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Acyclic automata



Acyclic deterministic finite automata

Let > be an alphabet of k symbols.

An acyclic automaton of n states on X: (i, A, )
e je[n] aninifial state ,
o AcC[n] asetof accepting states,
e 0:[n] x X —[nJu{0} atransition function
such that

vge[n],Ywext, §*(q,w)#aq.
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e je[n] aninifial state ,
o AcC[n] asetof accepting states,
e 0:[n] x X —[nJu{0} atransition function
such that

vgen, Ywex*, 4 (q,w)#q.

where () is the absorbing sfate and §* is the transition function
extended o words.
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LISKOVETS, 2003

Theorem:

T = (-0 (3) (0= s+ e T - 9
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with 74(0) = 1.
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Theorem:
& s—1 n ks
T = (-0 (3) (0= s+ e T - 9
s=1
with T, (0) = 1.

Particular case: J. KUNG & C. YAN, 2003

n

P(x;n) = (-1)"" <2) x(n=s+1)°P(x;n—5s)

s=1

with x : N — N a non-decreasing map.
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Parking function
KONHEIM and WEISS, 1966

Combinatorial object: Modeling hashes

f:[nN]—N. suchthat  #f'([K]) >k

for any k € [n].
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Parking function
KONHEIM and WEISS, 1966

Combinatorial object: Modeling hashes

f:[n] — Ny such that  #f~'([k]) > k
for any k € [n].

Interests:
(Labeled) rooted trees,
Prufer sequences,
Hyperplan arrangements
n! conjecture
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Parking function
KONHEIM and WEISS, 1966

Combinatorial object: Modeling hashes

f:[n] — Ny such that  #f~'([k]) > k
for any k € [n].

Interests:
(Labeled) rooted trees,
Prufer sequences,
Hyperplan arrangements
n! conjecture

Parking functions on {1,2,3}: F[3]

111,112,121,211,122,212,221,113,131,311,
123,132,312,213,231, 321
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Generalized parking function

STANLEY and PITMAN, 2002; KuNG and YAN, 2003.

x-parking function: Let x : N, — N be non-decreasing.

f:[n] - Ny suchthat  #f " ([x(K)]) >k

for any k € [n].
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x-parking function: Let x : N, — N be non-decreasing.

f:[n] - Ny suchthat  #f " ([x(K)]) >k
for any k € [n].
Example: F,[2] with  x:m~— m?

11,12,21,13,31, 14,41
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Generalized parking function

STANLEY and PITMAN, 2002; KuNG and YAN, 2003.

x-parking function: Let x : N, — N be non-decreasing.

f:[n] - Ny suchthat  #f " ([x(K)]) >k
for any k € [n].
Example: F,[2] with  x:m~— m?
11,12,21,13,31, 14,41

Notation: F, ~ Fpp
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Intuition

Let :N., — N be non-decreasing.
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Generalized parking function (2)

Equivalent definition: P. and VIRMAUX, 2015

(&)ien, asequence of disjoint subsets of [N]

such that

> #Q >k, forany keln].
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Generalized parking function (2)

Equivalent definition: P. and VIRMAUX, 2015

(&)ien, asequence of disjoint subsets of [N]

such that
> #Q >k, forany keln].

Frel2]:
(2[-1-1-), (A[2[-]-), 2[1]-]-), 13,31,14,41

with & := = '({i})
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Generalized parking function (2)

Equivalent definition: P. and VIRMAUX, 2015

(&)ien, asequence of disjoint subsets of [N]

such that
> #Q >k, forany keln].
Forol2]:

A2f-1-1-), (W2[-1-), C[M-[-),
ar-120-), @-11-), Af-1-12), @[ -[-[1)

with & := = '({i})
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Graphic representation

Let (&) :=(2|-|13|-|-|-|-|-|- ) be a Fyp-structure on {1,2,3}.

SRR CSERCSTIR CSTIR ST S

i, 3
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Bijection: (n-i) ADFA-parking functions
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Godal

Explicit bijection:

()
. S ={5}, &u={6},
& = {4}, &7 = {2},
& = {3}, & ={1}.
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Godal

Explicit bijection:

()
. S ={5}, &u={6},
& = {4}, &7 = {2},
& = {3}, & ={1}.

(non-initial) ADFA (A, 0) over an alphabet of k symbols
!

2m*-parking functions
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Godal

Explicit-bljeetion Mine the bijection:

()
. S ={5}, &u={6},
& = {4}, &7 = {2},
& = {3}, & ={1}.

(non-initial) ADFA (A, 0) over an alphabet of k symbols
!

