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Minkowski sum

e Given two sets P; and P, their Minkowski sum is defined as

Pi+P,={p+q|p€ Pr,qc P}

NIVARNY

e If P, and P, are convex, then P, + P is also convex
e In particular, if P, and P> are convex polytopes, so is P1 + Ps.

e For the convex polytope case, fr(Pi + P») is maximized if P1 and P, are in
general position (cf. | D-
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The general problem

e Let P,y = P1+ P>+ -+ P be the Minkowski sum of r convex

d-polytopes Py, P, ..., Py in R? with ni,...,n, vertices, respectively.
Question
What is the maximum number of k-faces fi.(P;,)) of Py, for 0 <k <d—1? J

e In other words we seek to find a function Fj q(n1,...,n,) such that, for all
possible Py, Ps, ..., P., we have

fre(Pyy) < Fra(na, ... ,n.)

and Fy q(n1,...,n,) is as small as possible (ideally: tight).
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Previous work — Early approaches

e Zonotope bounds (cf. [Gritzmann & Sturmfels 1993]):
d—1-1

AP+ P+ P <2(7) Y (Y,
=0
where n is the number of non-parallel edges of the r polytopes.

e The trivial bound (cf. [Fukuda & Weibel 2007]): for d > 2 and r > 2:

fe(Pi4 Pt P)< > (M), 0<k<d-1L
51 «&}%iis%iik«kr =

» Tightford>4,r<[2]and 0 <k < [£]—7.

e Bounds on vertices:
fo(PL4Pot -+ P) < [, 2<r<d-1
i=1

» For r > d, the above bound cannot be attained (cf. [Sanyal 2009]).
» Tight upper bounds for r > d have been shown in [Weibel 2012].
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Previous work — Recent approaches

e Bounds for two polytopes in any dimension (cf. [ T. D:

The UBTM for two d-polytopes in R?
Let Pi, P> be d-polytopes, d > 2, with n; > d + 1 vertices, j = 1,2. Then:

d+1
Li

fe—1(Pr + P2) < fi(Cap1(n1 + n2)) — i (Zﬁ:z) i (" imd= 2“),

1=0

where 1 < k < d, and Cy4(n) stands for the cyclic d-polytope with n vertices.
These bounds are tight.

e Result extended to three polytopes in [ T. I

e Problem fully resolved in | ] using techniques
from Combinatorial Commutative Algebra.
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Our result

Theorem [ T. ]

Let Py,..., P be r d-polytopes in R? with n; > d + 1 vertices, 1 < i < r.
Then, for r < d and all 1 < k < d, we have:

firiPrd-+ B < D (-1 fesr (Carroa (ng))

OCRC([r]
[ =2
i (r—IRI)
+ ), lded) Y, & nr)
i=0 0CRC[r]

Cs(v) is the cyclic 6-polytope with v vertices, nr = >, p i, nr = (n; : i € R)
and @) (nr) is defined by:

N P (71)\}"\—\5\(nsfdfv\RH»k)’ 0<k< Ldﬂl;\—lJ
q’kod("’?) = R - n - R d+|R|—

, WCSCR(_I)\R\ \é\( ‘s ‘1] k)+ Z @(\ \‘R\ \1) kd(ns)v E>| -HQ\ lj
&%) (nr) = 07 (ng) — 277 ) (nR), m>1

This bound is tight.
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Our approach

e We consider the Cayley polytope of Pj,..., P, and we adapt the steps of
McMullen's proof for the UBT

> simplicial polytopes
> shellings

Tight-bound construction
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Our approach

We consider the Cayley polytope of Py, ..., P, and we adapt the steps of
McMullen's proof for the UBT

> simplicial polytopes
> shellings

Given a d-polytope P
> F(P)= (f-1(P), fo(P),..., fa—1(P)), where f,(P) = # of k-faces of P

> h(P)= (ho(P),h1(P),..., hq(P))
where
hie(P) =0 o (—1)F 1 (§)) fica(P), 0<k <d.
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Our approach

e We consider the Cayley polytope of Pj,..., P, and we adapt the steps of
McMullen's proof for the UBT

