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Mais le calcul par deux, c'est-a-dire par 0 et par 1,

en récompense de sa longueur, est plus fondamental pour la science,

et donne de nouvelles découvertes, qui se trouvent utiles ensuite,

méme pour la pratique des nombres, et surtout pour la géométrie ;

dont la raison est que les nombres étant réduits aux plus simples principes, comme 0 et 1,
il parait partout un ordre merveilleux.

Gottfried Wilhelm Leibniz

INTRODUCTION
(a primer of the zoology of the shuffle products)



Schiitzenberger's factorization in (A(X), ., 1x+, Ay, €x)
A : commutative and associative Q-algebra with unit. The free monoid
X* is generated by X = {xo, x1} and admits 1x~ as neutral element.
A(X) is endowed with the concatenation and the shuffle.
LynX forms (pure) transcendence basis in (A(X),m, 1x+).

> {Pi}iccynx : basis of Liea(X), where Py is defined by
Pi=1lifle X and P, =[P,,P,]if I € LynX — X and o(/) = (u, v).
» {Pu}wex~ : PBW-L basis of U(Liea(X)) is obtained by putting
Py =Pl Pl forw=1 .l h, o € LynX h >0 > g

> The dual basis {Sy }wex+ of {Py}wex, i€ :
Yu,v € X*, (P,|Sy) = duy
can be obtained by putting

S = xS, for | =xué€ LynX,
1 i i i i
5W:m5ku’lm...m5fknk, for W:/ll.../kk,/1>...>/k.
Theorem (Schiitzenberger, 1958, Reutenauer 1988)
h

Dx = Z wRw= Z Sw® Py = H exp(S @ Py).

weX* weX* leLynX



Factorization in (A(Y), ., 1y«, AL, €y)
The free monoid Y* is generated Y = {yx}«>1 and admits 1y~ as neutral
element. A(Y) is endowed with the concatenation and the quasi-shuffle.
LynY forms (pure) transcendence basis in (A(Y), w1, Ly«).

> Let us consider the following PBW-Lyndon basis for Q(Y')

My, =  m(y), where Vw € YT m1(w) is the primitive polynomial
(-1
ZT Z (wlug s o) Uy .U,
k>1 Up,...,uk€YT
M= [NsMN,], forleLynY —Y and o(l) = (s,r),

My= Nj.Nf, forw=/K . [} h>...>lh... |€LynY.

» The dual basis {X,, }wey+, i.e. Yu,v € Y* (¥,|M,) = d,., can be
computed as follows
1 i i i 1]
I, = I.I!ml,k!z,f” wow T for w= It R > >

Theorem (HNM, 2009)
N
Dy:=> woaw= Y 5,aM,= [ ep(z;@n).

weyY* weyY* l1eLynY




C e que j'a dtd f;o s:mp/t tfux
mais Idtd f(; cela devi
M arce I P uI Schut zen be ge

COMBINATORICS OF
¢-DEFORMED SHUFFLE ALGEBRAS



p-deformed shuffle products
Definition
Let w , be the product Y* x Y* — A(Y) satisfying the conditions :
i) forany we Y*, 1y« w ow=www ly. =w,

ii) forany a,b€ Y and u,v € Y*,
(R) au s ,bv = a(uw ,bv) + blauw ,v) + ¢(a, b)(uw ,v),
where ¢ is an arbitrary mapping defined by its structure constants

p:YXY — AY,
iy)) — > A e

kelCNy

It is said to be dualizable if there exists A, : A(Y) = A(Y) ® A(Y)
such that the dual mapping (A(Y) ® A(Y)) — A((Y) restricts to .

Proposition
(R) and i) define a unique mapping =, : Y* x Y* — A(Y) which is at
once extended by multilinearity as a law =, : A(Y) x A(Y) = A(Y).



