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Ferrers diagram

Definition

A Ferrers diagram is a left-aligned collection of cells with a finite
number of rows and columns such that the number of cells in each
row is weakly decreasing.

(a) F (b) F’

F’ is the Ferrers diagram F with an extra column on the left-hand
side.
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Ew-tableaux

Definition (Ehrenborg, van Willigenburg 04)

An EW-tableau (EWT) T is a 0-1 filling of a Ferrers diagram that
satisfies the following properties:

© The top row of 7 has a 1 in every cell.
@ Every other row has at least one 0.

© No four cells of T that form the corners of a rectangle have 0Os
in two diagonally opposite corners and 1s in the other two.

The size of a EW-tableau is one less than the sum of its number
of rows and number of columns.

1]1]1]1f1]1 1]1]1]1[1]1
1(1]0]0[0]1 1/1/0[{0|0|1
011101010 0]1]0|0(1
01110 01110

0] 0]

(c) an EWT (d) not an EWT
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EWTs and acyclic orientations
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EWTs and acyclic orientations

AR
1[1[o]o]o][T
0[1[0]0]0
0[1]0
0]
F G(F)
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EWTs and acyclic orientations

1)1{1{1]1(1
1]11]0]0]0]1
0[1]0]0]0
0f1]0
0]
F G(F)
0=t=| 1=l=))
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EWTs and acyclic orientations

1)1{1{1]1(1
1]11]0]0]0]1
0[1]0]0]0
0f1]0
0]
F G(F)
0=t=| 1=l=))

EWT(F) <> {Ac. Or. of G(F) where top-left vertex = unique source}.
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Permutation tableaux

Definition (Postnikov 06)

A permutation tableau (PT) T is a 0-1 filling of a Ferrers
diagram, some of whose bottom-most rows may be empty,
satisfying the following properties:

© Every column of 7 has a 1 in some cell.

@ |If a cell has a 1 above it in the same column and a 1 to its left
in the same row then it has a 1.

The size of a permutation tableau is the sum of its number of rows
and number of columns.

010]0]1]0 0]0[0]1]0
0]1f1]1]1 01]1]1]1
01011 0/0]1]1
1]1 1[0

(e) a PT (f) not a PT

Thomas Selig EW tableaux and permutation tableaux



The main result

Theorem (Ehrenborg, van Willigenburg 04; S., Smith,

Steingrimsson +-+)

Let F be a Ferrers diagram (possibly with some empty rows).
Then the number of PTs of shape F and the number of EWTs of

shape F’ are the same.
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The main result

Theorem (Ehrenborg, van Willigenburg 04; S., Smith,

Steingrimsson +-+)

Let F be a Ferrers diagram (possibly with some empty rows).
Then the number of PTs of shape F and the number of EWTs of

shape F’ are the same.

e Formulation in different but equivalent form by EW (04).
Proof is recursive.
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The main result

Theorem (Ehrenborg, van Willigenburg 04; S., Smith,

Steingrimsson +-+)

Let F be a Ferrers diagram (possibly with some empty rows).
Then the number of PTs of shape F and the number of EWTs of

shape F’ are the same.

e Formulation in different but equivalent form by EW (04).
Proof is recursive.

@ A more bijective proof by Josuat-Verges (10).
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The main result

Theorem (Ehrenborg, van Willigenburg 04; S., Smith,

Steingrimsson +-+)

Let F be a Ferrers diagram (possibly with some empty rows).
Then the number of PTs of shape F and the number of EWTs of

shape F’ are the same.

e Formulation in different but equivalent form by EW (04).
Proof is recursive.

@ A more bijective proof by Josuat-Verges (10).

@ We present a bijection through permutations.
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Map of the proof

T € PT(n) T e EWT(n
shape(7) = F shape(7’) =

—

eSS, TeS8,
??

