ((:)VPCB S >|B|)where
Ne(Q)={jeWuB:3ieQ:ijeE}

That criterion is in general hard to check but simple for trees!

Let T = (WUB,E C W x B) be a tree. The removal of any edge
e=wbe E (we W,be B) decomposes T into two subtrees, namely

the white subtree T%(e) > w

the black subtree T(e) > b

e TP(e) is of the form Q U N7(Q) with Q C W.
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Definition
Let T = (WUB,E C W x B) be a tree.

For every edge e define its label c(e) as T"(e)
(o) = W (T S
1B(T*(e))| To(e)
W]

T is called balanced if Ve € E: c(e) < 8]

Optimality criterion for two point embeddings of trees
The two point embedding of a tree T = (WUB, E)

Waim————— =yr
\B|+|W|
: 4
Boim———=1+yr
|B| + |W]|

is optimal if and only if T is balanced.

v
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Decompose T into balanced (=opt. 2PE) trees!
Algorithm
INPUT: T = (WUB, E) tree. OUTPUT: feasible decomposition into

balanced trees. INITIALISATION: OUT = 0, QUEUE = {T}.
For D € QUEUE do:

Q@ QUEUE + QUEUE\ {D}, D' < D
@ Compute c(e) for every e € E(D).

@ while m = max{c(e): e € E(D)} > [Z{8) do

@ Choose an edge e with c(e) = m. D" (e)
cle)=m
D < D"(e).
@ D« D"(e) Db(e)
© Update edge labels in D.
end while
Q OUT <+ OUT U{D}.
Q@ QUEUE + QUEUE U (D' \ D).

end for
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Example: 1st round of for loop
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Example: 2nd iteration of for loop

W]
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3rd iteration of for loop

<

Opt. decomposition

wloo

Bl
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What's the time?

Worst case running time
For a tree T = (WUB, E) the algorithm makes at most

o <min (W, |B])? - (|W] + |B|)> updates of edge labels.
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And general bipartite graphs?

A subroutine
For a bipartite graph G = (WUB, E) without isolated vertices the set

Ng(X
M:Argmin<| |G)(<| )|:X§B,X75@)
contains a unique element S(G) C B of maximal cardinality which can be
computed in at most min (|W/|,|B|)? - max (|W/, |B|) calls of the tree
algorithm.

e G[S(G)UNg(S(G))] is balanced (i.e. its 2PE optimal).
@ Construct decomposition into balanced subgraphs: Set Gg = G and
inductively G; = G;_1 \ (S(G,'_l) U NG,-fl(S(Gi—l)))
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	Statement of the problem

