Difference operators for functions of partitions and its application to

hook-content identities
(joint with Paul-Olivier Dehaye and Guo-Niu Han)

Huan Xiong

CNRS — Université de Strasbourg

78th SLC, 28 March 2017

Huan Xiong Difference operators for functions of partitions. 28 March 2017 1/22



Definitions

@ partition: A = (A1, Az, ..., Ag) With Ay > X > -2 > Xp > 0.

size: | A |= Zlgige A

Young diagram: boxes arranged in left-justified rows with \; boxes in the i-th row.
hook length: A:= # boxes exactly to the right, exactly above, and O itself.
H(\): the product of all hook lengths in the Young diagram.

O N
O |W|=

Figure: The Young diagram of the partition (6, 3, 3, 2) and the hook lengths of corresponding boxes.
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@ partition: A = (A, Aa, ..., Ag) With Ay > X > --- > Ay > 0.
size: | A [= 30 <i<p Aie
Young diagram: boxes arranged in left-justified rows with \; boxes in the i-th row.
hook length: A:= # boxes exactly to the right, exactly above, and O itself.
H(\): the product of all hook lengths in the Young diagram.
content: ¢ :=j — i for the box O in the i-th row and j-th column.

3|2
—-2|—-1]1 0
-110 |1
0 213|14/|5

Figure: The contents of the partition (6, 3, 3, 2).
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@ partition: A = (A, Aa, ..., Ag) With Ay > X > - > Ay > 0.
size: | A =32 <0 Nie
@ Young diagram: boxes arranged in left-justified rows with \; boxes in the i-th row.
@ hook length: h:= # boxes exactly to the right, exactly above, and [ itself.
@ H()): the product of all hook lengths in the Young diagram.
o
°

content: ¢ :=j — i for the box O in the i-th row and j-th column.

standard Young tableau (SYT) of the shape A: fill in the Young diagram with distinct numbers
1 to |A| such that the numbers in each row and each column are increasing.

@ f\: # SYTs of the shape A.

69

318114

21513
114|7|10]11]12

Figure: A standard Young tableau of the shape (6, 3, 3, 2).
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@ RSK algorithm (Robinson-Schensted-Knuth) = % Z\,\|=nf§ =1
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o RSK algorithm (Robinson-Schensted-Knuth) = . 37,y _, /% = 1.

Theorem (Nekrasov and Okounkov 2003, Westbury 2006, Han 2008)

Z (ZA [10+r > [Ta-x)—".
n>0 IA|=n Oex i>1

@ First proved by Nekrasov and Okounkov in their study of Seiberg-Witten Theory on
supersymmetric gauges in particle physics.
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o RSK algorithm (Robinson-Schensted-Knuth) = . 37,y _, /% = 1.

Theorem (Nekrasov and Okounkov 2003, Westbury 2006, Han 2008)

Z (Zf/\ H y-l-hz,:,)) :H(l_xi)q_y.

n>0 [X|=n OeXx i>1

@ First proved by Nekrasov and Okounkov in their study of Seiberg-Witten Theory on
supersymmetric gauges in particle physics.

@ Rediscovered independently by Westbury using D’Arcais polynomials and by Han using
Macdonald’s identity.

Theorem (Han 2008)
Let #:(X) be the multiset of the hook lengths of A which are divisible by ¢. Then

(1 _ xtk)t

>N T 6-32) =TI

XEP  heH,(N) is1 (1= (0m) )T — k)
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supersymmetric gauges in particle physics.

@ Rediscovered independently by Westbury using D’Arcais polynomials and by Han using
Macdonald’s identity.

Theorem (Han 2008)
Let #:(X) be the multiset of the hook lengths of A which are divisible by ¢. Then

(1 _ xtk)t

>N T 6-32) =TI

XEP  heH,(N) is1 (1= (0m) )T — k)

@ The case z = 0, y = 1 gives the generating function for the number of partitions.
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o RSK algorithm (Robinson-Schensted-Knuth) = . 37,y _, /% = 1.

