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Eulerian polynomials

The sequence of Eulerian polynomials (A,(t))n>1 can be defined by

x" t—1
ZA”(t)ﬁ = et x

n>1

Ange Bigeni ijection which preserves Euler-Mahonian statistics



Introduction Eulerian polynomials
Combinatorial interpretations
g-Eulerian polynomials

Eulerian polynomials

The sequence of Eulerian polynomials (A,(t))n>1 can be defined by
x" t—1
An(t) =
; n(t) nl t— elt=1)x

The first values of An(t) :

Al(t) =1,

Ax(t) =1+,

As(t) =1+ 4t + 2,

Ay(t) =14 11t 4+ 112 + £2.
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Eulerian statistics

Proposition (MacMahon)

We have

An(t) = Z pdes(o) _ Z pexc(o)

geS, cE€G,

where &, is the set of permutations on [n] := {1,2,...,n} and

des(o) = #{i € [n—1],0(i) > o(i + 1)},
exc(o) = #{i € [n],o(i) > i}.
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Eulerian statistics

Proposition (MacMahon)

We have

An(t) = Z pdes(o) _ Z pexc(o)

geS, cE€G,

where &, is the set of permutations on [n] := {1,2,...,n} and

des(o) = #{i € [n—1],0(i) > o(i + 1)},
exc(o) = #{i € [n],o(i) > i}.

@ The integers i € [n — 1] such that o(i) > o(i + 1) are called
descents.
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Eulerian statistics

Proposition (MacMahon)

We have

An(t) = Z pdes(o) _ Z pexc(o)

geS, cE€G,

where &, is the set of permutations on [n] := {1,2,...,n} and

des(o) = #{i € [n—1],0(i) > o(i + 1)},
exc(o) = #{i € [n],o(i) > i}.

@ The integers i € [n — 1] such that o(i) > o(i + 1) are called
descents.

@ The integers i € [n] such that o(i) > i are called exceedances.
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Eulerian statistics

1 2 3 4
Example : 0 = 34 09 1)F€ G4 has des(o) = 2 descents 2
and 3 and exc(o) = 2 exceedances 1 and 2.
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Eulerian statistics

Example : 0 = € G4 has des(o) = 2 descents 2

1 2 3 4
3421
and 3 and exc(o) = 2 exceedances 1 and 2.

A statistic equidistributed with des or exc is said to be Eulerian.

Example : ides defined by ides(c) = des(o™1).
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Mahonian statistics

The g-factorial [n],! is defined as H , ZI
=1 +
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: n1—gq
The g-factorial [n]4! is defined as [] , ZI
i=1 1 —

Proposition (MacMahon)

We have

[n]q! = Z qmaj(a) — Z ¢inv(o)

O’GG,—, Ue@n
where
maj(o) = Z i’
a(i)>o(i+1)
in(o) = #{1 < i <j < n,o(i)>o(j)}.
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Mahonian statistics

: n1—gq
The g-factorial [n]4! is defined as [] , ZI
i=1 1 —

Proposition (MacMahon)

We have

[n]q! = Z qmaj(a) — Z ¢inv(o)

O’GG,—, Ue@n
where
maj(o) = Z i’
a(i)>o(i+1)
in(o) = #{1 < i <j < n,o(i)>o(j)}.

The pairs (i, /) such that i < j and o(i) > o(j) are named
inversions.
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Mahonian statistics

4 . . .
Example : 0 = o) € G4 has inv(o) = 3 inversions

3
4
(1,2), (1,4) and a

1 2
31
(3,4), and maj(o) =1+ 3 =4.
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Mahonian statistics

4 . . .
Example : 0 = o) € G4 has inv(o) = 3 inversions

12 3
31 4
(1,2), (1,4) and (3,4), and maj(c) = 1 +3 = 4.

A statistic equidistributed with maj or inv is said to be Mahonian.
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2-versions of the previous statistics

Let 0 € G,,.
@ A 2-descent of o is an integer i € [n — 1] such that
o(i)>o(i+1)+2.

desy (o) := number of 2-descents of o.
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2-versions of the previous statistics

Let 0 € G,,.
@ A 2-descent of o is an integer i € [n — 1] such that
o(i)>o(i+1)+2.

desy (o) := number of 2-descents of o.

