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Pierre-André Picon, PAP or PA as we used to call him



The question/1

Throughout the talk, A stands for a Q-algebra (associative,
commutative with unit). In order to make the exposition no
heavier than absolutely necessary, details will not always be
provided but can, of course, be on request or through references ...

On the 17th of August (2015) ...



The question



Exponential formula



Shuffles/1



Shuffles/2

... this reinforces my motivation to advocate in favour of the ease,
utility and deepness of shuffle products and (some of) their
deformations.

Shuffle products and their deformations appear in many contexts

I representation theory

I iterated integrals

I Dyson series

I Hecke algebras

I symmetric functions

I decomposition of polytopes

I computer science : theory of languages, of codes, of automata



The formula of shuffle product in brief

Considering two (non empty) words as card decks au, bv the top
cards being respectively a, b, the shuffle product of au and bv reads

au ttbv = a(u ttbv) + b(au ttv) (1)

which is the sum of all possible shuffles between au and bv (two
disjoint cases a or b on top).
Formula (1) together with the initialization making neutral the
empty word i.e.

w tt1 = 1 ttw = w (2)

defines perfectly the shuffle product.



A first deformation : the stuffle product

The stuffle product (also called Hoffman’s shuffle, quasi-shuffle,
sticky shuffle) appears in many contexts (harmonic sums, lambda
rings, quasi-symmetric functions). This time, the set of cards is
infinite, more precisely, you have an alphabet {yi}i∈N>0 indexed by
non-zero integers. The stuffle law is defined recursively as

w ∗ 1 = 1 ∗ w = w
yiu ∗ yjv = yi (u ∗ yjv) + yj(yiu ∗ v) + yi+j(u ∗ v) (3)

the term yi+j(u ∗ v) is the reason why certain physicists call it
“sticky shuffle” because, in this case, the cards yi , yj stick together.



Shuffle via Dyck paths

a b c d e

s

r

q

p

Path which contributes apbqcdres in the shuffle product abcde ttpqrs.

u ttv =
∑

π∈D(|u|,|v |)

ev(π, u, v)

D(p, q) = {π ∈ {n, e}∗ | |π|e = p, |π|n = q}



Stuffle via Motzkin paths

y3 y2 y5 y1 y4

y2

y4

y1

y3

Path which contributes y6y2y1y5y1y8y2 in the stuffle product
y3y2y5y1y4 y3y1y4y2.

u v =
∑

π∈M(|u|,|v |)

ev(π, u, v)

M(p, q) = {π ∈ {n, e, d}∗ | |π|e,d = p, |π|n,d = q}

Remark The evaluation of the diagonal steps are here
ϕ(yi , yj) = yi+j but ϕ : Y × Y → AY can be arbitrary.



ϕ-shuffle

In this case the recursion becomes

w ttϕ1 = 1 ttϕw = w
yiu ttϕyjv = yi (u ttϕyjv) + yj(yiu ttϕv)

+ϕ(yi , yj)(u ttϕv) (4)

Where Y = {yi}i∈I is an indexed alphabet and ϕ : Y ×Y → AY is
defined by its structure constants

ϕ(yi , yj) =
∑
k∈I

γki ,jyk (5)

We get the following (not exhaustive) zoology found in the
literature.



What can be found in the literature ?
Name Formula (recursion) ϕ

Shuffle au ttbv = a(u ttbv) + b(au ttv) ϕ ≡ 0
Stuffle xiu xjv = xi (u xjv) + xj (xiu v) ϕ(xi , xj ) = xi+j

+ xi+j (u v)
Min-stuffle xiu xjv = xi (u xjv) + xj (xiu v) ϕ(xi , xj ) = −xi+j

− xi+j (u v)
Muffle xiu q xjv = xi (u q xjv) + xj (xiu q v) ϕ(xi , xj ) = xi×j

+ xi×j (u q v)
q-shuffle xiu qxjv = xi (u qxjv) + xj (xiu qv) ϕ(xi , xj ) = qxi+j