Theorem (Nekrasov and Okounkov 2003, Westbury 2006, Han 2008)

Z (Zf/\ H y-l-hz,:,)) :H(l_xi)q_y.

n>0 [X|=n OeXx i>1

@ First proved by Nekrasov and Okounkov in their study of Seiberg-Witten Theory on
supersymmetric gauges in particle physics.

@ Rediscovered independently by Westbury using D’Arcais polynomials and by Han using
Macdonald’s identity.

Theorem (Han 2008)
Let #:(X) be the multiset of the hook lengths of A which are divisible by ¢. Then

(1 _ xtk)t

>N T 6-32) =TI

XEP  heH,(N) is1 (1= (0m) )T — k)

@ The case z = 0, y = 1 gives the generating function for the number of partitions.
@ Another corollary is the Marked hook formula:

fo > n=

|/\|—n heH (M)

n nfl)
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° \M' is called the Plancherel measure of the partition A.
n, Z f3g(X) is called the n-th Plancherel average of the function g(X).

° Formulas related to Plancherel measure and Plancherel average appear naturally in the study
of Probability Theory, Random Matrix Theory, Mathematical Physics and Combinatorics.
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° \M' is called the Plancherel measure of the partition A.
n, Z f3g(X) is called the n-th Plancherel average of the function g(X).

° Formulas related to Plancherel measure and Plancherel average appear naturally in the study
of Probability Theory, Random Matrix Theory, Mathematical Physics and Combinatorics.

Problem
For which function g(X), its Plancherel average

Z f>\g()\) has a nice expression?
=n
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° \M' is called the Plancherel measure of the partition A.

Z f3g(X) is called the n-th Plancherel average of the function g(X).

=n

° Formulas related to Plancherel measure and Plancherel average appear naturally in the study
of Probability Theory, Random Matrix Theory, Mathematical Physics and Combinatorics.

For which function g(), its Plancherel average Z f3¢(X) has a nice expression?

=n
v

Han 2008

32—
° o X R X hy=

IA=n Oex

1 4 _ 40> —75n%+41n
° " Z b Z hpy = ==
=n
1 6 _ 1050n* —4060n° 558602 —2552n
° ,T Z Z h - 24 .
|=n DEA
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Conjecture (Han 2008)

The Plancherel average of the function g(A) = >_¢ AZ:
1
Py= 7 D R M
"ON=n  Oea

is always a polynomial of n for every k € N.
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Conjecture (Han 2008)

The Plancherel average of the function g(A) = > ¢, h#:
1
P =4 S AT
"ON=n  Oea

is always a polynomial of n for every k € N.

@ This conjecture was proved and generalized by Stanley.

Theorem (Stanley 2010)

Let O, and Q, be two given symmetric functions. Then the Plancherel average of the function
01(hY : 0 e N)a(cg: O € N):

1
P(n) = NZ £01( 0 e NQ(cg:Oe N

is a polynomial of n.

@ Olshanski (2010) also proved the content case.
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@ An application of Han-Stanley Theorem:

Corollary (Okada-Panova 2008)

Yy e o -?) CYCE A T,

A H(\)? T 2(r 4 1)2
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@ An application of Han-Stanley Theorem:

Corollary (Okada-Panova 2008)

ol (-2 1 2\ (2r +2 .
n!lz\IZ:n ) H(A)? _2(r+1)2< () T =i

Let g(\) be a function defined on partitions. The difference operator D on functions of partitions is
defined by

Dg(N) = > g(At)—g(N).

A+ /A|=1
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@ An application of Han-Stanley Theorem:

Corollary (Okada-Panova 2008)

&, HOV)? 2(r + 1)2 3

wy Zoallolh =8 _ 1 a2y, )

| \

Definition
Let g(\) be a function defined on partitions. The difference operator D on functions of partitions is
defined by

Dg(N) = > g(At)—g(N).

