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Diagonal Harmonics

Let R = C[l’l,...,l'”,yl,...

of(x1, .. Tpy Y1y -

,Yn| on which S,, acts diagonally:

7y'I'L) = f(xa'lw"7'%'0'7,71/0'17"'71/0'7,,)
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Let I be the ideal generated by the constant free invariants of this
action.
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Diagonal Harmonics
Let R == Clzy,...,Zn,¥1,--.,Yn] on which S,, acts diagonally:
O-f(l'lv"'axnaylv"'ayn) = f(xO'N‘"’:Eo'n?yo'lv"'vydn)

Let I be the ideal generated by the constant free invariants of this
action.

DH, =R/I

R is bi-graded, I is homogeneous and invariant so DH,, is a bi-graded
S,,-module.

We have

DH,= P V

VCDHy
irreducible
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Diagonal Harmonics
Let R = Clz1,...,Zn,Y1,--.,Yn] on which S,, acts diagonally:
O-f('rlv"'axnayla' . ayn) = f(xo’p' s oy Yoy -oe - 7yan)

Let I be the ideal generated by the constant free invariants of this
action.

DH, = R/I

R is bi-graded, I is homogeneous and invariant so DH,, is a bi-graded
Sp,-module.

We define its bi-graded Frobenius characteristic

FoteDMp) = Y qts WtV oy € Mg

VCDHy
irreducible
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The nabla operator

The Macdonald polynomials, {7}, form a basis of the ring A

(d)
Q(gt)
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The nabla operator

The Macdonald polynomials, {7}, form a basis of the ring A
» Generalisation of Schur, Hall-Littlewood, Jack ...
» Schur positive.

» Bi-graded Frobenius characteristic of submodules of DH,
(Garsia-Haiman).
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The nabla operator

(d)

The Macdonald polynomials, {7}, form a basis of the ring AQ(q‘t)

» Generalisation of Schur, Hall-Littlewood, Jack ...
» Schur positive.

» Bi-graded Frobenius characteristic of submodules of DH,
(Garsia-Haiman).

Definition
The nabla operator is the linear operator defined by

V: Ag(gr) = Aggt)
HM — e|u|[BIJHM
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The nabla operator

(d)

The Macdonald polynomials, {7}, form a basis of the ring AQ(q‘t)

» Generalisation of Schur, Hall-Littlewood, Jack ...
» Schur positive.

» Bi-graded Frobenius characteristic of submodules of DH,
(Garsia-Haiman).

Definition
The nabla operator is the linear operator defined by

V: Ag(gr) = Aggt)
HM — elul[BxJHu

Theorem (Haiman)
The bi-graded Frobenius characteristic of DH,, is Ve,.
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The Shuffle Theorem

Theorem (Carlsson-Mellit)

Ve, = Z qdinv(D)tarea(D)xD
DeLD(n)
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The Shuffle Theorem

Theorem (Carlsson-Mellit)

Ve, = Z qdinv(D)tarea(D):L,D
DeLD(n)

[©
©
(3)

LD(n): labelled Dyck paths of size n

S

VO
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The Shuffle Theorem

Theorem (Carlsson-Mellit)

Ve, = Z qdinv(D)tarea(D):L,D
DELD(n)

Area: number of whole squares between
the path and y = .

O

®O
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The Shuffle Theorem

Theorem (Carlsson-Mellit)

Ve, = Z qdinv(D)tarea(D)mD
DeLD(n)

D Dinv: count the number of pairs

(6) » same diagonal,
lower label < upper label
(primary dinv)
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The Shuffle Theorem

Theorem (Carlsson-Mellit)

Ve, = Z qdinv(D)tarea(D)mD
DeLD(n)

D Dinv: count the number of pairs

(6) » same diagonal,
lower label < upper label
(primary dinv)

©

» lower step one diagonal above upper
step
lower label > upper label
(secondary dinv)

ClS
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The Shuffle Theorem

Theorem (Carlsson-Mellit)

Ve, = Z qdinv(D)tarea(D)xD
DeLD(n)

@ n
9 z? = H L1,(D)
i=1

where [;(D) is the label of the i-th vertical
step of D.