2m*-parking functions
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Co-reachability
Let (A, ¢) be a (non-initial) ADFA.
Co-reachable:

vge[n],3w e x*, (g, w) € A.
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Co-reachability
Let (A, ¢) be a (non-initial) ADFA.
Co-reachable:

vge[n],3w e x*, (g, w) € A.
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Co-reachability (2)

Let (&) be a 2m¥-parking function.

Let © be the associated (n-i) ADFA.
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Co-reachability (2)

Let (&) be a 2m¥-parking function.

Let © be the associated (n-i) ADFA.

Fact: If & =0 then © is co-reachable.

Theorem:

(n-i) co-reachable ADFA ~ (2mk—1)-parking functions
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Co-reachability (3)

The 13 (2m? — 1)-parking functions on {1,2} and
the associated (n-i) co-reachable ADFA .

Q211111 = s~

QU211 1) = e - = @0
(120111 = veiys s vy « @111 1)
(11211 = v e « @1 111 1)

Q111200 1) = i vy < @111 111-1-)
(U1 1120°) = vrdives @, s + @11 |11 11]-)
11| |

1111 12) = oDz, o=z D = Y]] ] ] T)

J.-B. PRIEZ (LR.I) Minimal automata SLC/'75  19/31



Simplicity
Let (A, §) be a (n-i) ADFA.

Right language:

la={wes" | §(@w)ecA)
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Simplicity
Let (A, §) be a (n-i) ADFA.

Right language:

la={wes" | §(@w)ecA)

~ Simple: (A X) issimple iff Lg# Ly
for each distinct g,q’ € [n] .
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Simplicity
Let (A, §) be a (n-i) ADFA.

Right language:

Lg={wex" | é(qw)eA}

~ Simple: (A X) issimple iff Lg# Ly
for each distinct g,q’ € [n] .

. b
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.
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Simplicity
Let (A, §) be a (n-i) ADFA.

Right language:

Lg={wex" | é(qw)eA}

~ Simple: (A X) issimple iff Lg# Ly
for each distinct g,q’ € [n] .
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And the condition of simplicity?

(Q) € Foms_1[8] with @ ={2}, @ ={1,3},& = {4} and &0 = {5}




And the condition of simplicity?

(Q) € Fos_1[0] with @ ={2}, @ ={1,3},& = {4} and &0 = {5}
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Simplicity (2)

Let © be (n-i) co-reachable ADFA associated to (&)).
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Simplicity (2)

Let © be (n-i) co-reachable ADFA associated to (&)).

Theorem:

O simple iff #&, <1, forall ie[n].
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Simplicity (2)

Let © be (n-i) co-reachable ADFA associated to (&)).

Theorem:

O simple iff #&, <1, forall ie[n].

Proposition: The number of (n-i) co-reachable and simple ADFA

Sk(n) = i(—])i_] Sk(n—1) (2(n— i+ ])ki— 1—(n— I))

i=1
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Reachability

Let (i, A, §) be an ADFA.
Reachable:

Vge[n], Iwe X", 5 (i,w)=q.
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Reachability
Let (i,A,d) be an ADFA.

Reachable:
Vge[n], Iwe X", (ibw)=qg.
3 :

Minimal automata

J.-B. PRIEZ (L.R.I)

S.LC.75
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Minimality

Minimal aufomaton:
reachable,
(i, A, 6) minimal iff co-reachable,
simple.
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Reachability (2)

Let © := (A, ) (co-reachable and simple).
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Reachability (2)

Let © := (A, ) (co-reachable and simple).

Reachable part: ©4)




Reachability (2)

Let © := (A, ) (co-reachable and simple).

Reachable part: ©4)

Proposition: If © co-reachable and simple then ©(9) minimal.



Extended automaton

Complement of ©*) ; 84
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Extended automaton

Complement of 4 : 6(4)
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Extended automaton (2)

An extended automaton of n states on x: (A, T,0)

o AcC[n] asetofaccepting states,

o T aset of (extra-)absorbing states,

e d:[NxX—[Nu{dtuT anextended transition fct°
such that § acyclic.
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Extended automaton (2)

An extended aufomaton of nstates on X: (A, T,9)

o AcC[n] asetofaccepting states,

o T aset of (extra-)absorbing states,

e d:[NxX—[Nu{dtuT anextended transition fct°
such that § acyclic.

LISKOVET (2003):

n

Tiln >—Z(—1>S‘® (2(0=s+1 ) Tn-s )

s=1
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Extended automaton (2)

An extended aufomaton of nstates on X: (A, T,9)

o AcC[n] asetofaccepting states,

o T aset of (extra-)absorbing states,

e d:[NxX—[Nu{dtuT anextended transition fct°
such that § acyclic.