+ qxi+j (u qv)

q-shuffle2 xiu qxjv = xi (u qxjv) + xj (xiu qv) ϕ(xi , xj ) = qi.jxi+j

+ qi.jxi+j (u qv)
LDIAG(1, qs)

(non-crossed, au ttbv = a(u ttbv) + b(au ttv) ϕ(a, b) = q
|a||b|
s (a.b)

non-shifted) + q
|a||b|
s a.b(u ttv)

q-Infiltration au ↑ bv = a(u ↑ bv) + b(au ↑ v) ϕ(a, b) = qδa,ba
+ qδa,ba(u ↑ v)

AC-stuffle au ttϕbv = a(u ttϕbv) + b(au ttϕv) ϕ(a, b) = ϕ(b, a)
+ ϕ(a, b)(u ttϕv) ϕ(ϕ(a, b), c) = ϕ(a, ϕ(b, c))

Semigroup- xtu tt⊥xsv = xt(u tt⊥xsv) + xs(xtu tt⊥v) ϕ(xt , xs) = xt⊥s

-stuffle + xt⊥s(u tt⊥v)
ϕ-shuffle au ttϕbv = a(u ttϕbv) + b(au ttϕv) ϕ(a, b) law of AAU

+ ϕ(a, b)(u ttϕv)



An example of complicated ϕ

In order to get return of nice properties, ϕ must be at least
associative but, even in the AC (Associative, Commutative) and
“natural” cases, its structure constants can be very complicated.
As an example, let us invoke the truncated Hurwitz polyzêta
functions given by :

∀N ∈ N>0, ζ
N

(s, t) =
∑

N>nr>...>n1>0

1

(n1 − t1)s1 . . . (nr − tr )sr
(6)

In order to obtain the product law, we will use here two alphabets
Y = {yi}i∈N>0 , Z = {zt}t∈C\N>0

, the (free) submonoid M
generated by Y × Z . We now have a product on the indices
such that for all indices and N ∈ N

ζN
(
(s, t) (s′, t′)

)
= ζN(s, t)ζN(s′, t′) . (7)



Recursion for
Let Y = {yi}, Z = {zt} and M as above.
The huffle is defined as a bilinear product over k[M] = k〈Y × Z 〉
such that

∀w ∈ M∗, w 1N∗ = 1N∗ w = w ,

∀yi , yj ∈ Y 2, ∀zt , zt′ ∈ Z 2, ∀u, v ∈ N∗2,

t = t ′ ⇒ (yi , zt)u (yj , zt)v
= (yi , zt)(u (yj , zt)v) + (yj , zt)((yi , zt)u v)
+(yi+j , zt)(u v)

t 6= t ′ ⇒ (yi , zt).u (yj , zt′).v
= (yi , zt). (u (yj , zt′).v) + (yj , zt′). ((yi , zt).u v)

+
i−1∑
n=0

(
j − 1 + n

j − 1

)
(−1)n

(t − t ′)j+n
(yi−n, zt). (u v)

+

j−1∑
n=0

(
i − 1 + n

i − 1

)
(−1)n

(t ′ − t)i+n
(yj−n, zt′). (u v) .



Recursion for /2

The reason of this bizzarely shaped ϕ stands in the following
(exercise) lemma

Lemma
For any integers s, r ≥ 1, for any complex numbers a, b 6= a :

∀x ∈ C \ {a, b}, 1

(x − a)s(x − b)r
=

s∑
k=1

ak
(x − a)k

+
r∑

k=1

bk

(x − b)k
(8)

where, for all k ∈ {1, . . . , s}, ak =

(
s + r − k − 1

r − 1

)
(−1)s−k

(a− b)s+r−k

and, for all k ∈ {1, . . . , r}, bk =

(
s + r − k − 1

s − 1

)
(−1)r−k

(b − a)s+r−k .