A+ /A|=1

A

@ The coefficient on the right hand side of Okada-Panova formula can be obtained by letting the
difference operator act on one single partition:

e e B G |
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4 Figure: Young’s lattice (the poset of partitions).

Figure: The poset of nonnegative integers.

Dg(A) = Z|>\+/)\\71 g(AF) —g(N).

Dg(p) = 3ok—o (=1 () X a1 Sr /8-
Z\,\/H\_nb\/ué’()\) i (k) g(m)-

g()) is a D-polynomial iff D"'Hg()\) = 0 for some n.

Basis of D-polynomials? hard to characterize!
0, (i DEA)QZ(CD Oex)

0 Ag(x) :=g(x+1) —g(x).
® Ag(x) =iy (=1)(}s(x+1).
@ g(x) is a polynomial iff
Alg(x) = 0 for some r.
@ Basis of polynomials:
{g(x) =xF : k € N}.
@ Other posets: posets of

We show that is always a
D-polynomial (A long and techmque proof). Therefore

(1) partitions, (2) partitions with 1 2 0en Oex
the given r-core, (3) self-conjugate [CEami D> Ahu@i (0N (cn:OEN)
partitions, (4) doubled distinct [N/ pl=n

artitions, (5) strict partitions? . )
P ©) P is a polynomial of n.
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The ¢-difference operator for function of partitions

@ A partition X is called a ¢-core partition if it has no hook length .
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The ¢-difference operator for function of partitions

@ A partition X is called a ¢-core partition if it has no hook length .
@ We write A >, p if i1 is obtained by removing some #-hooks from .

(3.1
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The ¢-difference operator for function of partitions

@ A partition X is called a ¢-core partition if it has no hook length .
@ We write A >, p if i1 is obtained by removing some #-hooks from .

=3
(18,7,6) (3,1)
@ Let A be a partition and g be a function defined on partitions. The r-difference operator D; is
defined by
Dig(\) == > g(AT)—g(N).
At>
AT/ |=t

@ Example: D3g((3, ])) = g((67 1)) +g((37 11,1, 1)) +g((37272)) - g((3= 1))
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The ¢-difference operator for function of partitions

@ A partition X is called a ¢-core partition if it has no hook length .
@ We write A >, p if i1 is obtained by removing some #-hooks from .

=3
(18,7,6) (3,1)
@ Let A be a partition and g be a function defined on partitions. The r-difference operator D; is
defined by
Dig(\) == > g(AT)—g(N).
At>
AT/ |=t

@ Example: D3g((3, ])) = g((67 1)) +g((37 11,1, 1)) +8((3,2,2)) — &((3, 1))
@ g()) is a D,-polynomial iff DT g(A) = 0 for some r.
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The ¢-difference operator for function of partitions

@ A partition X is called a ¢-core partition if it has no hook length .
@ We write A >, p if i1 is obtained by removing some #-hooks from .

=3
(18,7,6) (3,1)
@ Let A be a partition and g be a function defined on partitions. The r-difference operator D; is
defined by
Dig(\) == > g(AT)—g(N).
At>
AT/ |=t

@ Example: D3g((3,1)) = g((6,1)) +¢((3, 1, 1,1, 1)) + £((3,2,2)) — g((3,1)).
@ g()) is a D,-polynomial iff DT g(A) = 0 for some r.
@ Question: which functions are D;-polynomials?
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Main Theorem (X. 2015, joint with Dehaye and Han)

Suppose that ¢ is a positive integer WV jusjihs ku,k’ are nonnegative integers and p is a given
partition. Then for every r > Z (ke + 1) + EL_,

ilit_x <)t = )

u=1 Oex v=1 Oex
for every partition A. Moreover,

ho ==, (mod ) ey =j, (mod r)
F v !
= x> pe(fl s ) 2 4)
A>ip

> u=1 Oex v=1 Oex
[N/ p|=nt hy==ju(mod 1) e =/l (modr)
. . . W v k42
is a polynomial of n with degree at most > (ku + 1) + >0, .
o’
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The outline of the proof of the main results

Step 1 : We construct some complicated sets A, (k > 0) of functions of partitions such that
g € Ay implies D,g € A. Finally D¥tlg = 0if g € Ay.
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The outline of the proof of the main results

Step 1 : We construct some complicated sets A, (k > 0) of functions of partitions such that
g € Ay implies D,g € A. Finally D¥tlg = 0if g € Ay.