@ The 2-major index maj,(o) of o is defined as the sum of

2-descents of o.
maj,(0) 1= Z i
o()>o(i+1)+2
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2-versions of the previous statistics

Let 0 € G,,.
@ A 2-descent of o is an integer i € [n — 1] such that
o(i)>o(i+1)+2.

desy (o) := number of 2-descents of o.

@ The 2-major index maj,(o) of o is defined as the sum of
2-descents of o.
maj,(0) 1= Z i
o(i)>o(i+1)+2

o A 2-inversion of o is a pair (i,j) € [n]? such that i < j and
0<o(i)—o(j)<2(ie o(i)=0c()+1).

inva(o) := number of 2-inversions of o.
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Two pairs of statistics

Consider the pairs of statistics (maj,, invp) and (maj — exc, exc)
where, for all 0 € &,,.
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Two pairs of statistics

Consider the pairs of statistics (maj,,inv2) and (maj — exc, exc)
where, for all 0 € &,,.
For example, let 0 = 53421 € S5 and 7 = 43251 € Gs.
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Two pairs of statistics

Consider the pairs of statistics (maj,,inv2) and (maj — exc, exc)
where, for all 0 € &,,.
For example, let 0 = 53421 € S5 and 7 = 43251 € Gs.

12 3 4 5
maj(0)=1+3=4
inv(o) =3
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Two pairs of statistics

Consider the pairs of statistics (maj,,inv2) and (maj — exc, exc)
where, for all 0 € &,,.
For example, let 0 = 53421 € S5 and 7 = 43251 € Gs.

12 3 4 5
maj(0)=1+3=4
inv(o) =3 maij(t)- exc(T) 1+2+4 8=1

exc(1)=3

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics
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g-Eulerian polynomials

Let An(q,t) and Ag,z)(q, t) be the g-Eulerian polynomials

A,,(q, t) = Z qmaj(g)—eXC(U) texc(o)7
ceS,

Z qmaj2 mvz( )

O'een
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g-Eulerian polynomials

Let An(q,t) and Ag,z)(q, t) be the g-Eulerian polynomials

A,,(q, t) = Z qmaj(g)—eXC(U) texc(o)7
ceS,

Z qmaj2 mvz )

O'een

Theorem 1 (Shareshian and Wachs, 2014)

For all n > 1, we have

AP (g, t) = An(a, t).
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g-Eulerian polynomials

Let An(q,t) and Ag,z)(q, t) be the g-Eulerian polynomials

A,,(q, t) = Z qmaj(g)—eXC(U) texc(o)7
ceS,

Z qmaj2 mvz( )

O'een

Theorem 1 (Shareshian and Wachs, 2014)

For all n > 1, we have

AP (g, t) = An(a, t).

The proof relies on quasisymmetric function techniques.
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Main result

Theorem 2 (B.,2015)

There exists a bijection ¢ : &, — &, such that
(majy(0), inva(0)) = (maj(1) — exc(T), exc(T))

for all o0 € &,, and T = (o).
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Main result

Theorem 2 (B.,2015)

There exists a bijection ¢ : &, — &, such that
(majy(0), inva(0)) = (maj(1) — exc(T), exc(T))

for all o0 € &,, and T = (o).

This proves combinatorially Theorem 1.

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

First step

Let 0 € &,. We compute a sequence (Cges,(s)s - - - » €1, Co) Such
that > ¢; = inva(0).
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

First step

Let 0 € &,. We compute a sequence (Cges,(s)s - - - » €1, Co) Such
that > ¢; = inva(0).

Let0=dd <d} <...< dgesZ(U) be the 2-descents of o (and
o(0) := +00).
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

First step

Let 0 € &,. We compute a sequence (Cges,(s)s - - - » €1, Co) Such
that > ¢; = inva(0).

Let0=dd <d} <...< dgesZ(U) be the 2-descents of o (and
o(0) := +00).

Principle : for k from desy(o) to 0,
@ we consider the maximal sequence of 2-inversions
(i1,/1),-- -, (ip,Jjp) such that d¥ < iy < ... < i, and
(i) <...<o(ip);
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

First step

Let 0 € &,. We compute a sequence (Cges,(s)s - - - » €1, Co) Such
that > ¢; = inva(0).