Examples

’ Name

\ (recursion) Formula

P

Shuffle

aumbv = a(umbv) + b(aumv)

p=0

Quasi-shuffle

xiuw xjv = x;(uw xjv) + x(Xiu 1w v)
+ Xij(uw v)

o(xiy X)) = Xigj

+ ¢ x4 j(umv)

Min-shuffle xiuw xjv = x;(uw xjv) + x;(x;umv) o(xi, X)) = —Xi4j
sl v)
Muffle xjumxjv = x;(umx;v) + xj(xjumv) o(xi, Xj) = Xixj
+ Xjxj(umv)
g-stuffle  Ixiu s gxjv = xi(uw gxiv) + xj(xiu i gv) | (X, X)) = gxiyj
+ gxiyj(umv)
g-shuffle xiummgx v = x;(umgx;v) + xj(xjumgv) | (i, X)) = ¢ iy

LDIAG(1, g5)

-shuffle

+ x¢ 1 s (v v)

non-crossed, aumbyv = a(umbv) + b(aumv) o(a, b) = qLaHbI(a.b)
non-shifted gl ‘(a b)(ummv)
B-shuffle aumbv = a(umbv) + b(aumv) v(a, b) = (a, b)
+ (a, b) (umv) = (b, a)
Semigroup-  |x;umr) xsv = Xe(umg xsv) + Xs(xeummg v) | (e, Xs) = Xels




Properties of p-deformed shuffle products

Lemma
Let A be the morphism A(Y) — A(Y* ® Y*)) defined on the letters by

Alys) =y @14+1Qys+ > Vo ¥n @ Yim-

n,mel
Then
i) Yu,v,w e Y (uwyviw) = (u® v\A(w)}‘g’2
i) Vwe YT Aw)=wol+1low+ Z w)lu®@ viu®@v.
u,veY+
Theorem

i) The law i, is associative (resp. commutative) if and only if the
linear extension ¢ : AY @ AY — AY is so.

ii) Let v, = (p(x,y)|z) be the structure constants of p, then w, is
dualizable if and only if (’y;y)x%zey has the following property

(Vz € Y)#{(x.y) € Y%, # 0} < +00).



Associative commutative p-deformed shuffle products

Theorem

Let us suppose that ¢ is dualizable. We still denote the dual
comultiplication (of w ) by Ay, : A(Y) — A(Y) ®@ A(Y).

Then B, = (A(Y),conc, ly~, A, €) is a bialgebra. Moreover, if ¢ is
commutative then the following conditions are equivalent

i) By is an enveloping bialgebra.

ii) the algebra AY admits an increasing filtration ((AY),,) ,

€
(AY)o ={0} C(AY)1 C--- C (AY)n C (AY)py1 C -+~
compatible with the multiplication and the comultiplication, i.e.

(AY)p(AY)q  C (AY)piq

A ((AY)n) C ) (AY), @ (AY),.

iii) By, is isomorphic to (A(Y),conc,ly~, Am,¢€) as a bialgebra.

In the previous equivalent cases, ¢ will be called of moderate growth.



p-extended Ree theorem

Lemma (p-extended Friedrichs criterion)
Let S € A(Y)). Then
1. If (S|1y+) =0 then S is primitive, if and only if, for any u
and v € Y, one has (S|uw ,v) = 0.
2. If (§|]1y+) =1, then S is group-like, if and only if, for any u
and v € Y*, one has (S|uw ,v) = (S|u)(S|v).

Theorem (p-extended Ree theorem)
Let AL(Y) = {P € A(Y) | (P|ly.) = O}. Then
1
A (Y) = PydZy,
where

’PY = {P€A<Y>’Amw(P):P®1Y*+1Y*®P}7

Iy = spang{uw ,v}, eyt



p-extended eulerian projectors

Let 77 be the linear endomorphism of A{(Y)) given by the log s, Dy
In particular, for the letters, one has

R -1 /-1
V}/E Y7 WT()/):)/JFZ( /) Z ’)/}{1 ..... x; XL Xl
1>2 Xyenny xeY

where, with the Einstein notation,

y — E y t tj—2
7)(1 ..... x| ’Y)q,tl’}/xz,tg e ’yXI—hXI'
ti,...,tj 2€Y

Proposition
Let Y1 be a copy of Y.
Let q)ﬂf be the conc-morphism of algebras defined as follows :

Ot ADY) — A(Y),
Yy ¢ﬂf(ka):7Tf(yk)'

Then @, is an isomorphism of bialgebras from (A(J1), conc, Am, €y, )
to (A(Y),conc, A, €y).



