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80th Séminaire Lotharingien de Combinatoire
Lyon, France

March 26, 2018



q-Catalan



q-Catalan

Cn = #{ NC perfect matchings of [2n] }



q-Catalan

Cn = #{ NC perfect matchings of [2n] }



q-Catalan

Cn = #{ NC perfect matchings of [2n] }

Cn(q) =
∑

q
nesting(m)



q-Catalan

Cn = #{ NC perfect matchings of [2n] }

Cn(q) =
∑

q
nesting(m)



q-Catalan

Cn = #{ NC perfect matchings of [2n] }

Cn(q) =
∑

q
nesting(m)

Theorem (Bessenrodt–Stanley 2015) SSNF of














C0(q) C1(q) . . . Cn(q)
C1(q) C2(q) . . . Cn+1(q)

...
...

. . .
...

Cn−1(q) Cn(q) . . . C2n−1(q)
Cn(q) Cn+1(q) . . . C2n(q)















exists over Z[q] and equals

diag
(

q(
0
2) , q(

2
2) , q(

4
2) , . . . , q(

2n
2 )
)



q-Catalan

Cn = #{ NC perfect matchings of [2n] }

Cn(q) =
∑

q
nesting(m)

Theorem (Bessenrodt–Stanley 2015) SSNF of














C0(q) C1(q) . . . Cn(q)
C1(q) C2(q) . . . Cn+1(q)

...
...

. . .
...

Cn−1(q) Cn(q) . . . C2n−1(q)
Cn(q) Cn+1(q) . . . C2n(q)















(Ci+j(q))

exists over Z[q] and equals

diag
(

q(
0
2) , q(

2
2) , q(

4
2) , . . . , q(

2n
2 )
)

diag
(

q(
2i
2)
)



q-Catalan

Cn = #{ NC perfect matchings of [2n] }

Cn(q) =
∑

q
nesting(m)

Theorem (Bessenrodt–Stanley 2015) SSNF of














C0(q) C1(q) . . . Cn(q)
C1(q) C2(q) . . . Cn+1(q)

...
...

. . .
...

Cn−1(q) Cn(q) . . . C2n−1(q)
Cn(q) Cn+1(q) . . . C2n(q)















A (Ci+j(q))

exists over Z[q] and equals

diag
(

q(
0
2) , q(

2
2) , q(

4
2) , . . . , q(

2n
2 )
)

diag
(

q(
2i
2)
)



q-Catalan

Cn = #{ NC perfect matchings of [2n] }

Cn(q) =
∑

q
nesting(m)

Theorem (Bessenrodt–Stanley 2015) SSNF of














C0(q) C1(q) . . . Cn(q)
C1(q) C2(q) . . . Cn+1(q)

...
...

. . .
...

Cn−1(q) Cn(q) . . . C2n−1(q)
Cn(q) Cn+1(q) . . . C2n(q)















A (Ci+j(q))B

exists over Z[q] and equals

diag
(

q(
0
2) , q(

2
2) , q(

4
2) , . . . , q(

2n
2 )
)

diag
(

q(
2i
2)
)



q-Catalan

Cn = #{ NC perfect matchings of [2n] }

Cn(q) =
∑

q
nesting(m)

Theorem (Bessenrodt–Stanley 2015) SSNF of














C0(q) C1(q) . . . Cn(q)
C1(q) C2(q) . . . Cn+1(q)

...
...

. . .
...

Cn−1(q) Cn(q) . . . C2n−1(q)
Cn(q) Cn+1(q) . . . C2n(q)















SLn+1(Z[q])

ւ ց

A (Ci+j(q))B

exists over Z[q] and equals

diag
(

q(
0
2) , q(

2
2) , q(

4
2) , . . . , q(

2n
2 )
)

diag
(

q(
2i
2)
)



q-Catalan

Cn = #{ NC perfect matchings of [2n] }

Cn(q) =
∑

q
nesting(m)

Theorem (Bessenrodt–Stanley 2015) SSNF of














C0(q) C1(q) . . . Cn(q)
C1(q) C2(q) . . . Cn+1(q)

...
...

. . .
...