Step 2 : Let k be a nonnegative integer and 0 < j <7 — 1. Then
i1 = =) s
] ‘a
H’(/\) (u 1 Oex 1 Oex

h==j, (mod1) c=j], (modr)

isin the set A,_ for some r.
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The outline of the proof of the main results

Step 1 : We construct some complicated sets A, (k > 0) of functions of partitions such that
g € Ay implies D,g € A. Finally D¥tlg = 0if g € Ay.

Step 2 : Let k be a nonnegative integer and 0 < j <7 — 1. Then
i1 = =) s
] ‘a
H’(/\) (u 1 Oex 1 Oex

h==j, (mod1) c=j], (modr)

isin the set A,_ for some r.

Step 3 : By the above two steps we know there exists some r € N such that

Wam(l = =) 5 <))-

hy==ju (modr) e =j, (modr)

for every partition A.
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@ Let x =0 and r = 1 in the main result. We derive the Han-Stanley Theorem.
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@ Let x =0 and r = 1 in the main result. We derive the Han-Stanley Theorem.
@ Other applications for the case r = 1:

1

1
TRl 2 = oy

TN/ pl=n

@ The above identity can be given a combinatorial proof by using RSK algorithm.
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@ Let x =0 and r = 1 in the main result. We derive the Han-Stanley Theorem.
@ Other applications for the case r = 1:

b
(nt | p )

1
2 A= g

[/ pl=n

@ The above identity can be given a combinatorial proof by using RSK algorithm.

Corollary (Okada-Panova 2008)

r

TR 2 r
Y Lol 05 =7) 2(r41r1)2(r)<2r:12)n o=

2
[A|=n =Y j=0

Corollary (Fujii-Kanno-Moriyama-Okada 2008)

Soea iz (b =3 @ ;
n! Z Oex H()\O)z o = (r+1)|2 go(n _J)

[A|=n
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@ Corollaries of the main theorem for general 1.

Corollary

Suppose that p is a given t-core partition. Then we have

Fx/u 2 2 z
hz = nt" + 3t .
X mey n +31(3)
At-core=H Oex
|N/p|=nt h=0(mod r)

Furthermore,

Fx/u R 320 (2 — 3t — 1+ 24|p|) 2
> ho = + + 2
Hi(2) Oex 2 e Ocp

At-core=Ht
[N/ p|=nt

In particular, let u = 0. We have

nl¢" 3202 (2 —3t—1)
W = 2 ¥
Z Hl()\)2 Z O 2 + 6

1-core=0 Oex
| X|=nt
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@ Motivated by Han’s proof of Nekrasov-Okounkov Formula, Pétréolle obtained the following
results.

Theorem (Pétréolle 2015)

For any complex number z, the following formulas hold:
- 2z—1
il = s 2
MO~ o 1 (- 2).
S Aesc hEH(N) Eh
2z+2
1 — )22+ — 5y xA/2 1—
[To—#7 = ¥ sz T (1-212),
k>1 AEDD hEH(N)
where the sum is over all self-conjugate and doubled distinct partitions respectively.
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Self-conjugate partitions

@ self-conjugate partition: a partition whose Young diagram is symmetric along the main
diagonal.

@ SC: the set of self-conjugate partitions.
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Self-conjugate partitions

@ self-conjugate partition: a partition whose Young diagram is symmetric along the main
diagonal.