PBW-Lyndon basis in (A(Y),.,1y-, AL _,e€y)

My, = 7w7(w), fork>1,
M= [NsM,], forleLynY —Y and o(l)=(s,r),
My = NF N, forw=1 . h>...>lh... .l € LynY.

Proposition
{Ny }wey~ is upper triangular :

Yw e Y™, M, =w-+ Z cyVv,

In particular,

vieLyny, =1+ Y cv.
[vI>1i

Theorem

The free associative algebra A(Y') is isomorphic to U(Py).

Py as a A-vector space (A is here supposed to be a field of zero
characteristic) is freely generated by {;}iccyny .



Dual basis in (A(Y),.,1y-, AL, €y)
Here, ¢ is supposed dualizable and the elements {¥, } ey~ (computed
below) are supposed to be polynomials.
{Zw}wey+ = dual basis of {My,}wey+ : Yu,v e Y* (X,|M,)=10,,.
For any w = /’1 /’k with Ii,..., [k € LynY and || > ... > I,
ZW :%Z:‘jwl Ly, ;lefuﬁ .
Proposition ke
{Xw}wey+ is lower triangular :

VweY* T,=w+ Z dyv,

[vI<|wl|

And, in particular,

VieLynY, Ti=I+ Y cv
IvI<i]
Theorem
Let p: AY ® AY — AY be an associative and commutative law.

Then {X}iecyny and {Xy}wey~ are respectively (pure) transcendence
and linear bases of (A(Y), i, 1y+).



p-extended Schiitzenberger's factorization

Theorem
Let Dy := Y waweA(Y)BA(Y).

.

Then Dy = Z Yy, = H exp(X; @ M)).

wey* IeLynY

Corollary

1.

o L‘i;JLpI'Q ttlvllk 2yeeeyig>1
The families {¥," 7% w .. w X, "PF Y e,y and
Lt L iy iy ik 21
{h Wi wpl s TR Ly form bases for Ty .
The family {N;}iecyny is a transcendence basis of A(Y').

. ) i L ey i1 yeenyik 21 ; ;
The family {1, *" wi .. w T~ 7 b 2y is a linear

basis of A(Y').
Iy = PPy 7~

k>2



Lorsque le bon point de vue est poursuivi, la raison est inondée de lumiére,
et les conséquences qu'elle en tire ont alors le caractére de I'évidence.
Néanmoins elle n'a pas la force d’atteindre d’'un seul coup ce point de vue.
Hermann Weyl

BACK TO POLYLOGARITHMS
AND TO HARMONIC SUMS



Polylogarithms and iterated path integrals
The iterated integral, associated to xj, - - - x;, € X*, along the path

d d
79 ~ z and over the differential forms wy(z) = % and wi(z) = ‘

is
1-2'
defined, on any appropiate simply connected domain, as follows

z Z_1
az(1x-) =1 and oéo(xil...x,-k)—/ w,-l(zl).../ wi, (zk).

20 20

For any u,v € X*, one has oZ (umv) = oZ (u)aZ (v).

)
The polylogarithm Lig, ., is well defined and its Taylor expansion is

m
Lis .5 (2) = Z % =3¢ X ), for |z|< 1.
m>nsn>0 LI

Putting Li,«(z) = log" z/k! and using the correspondence

™ s1—1 s —1
s:(sh...,s,)<—>u:ysl...ys,:v:xo1 X1... Xy X1,
Y

one has Q{Li, }wex- = Q(X) and

(Q{Liy wex+, x,1) =2 (Q(X), m, 1x+) = (Q[LynX], m, Lx).