> simplicial polytopes
> shellings

e Given a d-polytope P
> F(P)= (f-1(P), fo(P),..., fa—1(P)), where f,(P) = # of k-faces of P

> h(P)= (ho(P),h1(P),..., hq(P))
where
hie(P) =0 o (—1)F 1 (§)) fica(P), 0<k <d.

e To bound fi(P), it suffices to bound hy(P):

feoi(P) =8 0 (@2)hy(P),  0<k<d
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Our approach

e We consider the Cayley polytope of Pp,..., P, and we adapt the steps of
McMullen's proof for the UBT

> simplicial polytopes
> shellings

e Given a d-polytope P
> F(P)= (f-1(P), fo(P),..., fa—1(P)), where f,(P) = # of k-faces of P

> h(P) = (ho(P),h1(P),...,ha(P))
where
hi(P) = S8 o (=1)F=(37)) fic1(P), 0<k<d.
e To bound fx(P), it suffices to bound hy(P):
Feoa(P) = X8 (R2D)hi(P),  0<k<d.

e For simplicial polytopes: hj(P) counts the number of facets of a shelling with
restriction of size k
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Our approach

e We consider the Cayley polytope of Pi,..., P, and we adapt the steps of
McMullen's proof for the UBT

» simplicial polytopes
> shellings

e Given a d-polytope P
> F(P) = (f-1(P), fo(P),..., fa—1(P)), where fi,(P) = # of k-faces of P

» h(P)= (hO(P),hl(P),.‘.,hd(P))
where
hi(P) == 8 o (—1)F1(9)) fica(P), 0<k <d.

e To bound fi(P), it suffices to bound hy(P):

fea(P) =3k (FZHh(P),  0<k<d

e For simplicial polytopes:  hj(P) counts the number of vertices of the oriented
dual graph of P, of in-degree k
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The Cayley embedding & the Cayley trick

° Let eg,e1,...,e,.—1 be the
(standard) affine basis of R”~!. We embed each P;
in R*T7=1 ysing the inclusion y;(x) = (z,e;_1)

° Crr) = conv(Pr,..., Pr)

° the Minkowski sum PL+ <o+ Py is the
intersection of C,; with the d-flat W of Re+7—1

W={leg+Llei+-+1e,_1} xR?
Fir) is the set of faces in C|, having at
least one vertex from each P;, 1<:<r
Ie(F) = fe—rp1(Pr+ -+ Pr), forall 0 <k < d
For ) C R C [r]

oy
» Cp: the Cayley polytope of P;, i € R
» Fpr: mixed faces of Cp

» KCg: closure of Fr

[CXOM w0
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Simplicialization of Cr
e WLOG assume that

» each P; is a simplicial d-polytope
> all faces in Fr, ) C R C [r] are simplices

e Perform repeated stellar subdivisions to triangulate each Cr, ) C R C [r]:

e Let Qp be the simplicial (d 4 |R| — 1)-polytope we obtain after the
"simplicialization” of Cp
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Dehn-Sommerville equations

For all ) C R C [r] we have:
R|=|S
o fL(0QRr)= > Z Z' STR‘ 15141 fk—i(Fs)
PCSCR =0
|R[—]S|-1

° fk(aQR) fk( )+ Z Z (Z+1)'S|R‘,|S‘fk—l—i(ICS),

PCSCR =0
where:

Shi= g Xh (=R (5) ™, 0<k<m

are the Stirling numbers of the second kind.
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Dehn-Sommerville equations

For all ) C R C [r] we have:
[R|—|S]-1

° hi(0QRr) = hi(FrR)+ X2 > BElgs/hk—i(Fs)
0CSCR =0

[R[—|S[-1

o hi(0QR) = hp(Kr)+ X > Eigs/he-1-i(Ks)
PCSCR =0

where:
B = S (k-0 m k>0

are the Eulerian numbers.
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Dehn-Sommerville equations

For all ) C R C [r] we have:

[R[—|S|-1

e hp(0QR) = hp(Fr)+ X > Eigshe-i(Fs)
0CSCR  i=0

[R[—|S[-1

o hi(0QR) = hp(Kr)+ X > Eigs/he-1-i(Ks)
PCSCR =0

where:
EE =% (0™ E+1-0)™, m>k+1>0,

are the Eulerian numbers.