@ SC: the set of self-conjugate partitions.
@ The r-difference operator DSC for self-conjugate partitions is defined by

D%\ = Y () —g(n).
Atesc At >
AT /=2

Theorem (X. 2015, joint with Han)

Let r = 2¢/ be an even positive integer, n be a given self-conjugate partition, and u’, v/, ju, j,, ku, k,
be nonnegative integers. Then we have

Z Q1(R? : h € H(N)) Qa(c: c € C(N))

P(n) = (21)"n! 2O

AESC, | A |=2nt
#Hi(N)=2n

is a polynomial in n for any symmetric functions Q; and Q.
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Self-conjugate partitions

Corollary (Pétréolle 2015)

Let r = 2¢' be an even positive integer. Then

1 1
> HO) @l

AESC,|A|=2nt
#Hi(N)=2n

Corollary

Let r = 21 be an even positive integer. We have

1 1
2t)"n! W =6rn® 4+ = (> — 6t — 1)m,
@ >l S et L om
AESC, | A|=2nt hEH(N)
#H(N)=2n

1 2223, Lo
(20)"n! E m E - =2n" + g(t — 6t — 1)m.
AESC,|A|=2nt c€C(N)
#Hi(N)=2n
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Doubled distinct partitions and strict partitions

@ A strict partition (bar partition) is a finite strict decreasing sequence of positive integers
A= (A, A, A0)-

@ The doubled distinct partition ¢Q) of a strict partition ), is the usual partition whose Young
diagram is obtained by adding \; boxes to the i-th column of the shifted Young diagram of A

for1 <i<e(N).
@ For example, (6,4,4,1,1) is the doubled distinct partition of (5,2, 1).

Huan Xiong

Figure: From strict partitions to doubled distinct partitions.

Difference operators for functions of partitions.

28 March 2017

18/22



Doubled distinct partitions and strict partitions

@ DD: the set of doubled distinct partitions.
@ The r-difference operator DPP for doubled distinct partitions is defined by

DPPg(\) = o s ) =g
AteDD, At >
At/ |=2
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Doubled distinct partitions and strict partitions

@ DD: the set of doubled distinct partitions.
@ The r-difference operator DPP for doubled distinct partitions is defined by

DPPg(\) = > ) —gM.
AteDD, At >
At/ |=2

Theorem (X. 2015, joint with Han)

Let r = 2 + 1 be an odd positive integer. The following summation for the positive integer n

Qi1 (K : h € H(N) Qalc:c €CN)
2 )

(21)"n!

AEDD, |\ |=2nt
#Hi(N)=2n

is a polynomial in n for any symmetric functions Q; and Q;.
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Doubled distinct partitions and strict partitions

Corollary (Pétréolle 2015)

Let r = 2¢' + 1 be an odd positive integer. Then

1 1
> HO) @l

AEDD, | \|=2nt
H#Hi(N)=2n

Corollary

Let t = 2¢' + 1 be an odd positive integer. We have

1 1
2)"n! — W = 62n> + = (> — 61+ 2)mn,
(21)"n > o) > n+3( +2)n
AEDD, | \|=2nr heH(N)
#H,(N)=2n
1 2_ 522, Lo
(20)"n! Z ey Z ¢ =2'n" + E(t — 61 + 2)n.
AEDD, | A|=2nt ceC(N)
#Hi(N)=2n
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Doubled distinct partitions and strict partitions

Corollary
Let O be a given symmetric function, and fz be a given strict partition. Then
2\5\\—Iﬁl—€(5\)+€(ﬂ)fx _ -
/B Cul 3
P(n) = — :0deA
) S A Q((z) € )
Al=n

is a polynomial of n. In particular,

2IX—=1al— f(/\)H(u)f)\/

IN/f|=n OeX Oen

O (5 () - 3 () = )+l

| A\

Corollary

Suppose that « is a given nonnegative integer. Then

2X—ERF to+k—1y 2 n
Z H(N) DZ:GA( 2k )_(k+1)!<k+l)'

[A|=n
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Thank You for Listening!
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