LISKOVET (2003):

Te(n, 1) = zn:(_nsf‘ (’;) (2(n —5+1+ T)k) *Te(n—s, 1)
s=1

= P(Xa n)

with x : m — 2(m + P~
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Extended automaton (3)

Let A = (A, T,0).
« co-reachable iff 3@ co-reachable and 3g st A =69
Lemma:

Co-reachable extended automata

~

(2(m+ 1)k-1 )—p_orking functions

J.-B. PRIEZ (LR.I) Minimal automata SLC'75  28/31



Extended automaton (3)

Let A = (A, T, 4).
co-reachable iff 3@ co-reachable and 3g st A =69

Lemma:
Co-reachable extended automata
(2(m+ 1)k-1 )—p;:Jrking functions
simple iff 3@ simple and 3g st A =6
Lemma:

Simple extended automata

~

(2(m + H )-parking functions () with #&, < 1
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Extended automaton (3)

Let A = (A, T, 4).
co-reachable iff 3@ co-reachable and 3g st A =69

Lemma:
Co-reachable extended automata
(2(m+ 1)k-1 )—p;:Jrking functions
simple iff 3@ simple and 3g st A =6
Lemma:

Simple (co-reachable) extended automata

~

(2(m+ 1)k (= 1))-parking fanc’rions (&) with #&; <1
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Theorem S-1

Let © = (i, A, ¢) be a minimal ADFA.

Extended automata with constraint © :

S®) = { A co-reachable and simple | A - © co-reachable and simple }
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Theorem S-1

Let © = (i, A, ¢) be a minimal ADFA.

Extended automata with constraint © :

S®) = { A co-reachable and simple | A - © co-reachable and simple }

Enumeration formula:

Sdn )= Y1 Sn—i ) (A0 yol ~(0-0)

i=1
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Theorem S-1

Let © = (i, A, ¢) be a minimal ADFA.

Extended automata with constraint © :

S®) = { A co-reachable and simple | A - © co-reachable and simple }

Enumeration formula:

Si(n, 1) = zn:(—1)"‘] Se(n—i,1) <2(ﬂ— i+1+ T)"i— 1—t—(n- ,')>

i=1
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Theorem: double counting

where

and k is the number of symbols of X,
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Theorem: double counting

nS(n0) = Sk(n—1,1)

where
o Si(n, 1) is the number extended ADFA of n states,
I extra-absorbing states and t + 1 constraints,

and k is the number of symbols of X,
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Theorem: double counting

nS(n0) =

where

Sk(n, 1) is the number extended ADFA of n states,
 extra-absorbing states and t + 1 constraints,

M (1) is the number of minimal ADFA of f states
k
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Theorem: double counting

n Sk(n,0) :i Sk(n—1,1) M (1)
=1

where

Sk(n, 1) is the number extended ADFA of n states,
 extra-absorbing states and t + 1 constraints,

M (1) is the number of minimal ADFA of f states
k
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Conclusion

Explicit bijection:
o Fomk +— (n-i) ADFA




Conclusion

Explicit bijection:
o Fomk +— (n-i) ADFA
o Fomk.g +— (n-i) co-reachable ADFA

J.-B. PRIEZ (LR.I) Minimal automata SLC/75  31/31



Conclusion

Explicit bijection:
o Fomk +— (n-i) ADFA
o Fomk.g +— (n-i) co-reachable ADFA

o Fomr. Simple  +—  (n-i) co-reachable and simple ADFA
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Conclusion

Explicit bijection:
o Fomk +— (n-i) ADFA
o Fomk.g +— (n-i) co-reachable ADFA

o Fomr. Simple  +—  (n-i) co-reachable and simple ADFA
Update:

Fo(matyk-1-t simple + extended co-reachable and simple ADFA
with consfraints

J.-B. PRIEZ (LR.I) Minimal automata SLC/75  31/31



Conclusion

Explicit bijection:

o Fomk +— (n-i) ADFA

o Fomk.g +— (n-i) co-reachable ADFA

o Fomr. Simple  +—  (n-i) co-reachable and simple ADFA
Update:

Fo(matyk-1-t simple + extended co-reachable and simple ADFA
with consfraints

Enumeration: minimal ADFA

n Sk(n,0) = Zsk — 1, 1) M(h)
t=1

J.-B. PRIEZ (LR.I) Minimal automata SLC/75  31/31



	Acyclic automata
	Generalized parking functions
	Parking function
	Generalization

	Bijection: (n-i) ADFA–parking functions
	Minimal automata
	Co-reachability
	Simplicity
	Reachability
	Extended automaton
	Conclusion