Lemma (DS for the Cayley Polytope)
hd+|R‘—1—k(‘FR) E hk(’CR), for all 0 S k S d+ |R‘ — 1 and @ CR g [T‘}

Lemma (DS for simplicial polytopes)
hx(P) = hg—k(P), forall 0 <k <d

11/17



Introduction Our contribution The geometric approach Tight-bound construction
0000 000 000®000 o

Link/non-link relations (use shellings)

(k4 Dhiy1(9P) + (dim(P) — k)hy (OP) = Z(P) hi.(0P/v)
vevert

hy(0P/v) < hy(9P)
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Link/non-link relations (use shellings)

(k4 1hy+1(0QR) + (d+ |R| — 1 — k)hy(0QR) = 2. hk(9Qr/v)
vevert(QR)

hi(0Qr/v) < hi,(0QR)
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Link/non-link relations (use shellings)

(k4 1hy+1(0QR) + (d+ |R| — 1 — k)hy(0QR) = 2. hk(9Qr/v)
vevert(QR)

Lemma
Forany 0 C RC [r] and all 0 < k < d+ |R| — 2 we have:

(k + 1)hk+1(]:R) + (d+ |R| —1- k‘)hk(]'—}?) = EZV hk(]'—R/’U)
hi(0Qr/v) < hi(0QR)

Lemma
For all v € vert(P;) and all 0 < k < d + |R| — 2 we have:

hi (FrRU Fry(i})/v) < hie(FrRU Fr\(4})
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The recurrence relation for h(F)

Lemma
Forall 0 <k <d+|R|—1,and all  C R C [r], we have:

his1 (Fr) < PE=CEHEED R by (F) + 3 7 i gn(Frygay)-

i€ER
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The recurrence relation for h(F)

Lemma
Forall 0 <k <d+|R|—1, and all § C R C [r], we have:

his1 (Fr) < B EHREDER  (Frp) 43 ™ 2000 (Faygy)-

i€ER

Lemma (the recurrence for polytopes)

For every simplicial d-polytope P and all 0 < k < d:

hioia(P) < 2k py (P)
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The recurrence relation for h(F)

Lemma
Forall 0 <k <d+|R|—1, and all § C R C [r], we have:
his1 (Fr) < B EHREDER  (Frp) 43 ™ 2000 (Faygy)-

i€ER

Lemma (the recurrence for polytopes)

For every simplicial d-polytope P and all 0 < k < d:

hioia(P) < 2k py (P)

Induction on k ~ hy(P) < (Wz—d;1+k)
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Upper bounds for hy(F) and hi(K)

Lemma
For all 0 < k < d+ |R| — 1, we have:

o hi(Fr) < ) (nr),
e hi(Kr) < ¥ia(nr).

First equality holds if Cr is R-neighborly.
Second equality holds if, for all ) C S C R, Cg is S-neighborly (Minkowki-neighborly).

{)EJZI)("’R) and ¥, 4(ng) are defined via the following conditions:
o ®%)(nR) = Ygcgcp(~DIEITISI (s IRITE) g < p < | SHEIZL)
o 2 (nr) =27V (np) - 81 D (nr), m >0,
o Uy i(ng)= Z(Z)CSQR(I)EJ,};'_‘SD(nS)y

0
o q’iy;(mﬂ =Yy |R|-1-k,d("R),

where np = (n; : i € R).
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Upper bounds for the Minkowski sum

Cayley trick:
fkfr(P[r]):fkfl(]:[r])v r<k<d+r-1
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Upper bounds for the Minkowski sum

Cayley trick:
fkfr(P[r]):fkfl(]:[r])v r<k<d+r-1

k-1 (Fpy) = ' (TR (F)

Tight-bound construction

[e]
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Upper bounds for the Minkowski sum