77 7
k5€3n4
7
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The map ® from permutation tableaux to permutations

W= O |w
=

Y i

=

Yol |=|ole

I U U

=X 1 (e ] [en]) [an]) (<)
of = | O |Ofe

10

=

@ Label the rows and columns of the permutation tableau;
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The map ® from permutation tableaux to permutations

W= O |w
=

Y i

=

Yol |—|of

I U U

cul—=|O|O|Oe

O = O | O e

10],

@ Label the rows and columns of the permutation tableau;

@ For each 1 < i < n, construct the path from / to o;: enter the
row, resp. column, labelled i/ from the left, resp. top; traverse
cells with 0; turn S — E or E — S when cell is 1; o; is the
label of the edge through which the path exits on the
South-East border;
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The map ® from permutation tableaux to permutations

W= O |w
=

Y i

=

Yol |—|of

I U U

cul—=|O|O|Oe

O = O | O e

10],

@ Label the rows and columns of the permutation tableau;

@ For each 1 < i < n, construct the path from / to o;: enter the
row, resp. column, labelled i/ from the left, resp. top; traverse
cells with 0; turn S — E or E — S when cell is 1; o; is the
label of the edge through which the path exits on the
South-East border;

o We get a map &(7) :=o¢
oi 37 2 6 1 4 9 5 8 10
i 123 456 7 8 9 10°
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The map ® from permutation tableaux to permutations

—
o

(o] (o] [a] ]

o = OO e
ol —|Ol

o= ==

S
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NGO
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O ©f =
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=

Foro € S, wex(o) :={1 <i<n;i<o;} (weak excedences).

Theorem (Steingrimsson, Williams 07)

Let F be a Ferrers diagram of size n with row labels RL(F), then
¢ : PT(F) — {0 € Sp; weex(o) = RL(F)}

is a bijection.
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The map @ is a bijection

9 8 6 5 3
10]0|0|1]|0f
28(1)Hy¢ 0;, 372614958 10
4 |—)
e i 123456789 10

7
10,0 8
¢ : PT(F) — {0 € Sp; wex(o) = RL(F)}
e o:{1,---,n} = {1,---,n} is a bijection (can construct
o 1).

e w_ex(o) = RL(F).

e ® is a bijection. We can construct 1.
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Progress of the proof

T € PT(n) T' € EWT(n)
RL(T) shape(7') = F'
o :
oesS, TeS§,
w_ex(o) 77
L OES,
7
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Cyclic Shift CS

Foro=o01---0, € S,, define § := CS(0) =02+ 0p01.
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Cyclic Shift CS

Foro=o01---0, € S,, define § := CS(0) =02+ 0p01.

cs. 037261495810
i 123456789 10
[
57261495810 3
i 123456728 9 10

Thomas Selig EW tableaux and permutation tableaux



Cyclic Shift CS

Foro=o01---0, € S,, define § := CS(0) =02+ 0p01.

5. 0 37261495810
i1 23 456 789 10
[es
op 726 1495 8 10 3
i 123 456 78 9 10
For & € Sp, exc(6) := {1 <i < n; i <&} ((strong) excedences).

Forany 2 < a; < --- < ag,

cs {0 € Sp; wex(o) ={1,a1,---,ak}}
— {6€8nexc(d)={a1—1,---,ak—1}}

is a bijection.

o’
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Progress of the proof

T € PT(n) T' € EWT(n)
RL(T) shape(7') = F'
o :
ocesS, res,
w_ex(o) ”
cS ges,
exc(d)
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.

1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

o 7 2 6

1 10 3
1 2 3 4

Eamole: & 49 5 8
xampie: o 56 78 9 10
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

o 7 2 6

1 10 3
1 2 3 4

Eamole: & 49 5 8
xampie: o 56 78 9 10

T =
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

Example: & : 61 7 20
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

Example: & : 61 7 20
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

Example: & : 61 7 20
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

Bl . 71 7 2 6 14058 10 3
xampie. g - 12345678 9 10
r=4571
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

10 3

Examoje 5. 01 7 2 6 1 4
xample: & : 5 9 10

9 5 8
1 2 3 4 6 7 8

T=45712

Thomas Selig EW tableaux and permutation tableaux



ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

o 7 2 6 1 4
1 2 3 45

10 3

Example: & : 9 10

9 5 8
6 7 8

T=4571210
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

or 72 6 1 4 95
1 23 45 67

10 3

Example: & : 9 10

8
8

T=45712109
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

or 72 6 1 4 95
1 23 45 67

10 3

Example: & : 9 10

8
8

T=457121096
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

or 72 6 1 4 95 10 3

E I."’. 8
xampie. g - 12345678 9 10
3

T=457121096
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ThemapED : 6 — 71

Algorithm: inputs &, outputs 7.
0. Initialise 7 = 0.
1.j=min{l <i<nji¢gr} If j=+o0 return 7. Else j/ =j
and proceed to 2.