Shuffle and ϕ-shuffle characters

Series S which satisfy the following equations{
〈S |1〉 = 1,

〈S |u ttv〉 = 〈S |u〉〈S |v〉, (∀u, v ∈ Y ∗)
(9)

can legitimately be called shuffle characters. If you replace tt by
ttϕ, then S is a ϕ-shuffle character (remark that (uttϕv) is, in any
case, a polynomial). We have two famous examples of such
characters :

I Solutions of differential equations (shuffle, linked to special
functions and combinatorial physics, see e.g. SLC 74)

I Harmonic sums (stuffle, linked to polyzêtas)



Dual formulation
One can set

∆ttϕ(S) =
∑

u,v∈Y ∗
〈S |uttϕv〉u ⊗ v (10)

(it is a double series and a linear form on the space of double
polynomials). System (9) can be rephrased as{

〈S |1〉 = 1,
∆(S) = S ⊗ S , (as linear forms)

. (11)

These elements are called group-like and as it can be checked
easily that ∆(ST ) = ∆(S)∆(T ), these series form a group (for the
concatenation product) called the Hausdorff group (for ∆ttϕ).
This group is an infinite-dimensional Lie group, with a nice log-exp
correspondence and Lie algebra, the space of series s.t.

∆(S) = S ⊗ 1 + 1⊗ S (12)

these elements are called primitive.



Dualizability of ϕ-deformed shuffle products

Definition
Let ϕ be the product Y ∗ × Y ∗ → A〈Y 〉 satisfying the conditions :

i) for any w ∈ Y ∗, 1Y ∗ ϕw = w ϕ1Y ∗ = w ,

ii) for any a, b ∈ Y and u, v ∈ Y ∗,
(R) au ϕbv = a(u ϕbv) + b(au ϕv) + ϕ(a, b)(u ϕv),

where ϕ is an arbitrary mapping defined by its structure constants

ϕ : Y × Y −→ AY ,

(yi , yj) 7−→
∑

k∈I⊂N+

γki,j yk .

It is said to be dualizable if there exists ∆ ϕ
: A〈Y 〉 → A〈Y 〉 ⊗ A〈Y 〉

such that the dual mapping
(

A〈Y 〉 ⊗A〈Y 〉
)∗
→ A〈〈Y 〉〉 restricts to ϕ.

Proposition
(R) and i) define a unique mapping ϕ : Y ∗ × Y ∗ → A〈Y 〉 which is at
once extended by multilinearity as a law ϕ : A〈Y 〉 × A〈Y 〉 → A〈Y 〉.



What are the dualizable ϕ-shuffles among our examples
Name Formula (recursion) ϕ

Shuffle au ttbv = a(u ttbv) + b(au ttv) ϕ ≡ 0 (Y)
Stuffle xiu xjv = xi (u xjv) + xj (xiu v) ϕ(xi , xj ) = xi+j

+ xi+j (u v) (Y) if i , j ∈ N
Min-stuffle xiu xjv = xi (u xjv) + xj (xiu v) ϕ(xi , xj ) = −xi+j

− xi+j (u v) (Y) if i , j ∈ N>0

Muffle xiu q xjv = xi (u q xjv) + xj (xiu q v) ϕ(xi , xj ) = xi×j

+ xi×j (u q v) (N) for i , j ∈ Q>0

q-shuffle xiu qxjv = xi (u qxjv) + xj (xiu qv) ϕ(xi , xj ) = qxi+j

+ qxi+j (u qv) (Y) if i , j ∈ N
q-shuffle2 xiu qxjv = xi (u qxjv) + xj (xiu qv) ϕ(xi , xj ) = qi.jxi+j

+ qi.jxi+j (u qv) (Y) if i , j ∈ N
LDIAG(1, qs)

(non-crossed, au ttbv = a(u ttbv) + b(au ttv) ϕ(a, b) = q
|a||b|
s (a.b)

non-shifted) + q
|a||b|
s a.b(u ttv) (Y)

q-Infiltration au ↑ bv = a(u ↑ bv) + b(au ↑ v) ϕ(a, b) = qδa,ba
+ qδa,ba(u ↑ v) (Y)

AC-stuffle au ttϕbv = a(u ttϕbv) + b(au ttϕv)
+ ϕ(a, b)(u ttϕv) depends on ϕ, AC law