Cn−1(q) Cn(q) . . . C2n−1(q)
Cn(q) Cn+1(q) . . . C2n(q)















SLn+1(Z[q])

ւ ց

=

A (Ci+j(q))B

exists over Z[q] and equals

diag
(

q(
0
2) , q(

2
2) , q(

4
2) , . . . , q(

2n
2 )
)

diag
(

q(
2i
2)
)



q-Catalan

Cn = #{ NC perfect matchings of [2n] }

Cn(q) =
∑

q
nesting(m)

Theorem (Bessenrodt–Stanley 2015) SSNF of














C0(q) C1(q) . . . Cn(q)
C1(q) C2(q) . . . Cn+1(q)

...
...

. . .
...

Cn−1(q) Cn(q) . . . C2n−1(q)
Cn(q) Cn+1(q) . . . C2n(q)















SLn+1(Z[q])

ւ ց

=

A (Ci+j(q))B

exists over Z[q] and equals

diag
(

q(
0
2) , q(

2
2) , q(

4
2) , . . . , q(

2n
2 )
)

diag
(

q(
2i
2)
)

Theorem (Bessenrodt–Stanley 2015)

SSNF of (Ci+j+1(q)) = diag
(

q(
2i+1
2 ) ) over Z[q]



Hankel matrix of moments



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique L : K[x ] → K, L(1) = 1)



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique L : K[x ] → K, L(1) = 1)

Moments of {Pn}n≥0

µn = L(xn)



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique L : K[x ] → K, L(1) = 1)

Moments of {Pn}n≥0

µn = L(xn) =
∑

P∈Motzn

wt(P)



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique L : K[x ] → K, L(1) = 1)

Moments of {Pn}n≥0

µn = L(xn) =
∑

P∈Motzn

wt(P)



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique L : K[x ] → K, L(1) = 1)

Moments of {Pn}n≥0

µn = L(xn) =
∑

P∈Motzn

wt(P)
b1



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique L : K[x ] → K, L(1) = 1)

Moments of {Pn}n≥0

µn = L(xn) =
∑

P∈Motzn

wt(P)
b1

b0

b2



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique L : K[x ] → K, L(1) = 1)

Moments of {Pn}n≥0

µn = L(xn) =
∑

P∈Motzn

wt(P)
b1

b0

b2

λ1



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique L : K[x ] → K, L(1) = 1)

Moments of {Pn}n≥0

µn = L(xn) =
∑

P∈Motzn

wt(P)
b1

b0

b2

λ1 λ1

λ2



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique L : K[x ] → K, L(1) = 1)

Moments of {Pn}n≥0

µn = L(xn) =
∑

P∈Motzn

wt(P)

wt(P) = b0b1b2λ
2
1λ2

b1

b0

b2

λ1 λ1

λ2



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n≥0

Pn+1(x) = (x−bn)Pn(x)−λnPn−1(x), P0(x) = 1, P−1(x) = 0, and λn 6= 0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique L : K[x ] → K, L(1) = 1)

Moments of {Pn}n≥0

µn = L(xn) =
∑

P∈Motzn

wt(P)

wt(P) = b0b1b2λ
2
1λ2

b1

b0

b2

λ1 λ1

λ2

Theorem (Miller–Stanton)

SSNF of (µi+j) = diag( 1 , λ1 , λ1λ2 , . . . , λ1λ2 · · ·λn ) over Z[b0, b1, . . . , λ1, λ2, . . .]



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Theorem (Simion–Stanton) Cn(q) = µn for

Pn+1(x) = (x − q
2n − q

2n−11{n>0})Pn(x)− q
4n−3

Pn−1(x)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Theorem (Simion–Stanton) Cn(q) = µn for

Pn+1(x) = (x − q
2n − q

2n−11{n>0})Pn(x)− q
4n−3

Pn−1(x)

Corollary Cn+1(q) = µn for

Pn+1(x) = (x − q
2n(1 + q))Pn(x)− q

4n−1
Pn−1(x)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Theorem (Simion–Stanton) Cn(q) = µn for

Pn+1(x) = (x − q
2n − q

2n−11{n>0})Pn(x)− q
4n−3

Pn−1(x)

Corollary Cn+1(q) = µn for

Pn+1(x) = (x − q
2n(1 + q))Pn(x)− q

4n−1
Pn−1(x)

This explains the Bessenrodt–Stanley results.