Harmonic sums and quasi-symmetric monomial functions

For any w € Y* associated to s, the quasi-symmetric monomial function,
on the commutative alphabet t = {t;};>1, is defined as follows

My(t) = Ms(t) = > ...t and My, (t) = My(t) = 1.
nm>...>n>0

One has, for any u,v € Y*, M,(t)M,(t) = M, (t).
The multiple harmonic sum

He(N) = H,,(N) := Z -

ny .
N>ni>...>n, >0

1
..ny
is obtained by specializing the indeterminates t = {t;};>1 in the
quasi-symmetric monomial function Ms(t) = M, (t) as follows :
ti = it and Vi> N,t; =0.
Then one has Q{H,, }wey+ = Q(Y) and
(@{HW}WEY*: X, 1) = (Q<Y> L+, 1Y*) = (@[ﬁyﬂy] L+, 1Y*)

Let N,r > 0. Let w associated to (si,...,s,). If s; > 1 then

. . . 1

lm Liy(2) = Jim H(M)=¢w)= > —

Sr°
nt...n
m>..>n>0 1 !



Abel like theorem for noncommutative generating series

N
= ) Li, w=(Li,@ld)Dx = ] &“s",  AyL=LA&L.

weX* IiﬁynX
Zu= [ P AuZy=Zu®Zu.
leLynX—X
Y
=) H,w=H.@IdDy= [[ ™"  AwH=HEH
weY* leLynY
N
Zttj = H G'C(Zl)l_ll7 A&_}Z&_} :th_j@th_j
leLynY —{»}

Theorem (HNM, 2005)
Nk
iZ}TyL(z)—,Jinmexp{ZHyk(N)( f) }H(N)—mzm.

k>1

li -y |

Or equivalently,

1 k
L(z)~7exp [xl log T }Z and H(N) e exp[ ZHW ) :|7TyZm.

k>1



Finite parts of divergent polyzetas
For any w € Y* and k € N, there exists vy, a, 5ij € Z[7], such that

7 k -1
i 1 i 1
H,(N) = Z;a; log' (N) + 7w + z; z; By log (N) + O(Nk).
i= j=1 i=
Let us define then
Z, = Z Y W.
weY*

Ve is a character and Z, is then group-like, for A .
The monoidal factorization yields

Z,=e"MZy and Z,=T(y+ )7ryZy.
Hence, by cancellation, we get finally

Zu = B'(y1)nyZy, where B'(y1) =1+ Z B(mym
m>2
and for any m > 2,
Lm/2]



Homogenous algebraic relations among local coordinates

l [ Relations among {C(zl)}leﬁan—{yl) “ Relations among {C(SNYiecynx —x

3 C(zyzn) = %C(Zy3) C(SXOX) = C(szxl)

4 C(Ty,) = E(E,) (Sg) = 5<(sxm)2
(Typn) = Ty (Sg2) = H¢(Sxn )
C(F,,,2) = 2¢(z,)? (S8) = 2¢(Sqm )?

5 @(zy3yz) = 3((zy3)<(zy2)*5<(zy5) <(ngx12) = —¢(S 0 )C(5x0x1)+2<(5X6le)
C(Tyry) = —C(E3)(T0) + 3¢(Ty) CS2ngn) = ~36(5a) 65,2, )(S00x)
((Fpz,) = 3ER)(ER) — B(E) C(52.3) = —C(S2,)6(S0x) +26(S8,)
(E,2) = 5C(Ey) o) = %<(5X4X1>
C(F,8) = FS(ER)(T,) + §4(Ty) (S p) = C(5a,)

6 () = £CE,)° Ggy) = 35S0’
() = C(Fy)® — 7146(T0) C(52) = 5¢(S0n)’ — 3652,
C(zy5y1) = %C(Zy2)3— %C(Zy3)2 C(5X3X1X0X1) = 105C(5x0x1)3
C(Eyayyn) = —35¢( )3+%§(Zy3) §(5X3X13) = 33(( xoxl) —¢(S, 1)2
C(Zyapy) = 3¢(5y)* = F¢(5y) S 2npd) = 2¢(Sxx )’
C(F,,2) = 54En) = §6(E) S2.2x) = ~H0¢(Sn)’ + 3¢(S0,, )
(2 = Hemy,)? - 2Ty) (Sg.8) = S (S )% — 2<(sxle)2
CFy,8) = #7¢(Ep)° S pxx3) = 318500 = ¢ (5X2x1)2
(=, = L=y + £¢(Ty) (Sue) = £ (S’