2. Find kst. 6, =j'. 7+ 7* k. If k# j then j/ = k and
repeat 2. Else return to 1.

or 72 6 1 4 95 10 3

E I."’. 8
xampie. g - 12345678 9 10
3

T=45712109638.
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The map ED

Theorem (Folklore)
Forany AC {1,--- ,n—1},

ED : {6 € Sp; exc(6) = A} — {7 € Sp; des_bot(7) = A}

is a bijection.
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ED is a bijection : proof

. 5 72614958 10 3
97 123 45 78 9 10
r= 457121009638,

e ED : S, — S, is a bijection.
@ To see that exc(5) = des_bot(7), notice that

o

I
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Progress of the proof

T € PT(n) T € EWT(n)
RL(T) shape(7') = F'
o :
ocesS, TeS,
w_ex(o) des_bot(7)

CS™> €S “ED
exc(d)
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The map V¥

T=45712109638.

Label edges of a Ferrers diagram F’ (with no empty rows),
starting at 0: rows and columns labelled 0, -- , n if n = size(F’).

0
1
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The map V¥

T=45712109638.

Label edges of a Ferrers diagram F’ (with no empty rows),
starting at 0: rows and columns labelled 0, -- , n if n = size(F’).

0
1

We have RL'(F") = des_bot(7).
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The map V¥

T = 457121096 3 8. Fill the cells of F" as follows.

o Fill the cells of the top row with 1.

@ Read 7 from left to right. For a letter 7;:
e If 77 is a column, fill remaining cells of that column with 0.

e If 77 is a row, fill remaining cells of that row with 1.

e T’ :=W(7) is the filling of F' we obtain.
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The map V¥

T = 457121096 3 8. Fill the cells of F" as follows.

o Fill the cells of the top row with 1.

@ Read 7 from left to right. For a letter 7;:
e If 77 is a column, fill remaining cells of that column with 0.

e If 77 is a row, fill remaining cells of that row with 1.

e T’ :=W(7) is the filling of F' we obtain.




The map V¥

T = 457121096 3 8. Fill the cells of F" as follows.

o Fill the cells of the top row with 1.

@ Read 7 from left to right. For a letter 7;:
e If 77 is a column, fill remaining cells of that column with 0.

e If 77 is a row, fill remaining cells of that row with 1.

e T’ :=W(7) is the filling of F' we obtain.




The map V¥

T = 457121096 3 8. Fill the cells of F" as follows.

o Fill the cells of the top row with 1.

@ Read 7 from left to right. For a letter 7;:
e If 77 is a column, fill remaining cells of that column with 0.
e If 77 is a row, fill remaining cells of that row with 1.

e T’ :=W(7) is the filling of F' we obtain.
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The map V¥

T = 457121096 3 8. Fill the cells of F’ as follows.
o Fill the cells of the top row with 1.
@ Read 7 from left to right. For a letter 7;:

e If 77 is a column, fill remaining cells of that column with 0.
e If 77 is a row, fill remaining cells of that row with 1.

e T’ :=W(7) is the filling of F' we obtain.

SOOI
=

ololo]—




The map V¥

T = 457121096 3 8. Fill the cells of F" as follows.

o Fill the cells of the top row with 1.

@ Read 7 from left to right. For a letter 7;:
e If 77 is a column, fill remaining cells of that column with 0.
e If 77 is a row, fill remaining cells of that row with 1.

e T’ :=W(7) is the filling of F' we obtain.
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The map V¥

T = 457121096 3 8. Fill the cells of F" as follows.

o Fill the cells of the top row with 1.