Semigroup- xtu tt⊥xsv = xt(u tt⊥xsv) + xs(xtu tt⊥v) ϕ(xt , xs) = xt⊥s

-stuffle + xt⊥s(u tt⊥v) depends on the semigroup
ϕ-shuffle au ttϕbv = a(u ttϕbv) + b(au ttϕv) ϕ(a, b) law of AAU

+ ϕ(a, b)(u ttϕv) depends on ϕ, ass. law



Properties of ϕ-deformed shuffle products
Lemma
Let ∆ be the morphism A〈Y 〉 −→ A〈〈Y ∗ ⊗ Y ∗〉〉 defined on the letters by

∆(ys) = ys ⊗ 1 + 1⊗ ys +
∑
n,m∈I

γsn,m yn ⊗ ym.

Then

i) ∀u, v ,w ∈ Y ∗, 〈u ϕv |w〉 = 〈u ⊗ v |∆(w)〉⊗2.

ii) ∀w ∈ Y +,∆(w) = w ⊗ 1 + 1⊗ w +
∑

u,v∈Y +

〈∆(w)|u ⊗ v〉u ⊗ v.

Theorem

i) The law ϕ is associative (resp. commutative) if and only if the
linear extension ϕ : AY ⊗ AY −→ AY is so.

ii) Let γzx,y := 〈ϕ(x , y)|z〉 be the structure constants of ϕ, then ϕ is
dualizable if and only if (γzx,y )x,y ,z∈Y has the following property

(∀z ∈ Y )(#{(x , y) ∈ Y 2|γzx,y 6= 0} < +∞).



Associative commutative ϕ-deformed shuffle products
Theorem
Let us suppose that ϕ is associative and dualizable. We still denote the
dual law of ϕ by ∆ ϕ : A〈Y 〉 −→ A〈Y 〉 ⊗ A〈Y 〉 ;
Bϕ := (A〈Y 〉, conc, 1Y ∗ ,∆

ϕ
, ε) is a bialgebra. The following

conditions are equivalent

i) Bϕ is an enveloping bialgebra (CQMM theorem)

ii) (A without ZD) the algebra AY admits an exhaustive filtration
((AY )n)n∈N

(AY )0 = {0} ⊂ (AY )1 ⊂ · · · ⊂ (AY )n ⊂ (AY )n+1 ⊂ · · ·
compatible with comultiplication, i.e.

∆ϕ((AY )n) ⊂
∑

p+q=n

Im((AY )p ⊗ (AY )q).

iii) Bϕ is isomorphic to (A〈Y 〉, conc, 1Y ∗ ,∆tt, ε) as a bialgebra.

iv) For all y ∈ Y , the following series is a polynomial.

π1(y) = y +
∑
l≥2

(−1)l−1

l

∑
x1,...,xl∈Y

〈y |ϕ(x1 . . . xl)〉 x1 . . . xl .

In the previous equivalent cases, ϕ will be called moderate.

From now, we suppose ϕ associative, dualizable and moderate.



ϕ-extended Eulerian project

Theorem (ϕ-extended Eulerian projector)

Let Φπϕ
1

be the endomorphism of (A〈Y 〉, conc , 1Y ∗) defined on the
letters by

∀y ∈ Y , πϕ1 (y) = y +
∑
l≥2

(−1)l−1

l

∑
x1,...,xl∈Y

γyx1,...,xl
x1 . . . xl ,

γyx1,...,xl
=

∑
t1,...,tl−2∈Y

γyx1,t1
γt1
x2,t2

. . . γ
tl−2
xl−1,xl .

Then Φπϕ
1

is an automorphism of (A〈Y 〉, conc , 1Y ∗) which is an
isomorphism of bialgebras from (A〈Y 〉, conc,∆tt, εY ) to
(A〈Y 〉, conc,∆ ϕ , εY ).



Pair of bases in duality in (A〈Y 〉, ., 1Y ∗,∆ ϕ
, εY )

Πyk = πϕ1 (yk), for k ≥ 1,

Πl = [Πs ,Πr ], for l ∈ LynY − Y and σ(l) = (s, r),

Πw = Πi1
l1
. . .Πik

lk
, for w = l i11 . . . l

ik
k , l1 > . . . > lk , l1 . . . , lk ∈ LynY .