Let0=dd <d} <...< dgesZ(U) be the 2-descents of o (and
o(0) := +00).

Principle : for k from desy(o) to 0,
@ we consider the maximal sequence of 2-inversions
(i1,/1),-- -, (ip,Jjp) such that d¥ < iy < ... < i, and
(i) <...<o(ip);
@ we define ¢, > p as 22:1 ng where ng is the number of
consecutive 2-inversions (ig, jq = iy), (ig,j& = i2), ..., and we
erase every of those 2-inversions.
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

First step

Example : 0 = 459321867 € Go.

()

123 4567829
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

First step

Example : 0 = 459321867 € Gg.

(o

123456789
c=1
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

First step

Example : 0 = 459321867 € Go.

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

First step

Example : 0 = 459321867 € .
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

Skeleton of (o)

We construct the skeleton of p(0) € &,,.
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

Skeleton of (o)

We construct the skeleton of p(0) € &,,.

(Main) principle :
© for k from 0 to desy(0), we draw an ascending slope of ¢,
circles at abscissas dy + 1,df +2,...,d5 + .
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

Skeleton of (o)

We construct the skeleton of p(0) € &,,.

(Main) principle :
© for k from 0 to desy(0), we draw an ascending slope of ¢,
circles at abscissas dy + 1,df +2,...,d5 + .

@ we draw ascending slopes of dots at the remaining abscissas.

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

Skeleton of (o)

Example : 0 = 459321867 € Go.
(co,c1,c2) =(2,2,1)

f/ mm
0=004 59|32 18|67

01234567829
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Lelocllins o dhe e

Skeleton of (o)

Example : 0 = 459321867 € Go.
(co,c1,c2) =(2,2,1)

c<©4 532 118]6 7

01234567829

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph.

Labelling of the circles (exceedances of (7))

In order to label the circles (which will be the exceedance values of
(7)) of the skeleton of ¢(c), we compute a word w(co) whose
letters will be the labels of the circles.
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph.

Labelling of the circles (exceedances of (7))

In order to label the circles (which will be the exceedance values of
(7)) of the skeleton of ¢(c), we compute a word w(co) whose
letters will be the labels of the circles.

Definition 1

Let (il,jl), 500 (iinvz(o)ajinvz(a)) (With n<...< iinvz(o)) be the
2-inversions of o.
We define w(o) as the word jija . - - jinys(o)-
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Computation of w(o)

Example : 0 = 459321867 € Go.

()
0=4 59321867

12 3 45 6 7 829
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Computation of w(o)

Example : 0 = 459321867 € Go.

1

()
0=4 59321867

12 3 45 6 7 829

w(o)=4
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Computation of w(o)

Example : 0 = 459321867 € Go.

1 2

()
0=4 59321867

123 45 67 829

w(o)=47

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Computation of w(o)

Example : 0 = 459321867 € Go.
' z

3

()
0=4 59321867

123 45 67 829

w(a)=475

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Computation of w(o)

Example : 0 = 459321867 € Go.
' z

3 4

()
0=4 59321867

123 45 6 7 829

w(0)=4756

Ange Bigeni A new bijection which preser

ves Euler-Mahonian

sta

ti

stics



Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

Computation of w(o)

Example : 0 = 459321867 € Go.

123 45 6 7 89

w(0)=47569
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph.

Labelling of the circles

The idea is to label the circles with the letters of w(o) so that :

Q if / is the label of a circle of abscissa i, then | > i (exceedance
value);
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the circles

The idea is to label the circles with the letters of w(o) so that :
Q if / is the label of a circle of abscissa i, then | > i (exceedance
value);

@ if /; and |, are the labels of two consecutive circles C; and G,
then h < kb < (; and G, are in a same ascending slope;

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the circles

The idea is to label the circles with the letters of w(o) so that :

Q if / is the label of a circle of abscissa i, then | > i (exceedance
value);

@ if /; and |, are the labels of two consecutive circles C; and G,
then h < kb < (; and G, are in a same ascending slope;