Homogenous rewriting systems among local coordinates

[ [ Rewriting among {CCEDecyny—11) [[ Rewriting among {<(5N}ecynx—x

3 C(Zygyl) - %C(Zyg) C(SXOX%) — C(ngxl)

4 C(Ey) = 3C(E,) gy) ~ 2¢(Sem )?
C(Eyan) = 56(5y) (Se2) — 75¢(Sxpx )
(E,2) > 3=y (503) = 2¢(Sqm)?

5 C(Xysyn) = 3C(2y3)C(%y,) — 5¢(2y5) C(ngx%) - *((SXgXl)C(Sxoxl)+2<(5X3Xl)
() = —C(Ey3)C(Ey,) + 3C(Ey) ) fgc(sxgxlw((sxgxl)c(sxoxl)
Fp,) 3C(Ey3)¢(Ey,) — BE(Sy) Sg3) = <52, )(S0x) +26(5,)
C(Zy3y12) = $5¢(Zy) X0X1Xox12) - %C(Sxéxl)
C(F,8) = 5E)0(T,) + §4(Ty) C(Sg) = C(5a,)

6 ((Fy) = ZCEL)° Ggy) = 550
(Eyayy) = C(E)* = £C(5)° C(S2) = 5C(Sn)’ — 3¢Sz,
C(Zyy) — %C(Zy2)3—%<(zy3)2 <(5X03X1X0X1) - &C(SXMP
Tyanm) = —3E,)? + ¢(E),) (Sg3) =~ %c(sxoxl)Lc(sxgxl)2
(Tyarn) = 3(Ty3)* = FCETY,)? CS2aspd) = 25 (S )’
(Z,0) = 8E,) — 3, US2.2,00) = —B6C(Sgn)’ +3(S2, )
Tz ~ Hezy,)? - 3m,,)? Sg8) — S (S )® — %c(sxgxf
¢(F,,,8) — F#C(Ey,)? Sugd) ~ %c(sm)tqsxgxf
(5,0 — Te(m),)® + 5¢(5y,) (Sg8) = EYCARL




Polyzetas and Zagier's dimension conjecture

The length and the weight of ys, ...ys € Y™ are respectivement
the numbers |w|=r and (w) =51+ ...+ s,.

Theorem

[E(0): C(E00) C(E10), C(E,): €T 00): C(E),
() CEn)- C(Eyy0): €T 000). C(E 200))

(resp. {C(Sum)s C(S2s)+ (St << S\ (Xoxlxoxlmsxexl)

C(Suprnont)s C(S0 ) CSsgntrand ) C(Suantaond): C(Supntons)}

are algebraicly independant if and only if the Zagier's dimension
conjecture holds up to weight 12.

©

Conjecture (Zagier, 1992)

Let d, = dim ofspanQ{C(sl, oo S)lsi+ ...+ s =n}.
Thend; =0, db=d3s=1andVn>4,d,=d, >+ d,_3.



More about polylogarithms and harmonic sums

Let Lig(z) := 1 and, for any |z|< 1, N € N4, let
—Z
Li, (z) := Z nt...mrz™m and H (N):= Z ny...ony.
m>...>n>0 N>ni>...>n,>0
Ti= Y L, w and H := > H,w.
wey wey
One has
LIW(Z) — N
1 —z - Z HW(N) z,
N>0
and
H™(N) = (1+Zyka)H (N—1) H<1+Zykn ) = > HL(N)w
k>1 k>1 weys

Hence, for any w € Y*, H, (N) =0, for |w|> N, and w(Li,, ) =|w/|.



Extended Eulerian polynomials

Proposition
1. Let {A,,(2)}wey+ be the polynomials defined recursively as follows

n—1
ZAn’kzk if w=y,€eyY,
k=0

;(Z) - S1 s

1 — . o *

> <I_>Ay,.Ay(5ﬁ52f)y%myh if w=yweYY,
i=0

where A, « are Eulerian numbers. Then

L, (2) = (1 = z> ' (1AV_VS()w) :

2. For any w € Y*, let us define {G,, (n)},en by the following
generating series

(1) o, Lig(e)
,§Vi(nw|)!GW() 1—z°
Then H,(N) = (N + 1)N(N — 1)... (N— |w| +1)G, (N).
3. L:r;(j) € Q[(1 — 2)7'] and H,(N) € Q[N] of degree |w| +(w) and
of valuation 1.