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Theorem (Simion–Stanton) Cn(q) = µn for

Pn+1(x) = (x − q
2n − q

2n−11{n>0})Pn(x)− q
4n−3

Pn−1(x)

Corollary Cn+1(q) = µn for

Pn+1(x) = (x − q
2n(1 + q))Pn(x)− q

4n−1
Pn−1(x)

This explains the Bessenrodt–Stanley results.

Corollary SSNF of (Ci+j(q) ) = diag( q(
2i
2) ) over Z[q]



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Theorem (Simion–Stanton) Cn(q) = µn for

Pn+1(x) = (x − q
2n − q

2n−11{n>0})Pn(x)− q
4n−3

Pn−1(x)

Corollary Cn+1(q) = µn for

Pn+1(x) = (x − q
2n(1 + q))Pn(x)− q

4n−1
Pn−1(x)

This explains the Bessenrodt–Stanley results.

Corollary SSNF of (Ci+j(q) ) = diag( q(
2i
2) ) over Z[q]

Corollary SSNF of (Ci+j+1(q) ) = diag( q(
2i+1
2 ) ) over Z[q]



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Motzn(q) =

n/2
∑

k=0

(

n

2k

)

Ck(q)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Motzn(q) =

n/2
∑

k=0

(

n

2k

)

Ck(q)

Theorem (Simion–Stanton) Motzn(q) = µn for

Pn+1(x) = (x − 1)Pn(x)− q
n−1

Pn−1(x)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Motzn(q) =

n/2
∑

k=0

(

n

2k

)

Ck(q)

Theorem (Simion–Stanton) Motzn(q) = µn for

Pn+1(x) = (x − 1)Pn(x)− q
n−1

Pn−1(x)

Corollary (Miller–Stanton) SSNF of (Motzi+j(q) ) = diag( q(
i
2) ) over Z[q]



Some examples: moments that are q-
Catalan Motzkin Bell (1) Matchings Perfect matchings n!! n! . . .



Some examples: moments that are q-
Catalan Motzkin Bell (1) Matchings Perfect matchings n!! n! . . .

S (n, k) = #{ partitions of [n] into k blocks }



Some examples: moments that are q-
Catalan Motzkin Bell (1) Matchings Perfect matchings n!! n! . . .

S (n, k) = #{ partitions of [n] into k blocks }

S (n, k) = S (n − 1, k − 1) + k S (n − 1, k), S (0, k) = δ0,k



Some examples: moments that are q-
Catalan Motzkin Bell (1) Matchings Perfect matchings n!! n! . . .

S (n, k) = #{ partitions of [n] into k blocks }

S (n, k) = S (n − 1, k − 1) + [k]qS (n − 1, k), S (0, k) = δ0,k



Some examples: moments that are q-
Catalan Motzkin Bell (1) Matchings Perfect matchings n!! n! . . .

S (n, k) = #{ partitions of [n] into k blocks }

Sq(n, k) = Sq(n − 1, k − 1) + [k]qSq(n − 1, k), Sq(0, k) = δ0,k



Some examples: moments that are q-
Catalan Motzkin Bell (1) Matchings Perfect matchings n!! n! . . .

S (n, k) = #{ partitions of [n] into k blocks }

Sq(n, k) = Sq(n − 1, k − 1) + [k]qSq(n − 1, k), Sq(0, k) = δ0,k

Bn(a, q) :=
n
∑

k=0

Sq(n, k)a
k



Some examples: moments that are q-
Catalan Motzkin Bell (1) Matchings Perfect matchings n!! n! . . .

S (n, k) = #{ partitions of [n] into k blocks }

Sq(n, k) = Sq(n − 1, k − 1) + [k]qSq(n − 1, k), Sq(0, k) = δ0,k

Bn(a, q) :=
n
∑

k=0

Sq(n, k)a
k =

∑

π∈Πn

a
block(π)

q
rs(π)



Some examples: moments that are q-
Catalan Motzkin Bell (1) Matchings Perfect matchings n!! n! . . .

S (n, k) = #{ partitions of [n] into k blocks }

Sq(n, k) = Sq(n − 1, k − 1) + [k]qSq(n − 1, k), Sq(0, k) = δ0,k

Bn(a, q) :=
n
∑

k=0

Sq(n, k)a
k =

∑

π∈Πn

a
block(π)

q
rs(π)

Theorem (Médicis–Stanton–White 1995) Bn(a, q) = µn for

C
a
n+1(x ; q) = (x − aq

n − [n]q)C
a
n (x ; q)− aq

n−1[n]qC
a
n−1(x ; q)



Some examples: moments that are q-
Catalan Motzkin Bell (1) Matchings Perfect matchings n!! n! . . .