@ Read 7 from left to right. For a letter 7;:
e If 77 is a column, fill remaining cells of that column with 0.
e If 77 is a row, fill remaining cells of that row with 1.

e T’ :=W(7) is the filling of F' we obtain.
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The map V¥

T = 457121096 3 8. Fill the cells of F" as follows.

o Fill the cells of the top row with 1.
@ Read 7 from left to right. For a letter 7;:

e If 77 is a column, fill remaining cells of that column with 0.
e If 77 is a row, fill remaining cells of that row with 1.

e T’ :=W(7) is the filling of F' we obtain.

SOOI

ololo]—

~NOo|o|o|—
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The map V¥

T = 457121096 3 8. Fill the cells of F" as follows.
o Fill the cells of the top row with 1.

@ Read 7 from left to right. For a letter 7;:

e If 77 is a column, fill remaining cells of that column with 0.
e If 77 is a row, fill remaining cells of that row with 1.

e T’ :=W(7) is the filling of F' we obtain.

1[1]1]1]1]1)
1{1]0[0[0]1]r
0] [o]o]o]’
0[1[0] *

8 7
0



The map V¥

T = 457121096 3 8. Fill the cells of F" as follows.
o Fill the cells of the top row with 1.

@ Read 7 from left to right. For a letter 7;:

e If 77 is a column, fill remaining cells of that column with 0.
e If 77 is a row, fill remaining cells of that row with 1.

e T’ :=W(7) is the filling of F' we obtain.

SOOI

ololo]—

=5 [y Y iy
~NO|Oo|O|—=

go]o]of=]—
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The map V¥

v
T=45712109638 +H—

»O|O|—
=
=

B el Y
“olo|lo|—
“ulolo]|-

[

glojo]o]~]~

Theorem (S., Smith, Steingrimsson ++)

Let AC {1, ---,n— 1} and F’ be the Ferrers diagram such that
RL'(F") = A. Then:

V{7 €8, desbot(r) = A} — EWT(F')

is a bijection.
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@ V(1) is an EWT by construction.

@ Construct W1, First erase all entries in the top row. Key
lemma: the resulting tableau has at least one all-0 column.
Erasing entries as we go, we:
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@ V(1) is an EWT by construction.

@ Construct W1, First erase all entries in the top row. Key
lemma: the resulting tableau has at least one all-0 column.
Erasing entries as we go, we:

e record all-0 columns in increasing order,
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@ V(1) is an EWT by construction.

@ Construct W1, First erase all entries in the top row. Key
lemma: the resulting tableau has at least one all-0 column.
Erasing entries as we go, we:

e record all-0 columns in increasing order,
e record all-1 rows in decreasing order,
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@ V(1) is an EWT by construction.

@ Construct W1, First erase all entries in the top row. Key
lemma: the resulting tableau has at least one all-0 column.
Erasing entries as we go, we:

e record all-0 columns in increasing order,
e record all-1 rows in decreasing order,

and iterate.
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Map of the proof

T € PT(n) T € EWT(n)
RL(T) RL/(T")

) v
ocesS, Tes§,
w_ex(o) des_bot(7)

k G € Sn 4

exc(d)
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Some properties

A column labelled i/ of 7 is all-1 iff / is a fixed point of &.

The number of almost-all-0 columns of 7" is the place of first
descent in 7.

The top row of T is all-0 iff the leftmost column of T is its
only almost-all-0 column.

A non top row labelled i of T is all-0 iff (conditions on row
i—1inT).

There is a bijection between (0-minimal EWTs of size n with
k + 1 columns) and (the set of binary strings of length 2n — 3

with k 1s and no 11). In particular, the number of 0-minimal
EWTs of size nis Fib(2n — 2).

7 avoids 213 iff (rows of 7" are 0---01---1 and any leftmost
1 in a row has no 1 directly beneath it).
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Open questions

@ Other statistics? Number of 1sin 77
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Open questions

@ Other statistics? Number of 1sin 77

@ PTs are linked to the PASEP model (Corteel and Williams
07). Link between PASEP and EWTs? In particular, what
does cell deletion in T correspond to in 7’7

@ Generalisations of PTs and EWTs. Link to Tree-like tableaux
(Aval, Boussicault, Nadeau 13). Spanning trees? Sandpile
model?
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Thank you!
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