Extended Faulhaber’s formula

Denoting By, (z) is the k-th Bernoulli polynomial, we define the
polynomials {B,(z)}wey~+ recursively as follows

Bu(z+1) = B,(2) + kz" " 'B,(z) if w=yueYY*"
Thus, for any w = yxu € YY* such that k > 1, one has B, (0) = B, (1).

Proposition
For any w € Y*, let b,, :== B,(0) and ,,(z) := B,(z) — by. Then

Vs oo ys, €Y7, By, .. v ( )—Z(HS,)bs A ys1 1Ys; L ().

=1 i=1

Conversely, one also has

ﬁ)@ﬁlw}’s, N + 1 Z b Sip1+1ee }/sr+16}/51+1 Ysi+ (N + 1)

r

[T +1)

k=1




Examples by computer (1/2)

Example (r = 1)
z 1 1

LII(Z): (](—2)2)_1—Z+(1_Z)2'

o z(z+1 1 3 2

L12(Z)I (1_2)3 = 1—27(1—2)2+(1—Z)3'

Lic(s) — (22 +4z+1) B 1 7 12 20

i3 (2) = (1—2) _71_z+(1—z)27(1—2)3+(1_Z)4'

Example (r = 2)

Lip;(z) = Lio(2) Li; (2) + (LiZy(2))°
1 3 3 1
i g i i e R g
Liy,;(z) = Lio(z) Liz (2) + 3Li; (2) Li, (2)
_ 1 _ 9 i 17 _ 23 _ 14
1-z (1-22 (1-283 (@(1-2¢ (@1-25
Lij ,(z) = Lio(2) Liz (2) + Li; (2) Li; (2)
1 7 9 13 18

-z =22 (=2 U—2° (Q-2p




Examples by computer (2/2)

Example (r = 1)

2
Hy (N) = Gyt —ap = JN(N +1),

Hy (N)= J(N+1)* = 3(N+1)?+ L(N+1) = iNQ2N+1)(N+1),
Hy (N) = J(N+1)* = 3N +1)° + (N +1)2 = (3NN +1))°.

Example (r = 2)

Hy 1 (N) = 135 N(N? — 1)(10N? + 15N + 2),

H; ,(N) = 735 N(10N® + 12N* — 10N3 — 35N2 4 5N + 3),

Hy5(N) = LN2(N — 1)(2N2 + N — 2)(N + 1)2,

Hy ,(N) = g5N(N + 1)(12N® + 6N° — 35N* — 10N3 + 30N2 + N —5),
H, 5 (N) = 135 N(N — 1)(N + 1)(20N® + 30N° — 50N* — 75N + 312

+40N — 4),

33(N) = 5gN(N — 1)(N + 1)(6N® + 12N* — 2N3 — 12N? — N + 2),
56(N) = 7 N(N + 1)(252N™ + 504N — 1638N° — 3213 N8 + 4998 N7
+8232N° — 9360N° — 9897 N* + 10170N3 + 4383N? — 4411N + 1).



More on structures
Theorem
L. {H, }xk>1 (resp. {Liy, }x>1) are linearly independent.
2. There is a law of algebra T in Q(Y'), such that following maps are
morphisms of algebras
H, : (Q<Y>7 ttj)—>((@{H;}WEY*7')7 W}—>H;v
Ly (Q(Y), T) — (Q{L, twevs,-), w— Li,
and, moreover, kerHy = kerLi;, = Q{w — wT1{|w e Y*}.
3. H™ is group-like, for A ;.
4. Foranyw € Y™, let C,, = H

w=uv,v#1lyx

- (Jw|+ (w))!t
L (Z) 731 Z (1 _ Z WH w) C
WEY *

H(N) o D NI w,

wE Yk

1
——— €Q. Then
(v)+ v



Les choses I'univers ne se lassent jamais de parler d’elles-méme
et de se révéler, a celui qui se soucie d’entendre.
Alexandre Grothendieck

THANK YOU FOR YOUR ATTENTION