Here, ϕ is supposed commutative, associative, dualizable and moderate.
One can prove (through Φ∨

πϕ
1

) that the elements {Σw}w∈Y ∗ (computed

just below) are polynomials.
{Σw}w∈Y ∗ = dual basis of {Πw}w∈Y ∗ : ∀u, v ∈ Y ∗, 〈Σv |Πu〉 = δu,v .

For any w = l i11 . . . l
ik
k , with l1, . . . , lk ∈ LynY and l1 > . . . > lk ,

Σw =
1

i1! . . . ik !
Σ ϕi1

l1 ϕ . . . ϕΣ ϕik
lk

.



Triangularity

Proposition

{Πw}w∈Y ∗ is upper triangular and {Σw}w∈Y ∗ is lower triangular :

∀w ∈ Y ∗, Πw = Pw +
∑
|v |>|w |

cvv , Σw = Sw +
∑
|v |<|w |

dvv .

=⇒ ∀l ∈ LynY , Πl = Pl +
∑
|v |>|l |

cvv , Σl = Sl +
∑
|v |<|l |

cvv .

Where the families (Pw )w∈Y ∗ ; (Sw )w∈Y ∗ are computed as in slide
(24) but with ϕ ≡ 0.



Combinatorial structure of (A〈Y 〉, ., 1Y ∗,∆ ϕ
, εY )

Theorem
Let PY be the space of primitive elements in Bϕ and IY , the space
generated by the proper shuffles.

1. The free associative algebra A〈Y 〉 is isomorphic to U(PY ).

2. PY as a A-module is freely generated by {Πl}l∈LynY .

3. The polynomials {Σl}l∈LynY and {Σw}w∈Y ∗ are (pure)
transcendence and linear bases, respectively, of (A〈Y 〉, ϕ, 1Y ∗).

4. The families {Σl1
ϕi1

ϕ . . . ϕΣlk
ϕik}i1,...,ik≥1,k≥2

l1,...,lk∈LynY and

{l ϕi1
1 ϕ . . . ϕl ϕik

k }i1,...,ik≥1,k≥2
l1,...,lk∈LynY form bases for IY .

5. {Πl}l∈LynY and {Πl1
ϕi1

ϕ . . . ϕΠlk
ϕik}i1,...,ik≥1

l1,...,lk∈LynY are,
respectively, (pure) transcendence and linear bases of A〈Y 〉.

6. IY =
⊕
k≥2

P ϕk
Y .



Schützenberger’s factorization

Theorem (ϕ-extended Schützenberger’s factorization)
Let DY :=

∑
w∈Y ∗

w ⊗ w. Then

DY =
∑
w∈Y ∗

Σw ⊗ Πw =

↘∏
l∈LynY

eΣl⊗Πl .

Application Let S be a ttϕ character then, applying S ⊗ Id on
each member one gets

S = (S ⊗ Id)(
∑
w∈Y ∗

w ⊗ w) =

↘∏
l∈LynY

e〈S |Σl 〉Πl (13)

Which provides a Wei-Norman type system of local coordinates on
the Hausdorff group.



Conclusion

We have investigated more deeply the ϕ-deformed shuffle products
(work in progress).

I as soon as ϕ is associative we get a Hopf algebra

B∨ϕ = (A〈X 〉, ttϕ, 1X∗ ,∆conc , ε)

I if, moreover ϕ is commutative, we have Radford’s theorem

I if, moreover ϕ is dualizable, we get a dual bialgebra
Bϕ = (A〈X 〉, conc , 1X∗ ,∆ttϕ , ε)

I if, moreover ϕ is moderate (A〈X 〉, conc , 1X∗ ,∆ttϕ , ε) is the
enveloping algebra of its primitive elements and one can
compute effectively

I bases in duality
I Schützenberger’s factorization (which gives a system of local

coordinates on the Hausdorff group).