© if 4 and  are two labels that can be "exchanged" (i.e., the
circles labelled by /1 and /> respectively can be labelled by 5
and  while respecting the above two rules), then the order of
appearance of /; and k in the graph is the same as in w(o).
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the circles

Example : 0 = 459321867 € &g.

w(o) = 47569

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

Labelling of the circles

Example : 0 = 459321867 € &g.

w(o) = 47569
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Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

Labelling of the circles

Example : 0 = 459321867 € &g.

w(o) = 47569

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

Labelling of the circles

Example : 0 = 459321867 € &g.

w(o) = 47569
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Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

Labelling of the circles

Example : 0 = 459321867 € &g.

w(o) = 47569

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

Labelling of the circles

Example : 0 = 459321867 € &g.

w(o) = 47569

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

Labelling of the circles

Example : 0 = 459321867 € &g.

w(o) = 47569

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the circles

Example : 0 = 459321867 € &g.

w(o) = 47569

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

Labelling of the circles

Example : 0 = 459321867 € &g.

w(o) = 47569

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the circles

Example : 0 = 459321867 € Gg.

w(o) = 47569

() (6)
oo)=  @DN\SS

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the circles

Example : 0 = 459321867 € Gg.

w(o) = 47569

(1) (6)
plo) = @\ 65

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the circles

Example : 0 = 459321867 € Gg.

w(o) = 47569

(1) (6)
plo) = ORANS

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots (non exceedance values of (o)

In order to label the dots (which will be the non exceedance values
of ¢(7)) of the skeleton of p(c), we compute a subpermutation

(o).

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



L . ~ = Skelet graph) of (c
(Simplified) construction of ¢ : &, — G, LaE:IIic:.lg(E;;:';;)g(:apL(ﬂ

Labelling of the dots (non exceedance values of (o)

In order to label the dots (which will be the non exceedance values
of ¢(7)) of the skeleton of p(c), we compute a subpermutation

(o).

Definition 2

Let (ilv.jl)a R (iinvz(a)ajinv2(a)) (With h<..< iinvz(cr)) be the
2-inversions of o.
We define 7(0) as the subpermutation of o whose input set /, is

[n]\{i17 Boooes iinvz(a)}-

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Computation of 7(o)

Example : 0 = 459321867 € Go.

()
0=4 59321867

12 3 45 6 7 829

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Computation of 7(o)

Example : 0 = 459321867 € Go.

()
0=459[3218|67

123456789
m(0)=(3987)

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph.

Labelling of the dots

The idea is to label the dots with the elements of
[n]\{j17j27 s ajinvz(a)} so that :
© if / is the label of the k-th dot (whose abscissa is i), then
I < min(i,i*) (where i¥ is the k-th element of /,);
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

The idea is to label the dots with the elements of
[n]\{jl,_j2, s ajinvz(a)} so that :
© if / is the label of the k-th dot (whose abscissa is i), then
I < min(i,i*) (where i¥ is the k-th element of /,);
@ if 1 and b are the labels of two consecutive dots D; and Ds,
then h < lh < Dj and D, are in a same ascending slope;
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

The idea is to label the dots with the elements of
[n]\{jl,_j2, s ajinvz(a)} so that :
© if / is the label of the k-th dot (whose abscissa is i), then
I < min(i,i*) (where i¥ is the k-th element of /,);

@ if 1 and b are the labels of two consecutive dots D; and Ds,
then h < lh < Dj and D, are in a same ascending slope;

© if 4 and  are two labels that can be "exchanged" (i.e., the
dots labelled by / and £ respectively can be labelled by /; and
h while respecting the above two rules), then if the dots
labelled by /; and |, are respectively the ki-th dot and the
ko-th dot of the graph, we have 1 < h < o(ikt) < o(i*).

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € Gg.

7T(U):<2 6 8 9)

(1) (6)
oo)= D\ ®
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € Gg.

7T(U):<2 6 8 9)

w(o) &A,\

12,3456 123456789
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(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € Gg.

7T(U):<2 6 8 9)

(o) &A’;\
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € Gg.

7T(U):<2 6 8 9)

p(o) = &A’\

12,3456 123456789
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € Gg.

7T(U):<2 6 8 9)

(D) ()
oo)= @D \B \"
1 1,2,3 123

,2 et ot LS Bl B g Lo It b ot Pl 8:
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € Gg.