S (n, k) = #{ partitions of [n] into k blocks }

Sq(n, k) = Sq(n − 1, k − 1) + [k]qSq(n − 1, k), Sq(0, k) = δ0,k

Bn(a, q) :=
n
∑

k=0

Sq(n, k)a
k =

∑

π∈Πn

a
block(π)

q
rs(π)

Theorem (Médicis–Stanton–White 1995) Bn(a, q) = µn for

C
a
n+1(x ; q) = (x − aq

n − [n]q)C
a
n (x ; q)− aq

n−1[n]qC
a
n−1(x ; q)

Corollary (Miller–Stanton)

SSNF of (Bi+j(a, q) ) = diag( aiq(
i
2)[i ]!q ) over Z[a, q]



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

B̃n(a, q) =
∑

π∈Πn

a
block(π)

q
crossing(π)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

B̃n(a, q) =
∑

π∈Πn

a
block(π)

q
crossing(π)

Theorem (Kim–Stanton–Zeng 2006) B̃n(a, q) = µn for

Cn+1(x , a; q) = (x − a − [n]q)Cn(x , a; q)− a[n]qCn−1(x , a; q)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

B̃n(a, q) =
∑

π∈Πn

a
block(π)

q
crossing(π)

Theorem (Kim–Stanton–Zeng 2006) B̃n(a, q) = µn for

Cn+1(x , a; q) = (x − a − [n]q)Cn(x , a; q)− a[n]qCn−1(x , a; q)

Corollary (Miller–Stanton) SSNF of ( B̃i+j(q) ) = diag( ai [i ]!q ) over Z[a, q]



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Mn(q) =
∑

m∈Matchn

q
crossing(m)+2nesting(m)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Mn(q) =
∑

m∈Matchn

q
crossing(m)+2nesting(m) =

n/2
∑

k=0

(

n

2k

)

[2k − 1]q[2k − 3]q . . . [1]q



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Mn(q) =
∑

m∈Matchn

q
crossing(m)+2nesting(m) =

n/2
∑

k=0

(

n

2k

)

[2k − 1]q[2k − 3]q . . . [1]q

Theorem (Ismail–Stanton–Viennot 1987) Mn(q) = µn for

hn+1(x) = (x − 1)hn(x)− q
n−1[n]qhn−1(x)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Mn(q) =
∑

m∈Matchn

q
crossing(m)+2nesting(m) =

n/2
∑

k=0

(

n

2k

)

[2k − 1]q[2k − 3]q . . . [1]q

Theorem (Ismail–Stanton–Viennot 1987) Mn(q) = µn for

hn+1(x) = (x − 1)hn(x)− q
n−1[n]qhn−1(x)

Corollary (Miller–Stanton) SSNF of (Mi+j(q) ) = diag( q(
i
2)[i ]!q ) over Z[q]



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

x 7→ x + 1 gives the following moments:



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

x 7→ x + 1 gives the following moments:

Theorem (Ismail–Stanton–Viennot 1987)

µn = PMn(q) =
∑

π∈PMn

q
crossing(π)+2nesting(π) =

{

[1]q[3]q . . . [2m − 1]q if n=2m

0 otherwise



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

x 7→ x + 1 gives the following moments:

Theorem (Ismail–Stanton–Viennot 1987)

µn = PMn(q) =
∑

π∈PMn

q
crossing(π)+2nesting(π) =

{

[1]q[3]q . . . [2m − 1]q if n=2m

0 otherwise

Corollary (Miller–Stanton)

SSNF of (PMi+j(q) ) = diag( q(
i
2)[i ]!q ) over Z[q]



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

x 7→ x + 1 gives the following moments:

Theorem (Ismail–Stanton–Viennot 1987)

µn = PMn(q) =
∑

π∈PMn

q
crossing(π)+2nesting(π) =

{

[1]q[3]q . . . [2m − 1]q if n=2m

0 otherwise

Corollary (Miller–Stanton)

SSNF of (PMi+j(q) ) = diag( q(
i
2)[i ]!q ) over Z[q]