Cayley trick:
fkfr(P[r]):fkfl(]:[r])v r<k<d+r-1
dtr—1 , =t dtr—1
Fra1(Fp) = (ORFE = Y e+ > (e
i=0 i=0 i:L{H—;_lJ?Ll
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Upper bounds for the Minkowski sum
Cayley trick:
fkfr(P[r]):fkfl(]:[r])v r<k<d+r-1
dtr—1 , [ =L dtr—1
fe1(Fipy) = (ORFE = Y e+ > (e
i=0 i=0 i=| =l
Ld+gflJ Ld+r72j .
= Z (d+r i Z) (f[T]) + Z (k_d_zr+1+i)hd+T*1*i(}—[T])
i=0
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Upper bounds for the Minkowski sum

Cayley trick:
fkfr(P[r]):fkfl(]:[r])v r<k<d+r-1

dtr—1 , [ =L dtr—1

fe1(Fipy) = (Gan i V1O ) S N O I N O
i=0 i=0 i=| dtr=1 4y
Ld+;‘71J Ld+1‘72j
d+r— 1 i i
= Z ( + ) (‘F[r]) + Z (k—d—r+1+i)hi(lc[’"])
i=0
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Upper bounds for the Minkowski sum

Cayley trick:
fkfr(P[r]):fkfl(]:[r])v r<k<d+r-1

[ L=t dtr—1

froo1(Finp) = (T F) = D> @O+ > (o)

=0 1=0 i:Ld+;‘_1J+1
Ld+;‘—1J Ld+r—2j
d+r— 1 i i
= Z ( + ) (‘F[r]) + Z (k—d—r+1+i)hi(lc[7“])
| =t L—‘”;*J

< (2N () + (k—d—yy140) VEa(mp)

=0 7

Il
o
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Cayley trick:
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Tight bound construction

Theorem
There exist d-polytopes P;, 1 < i < r, for which the upper bounds are attained.

e Define the curves (1 <i <r):

(\ifth coordinate

vi(t) == (07"'707’5»07”-,O,tQ,,,,’td—T-‘rl)'
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Tight bound construction

Theorem

There exist d-polytopes P;, 1 < i < r, for which the upper bounds are attained.

e Define the curves (1 <i <r):

(\ifth coordinate

’Y’L(t) = (07 . '7O7t>07 s »07t27' . "td_r+1)v
° i = COHV('Yi(ti,l)y--~7'Yi(ti,n7,))
where ¢; j 1= x; ;7° are chosen so that

> 0< i1 <mip <--- < xyy, are arbitrary real numbers, and
> 7 > 0 real parameter
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Tight bound construction

Theorem

There exist d-polytopes P;, 1 < i < r, for which the upper bounds are attained.

e Define the curves (1 <i <r):

(\ifth coordinate

’Y’L(t) = (07 . '7O7t>07 s ¢07t27' . "td_r+1)v
° P,L = COIIV(’yi(ti,l), P 7'Yi(ti,n7,))
where ¢; j 1= x; ;7° are chosen so that

> 0< i1 <mip <--- < xyy, are arbitrary real numbers, and
> 7 > 0 real parameter

e For 7 — 07 sufficiently small, the upper bounds are attained.
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Tight bound construction

Theorem

There exist d-polytopes P;, 1 < i < r, for which the upper bounds are attained.

e Define the curves (1 <i <r):

(\ifth coordinate

’Y’L(t) = (07 . '7O7t>07 s ¢07t27' . "td_r+1)v
° P,L = COIIV(’yi(ti,l), P 777;(”7'”7,))
where t; j := x; ;7" are chosen so that

> 0< i1 <mip <--- < xyy, are arbitrary real numbers, and
> 7 > 0 real parameter

e For 7 — 07 sufficiently small, the upper bounds are attained.

e To make the construction full dimensional:

Fi(t;€) = (Q4TT T2 L T TR g g2 B e

» For ¢ — 07 sufficiently small, the combinatorial structure does not change
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Open problems

We are interested in devising tight upper bounds for the following three
settings:

e When we are restricted to the class of simple polytopes

e When we know the numbers of facets of the polytopes, rather than their
number of vertices.

e When we know the f-vector of the polytopes, rather than their number of
vertices.
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Open problems

We are interested in devising tight upper bounds for the following three
settings:

e When we are restricted to the class of simple polytopes

e When we know the numbers of facets of the polytopes, rather than their
number of vertices.

e When we know the f-vector of the polytopes, rather than their number of
vertices.

Thank you for your attention!
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