7T(U):<2 6 8 9)

- S\FE

1,2,3 1,238
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € Gg.

7T(U):<2 6 8 9)

o) - "\A&

1,2,3 2,
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € Gg.

7T(U):<2 6 8 9)

o GG

1,2,3
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € Gg.

7T(U):<2 6 8 9)

L7} 486) %
o) = WA\® N\ s
1.2 1.2, 8
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € Gg.

7T(U):<2 6 8 9)

L7} 48) R
p(o) = @\ & 7
1,2 1,2 8

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



L . ~ = Skelet graph) of ¢ («
(Simplified) construction of ¢ : &, — G, LaE:IIior:]g‘ffr;:E;)g:api\(ﬂ

Labelling of the dots

Example : 0 = 459321867 € Gg.
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € .

71(0):(2 6 8 9)

A
plo) = G A\ 23
J 1 8
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € .

71(0):(2 6 8 9)

A
p(o) = e 9 /’3
2 1 8
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Skeleton (graph) of ¢(o)

(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

Example : 0 = 459321867 € .

71(0):(2 6 8 9)

A
p(o) = e e /3
2 1 8

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



(Simplified) construction of ¢ : &, — G, Labelling of the graph

Labelling of the dots

o = 459321867 € &q.
(o) = 2 6 8 9

Example :

1 2 3 4 5

= 472561398 € Gy.

Skeleton (graph) of (o

)

A new bijection which preser

ves Euler-Mahonian stati
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Skeleton (graph) of ¢(o)
Labelling of the graph

(Simplified) construction of ¢ : &, — G,

=004 5(9|321[8]6 7

0123456789
(maj (0),inv,(0))=(0+3+7,2+2+1)=(10,5)

(D (®)
e(o)=1= @ \ (5) 3
3 1 8

0 1 2 3 45 6 78 9

(maj(1)-exc(1),exc(t))=(2-2+5-2+8-1,2+2+1)=(10,5)

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Extension

Thereafter Open problem

Extension

By using the same quasisymmetric function methode as Shareshian
and Wachs, Hance and Li proved that

Z Xamajz(a)yides(a)z;fs\c/z(a) — Z Xmaj(o)fexc(cr)yexc(o)Zdes(a)
geG, 0eG,

where

asca(o) = #{i € [n—1],0(i) < o(i+ 1)+ 1} (number of 2-ascents),
. Jasco(o) if o(1) =1,
asca(7) = ascp(o) +1 if o(1) #1,

amaj(o) = Z i

o(i)<o(i+1)+1

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Extension

Thereafter Open problem

Extension

The bijection ¢ : &, — &, provides the equality

Z Xmajz(a)yinvz(a)zc@(a) _ Z Xmaj(a)—exc(a)yexc(a)zdes(a)

ceS, ceS,

where

dfv( ) desy (o) under certain conditions,
esy(0) =
2 desp(0) +1 otherwise.

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Extension

Thereafter Open problem

Extension

The bijection ¢ : &, — &, provides the equality

Z Xmajz(a)yinvz(a)zc@(a) _ Z Xmaj(a)—exc(a)yexc(a)zdes(a)

ceS, ceS,

where
— desy (o) under certain conditions,

d =
es2(0) desp(0) +1 otherwise.

By composing with a simple bijection which maps (maj2,ci/e\s/27 invy)
to (amaj,, ascy, ides), we obtain the equality of Hance and Li.

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Extension

Thereafter Opealproblem

Open problem

Z Xmaj2 0’) inva(o Z Xmaj(a) exc(o) exc(a) inv(o)

ceG, oeS,

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



Extension

Thereafter Opealproblem

Open problem

Z Xmaj2 a) inva(o Z Xmaj(a) exc(o) exc(a) inv(o)

ceG, oeS,

Thank you for your attention.

Ange Bigeni A new bijection which preserves Euler-Mahonian statistics



	Introduction
	Eulerian polynomials
	Combinatorial interpretations
	q-Eulerian polynomials

	(Simplified) construction of : Sn Sn
	Skeleton (graph) of ()
	Labelling of the graph

	Thereafter
	Extension
	Open problem