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

x 7→ x + 1 gives the following moments:

Theorem (Ismail–Stanton–Viennot 1987)

µn = PMn(q) =
∑

π∈PMn

q
crossing(π)+2nesting(π) =

{

[1]q[3]q . . . [2m − 1]q if n=2m

0 otherwise

Corollary (Miller–Stanton)

SSNF of (PMi+j(q) ) = diag( q(
i
2)[i ]!q ) over Z[q]

Corollary (“Even-Odd trick”) [2n − 1]!!q = µn for

Pn+1(x) = (x − q
2n−1[2n]q − q

2n[2n + 1]q)Pn(x)− q
4n−3[2n − 1]q[2n]qPn−1(x)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

x 7→ x + 1 gives the following moments:

Theorem (Ismail–Stanton–Viennot 1987)

µn = PMn(q) =
∑

π∈PMn

q
crossing(π)+2nesting(π) =

{

[1]q[3]q . . . [2m − 1]q if n=2m

0 otherwise

Corollary (Miller–Stanton)

SSNF of (PMi+j(q) ) = diag( q(
i
2)[i ]!q ) over Z[q]

Corollary (“Even-Odd trick”) [2n − 1]!!q = µn for

Pn+1(x) = (x − q
2n−1[2n]q − q

2n[2n + 1]q)Pn(x)− q
4n−3[2n − 1]q[2n]qPn−1(x)

Corollary (Miller–Stanton)

SSNF of ( [2i + 2j − 1]!!q ) = diag( q(
2i
2)[2i ]!q ) over Z[q]



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)

wex(σ)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)

wex(σ)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)

wex(σ)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)

wex(σ) = 7



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)

wex(σ) = 7 crossing(σ)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)

wex(σ) = 7 crossing(σ)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)

wex(σ) = 7 crossing(σ)



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)

wex(σ) = 7 crossing(σ) = 5



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)

wex(σ) = 7 crossing(σ) = 5

Corollary (Miller–Stanton)

SSNF of (µi+j(a, q) ) = diag( ai [i ]!2q ) over Z[a, q]



Some examples: moments that are q-
Catalan Motzkin Bell (2) Matchings Perfect matchings n!! n! . . .

Ln+1(x ; q) = (x − a[n + 1]q − [n]q)Ln(x ; q)− a[n]2qLn−1(x ; q)

Theorem (Kasraoui–Stanton–Zeng, Simion–Stanton, Corteel et al.)

µn =
∑

σ∈Sn

a
wex(σ)

q
crossing(σ)

(1, 9)(2, 3, 7, 5, 4, 6, 11)(8)(10)

wex(σ) = 7 crossing(σ) = 5

Corollary (Miller–Stanton)

SSNF of (µi+j(a, q) ) = diag( ai [i ]!2q ) over Z[a, q]



Toeplitz matrix of Laurent moments



Toeplitz matrix of Laurent moments

Laurent biorthogonal polynomials {Pn(z)}n≥0

Pn+1(z) = (z − bn)Pn(x)− zλnPn−1(x) P0(x) = 1, P−1(x) = 0



Toeplitz matrix of Laurent moments

Laurent biorthogonal polynomials {Pn(z)}n≥0

Pn+1(z) = (z − bn)Pn(x)− zλnPn−1(x) P0(x) = 1, P−1(x) = 0

Orthogonality
L(zℓPn(1/z)) = 0 0 ≤ ℓ < n

determines
µℓ = L(zℓ) −∞ < ℓ < ∞



Toeplitz matrix of Laurent moments

Laurent biorthogonal polynomials {Pn(z)}n≥0

Pn+1(z) = (z − bn)Pn(x)− zλnPn−1(x) P0(x) = 1, P−1(x) = 0

Orthogonality
L(zℓPn(1/z)) = 0 0 ≤ ℓ < n

determines
µℓ = L(zℓ) −∞ < ℓ < ∞

Combinatorics of moments: Schröder paths
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Theorem (Miller–Stanton)

SSNF of (µi−j)
n
i,j=0 = diag

(

1 , −
λ1

b1
,
λ1λ2

b1b2
, . . . , ±

λ1λ2 . . . λn

b1b2 . . . bn

)

over Z[b0, b
−1
0 , b1, b

−1
1 , . . . , λ1, λ2, . . .]
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