S

®©

l‘%xgl‘gxzp’ljg,:[(;
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The Compositional Shuffle Theorem

Theorem (Carlsson-Mellit)

VC, = Z qdinv(D)tarea(D){L,D
DeLD(a)

(D We have

e:’ ZCQ = €n

aFn

O

LD(«): labelled Dyck paths with diagonal
composition .

S
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Combinatorial recursion
Theorem (Zabrocki)

Set Dyi(a) = > ¢linviP)areaD) We have the recursion
DeD(a)

Dyt(a, o) t“lz ,B)

BFa—1

for a > 0, with initial conditions Dy (@) = 1.
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Combinatorial recursion

Theorem (Zabrocki)

Set Dyi(a) = > ¢linviP)areaD) We have the recursion
DeD(a)

Dqt a, Oé = § ! Z Z(a)Dqt )
BFa—1

for a > 0, with initial conditions Dy (@) = 1.
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Combinatorial recursion

Theorem (Zabrocki)
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Combinatorial recursion
Theorem (Zabrocki)

Set Dyi(a) = > ¢linviP)areaD) We have the recursion
DeD(a)

Dy(a, ) =171 Y ¢"“Dg(a,B)

BFa—1

for a > 0, with initial conditions Dy (@) = 1.

N0
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Super-diagonal coinvariants and A;

Let R:=Clz1,..., 20,91, -, Yn,01,...,0,] where 6,0; = —0;6;.
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Super-diagonal coinvariants and A;
Let R = C[l‘l, ey Ty Y1y - - -5 Yny 0q,... ,0,,,] where 07;9j = —GJH,

Consider again the diagonal action of S,, on R and let I be the ideal
generated by the constant free invariants of this action.

M, =R/I
R is bi-graded, I is homogeneous and invariant so M,, is a bi-graded
S,,-module.

Definition

For f € Ag(q) we define the Delta operators as
Art Mg = A : Hy = fIBulH,
At Mg — Mgy : Hu = fIBu — 1]H,
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Super-diagonal coinvariants and A;
Let R :=Clz1,...,Zn,¥1,--,Yn,01,...,0,] where 6;0; = —0,0;.

Consider again the diagonal action of S,, on R and let I be the ideal
generated by the constant free invariants of this action.

M, =R/I

R is bi-graded, I is homogeneous and invariant so M,, is a bi-graded
S,,-module.
Definition
For f € Ag(q) we define the Delta operators as
Af: Age) = Ao+ Hu = fIBuHy
A% Ageg) = M)  Hu = f[Bu —1]1H,

Conjecture (Zabrocki)
The bi-graded Frobenius characteristic of the submodule of M,, in
O-degree k is AL en.

n—k—1 T

5/8



The Delta Conjecture

Conjecture (Haglund-Remmel-Wilson)

/ f—
Aen—k’—len o Z

DELD(n)*k

qdinv(D)tarea(D)xD
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The Delta Conjecture

Conjecture (Haglund-Remmel-Wilson)

A/e e, = § : qdinv(D)tarea(D)mD
n—k—1 "
DeLD(n)*k

)
ol ©)
(3

LD(n)**: labelled Dyck paths of size n
with k& decorated rises

VEE
O
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The Delta Conjecture

Conjecture (Haglund-Remmel-Wilson)

A/e ey = § qdinv(D)tarea(D)l,D
n—k—1 v
DeLD(n)*k

©
3 Area: number of whole squares between

the path and y = 2 and in rows not
containing decorated rises.

S

VB
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The Delta Conjecture

Conjecture (Haglund-Remmel-Wilson)

= > mDparea(D)gD
DELD(n)*k
|0
©) Dinv, 2P: same as for the undecorated
©) case
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The Delta Conjecture

Conjecture (Haglund-Remmel-Wilson)

A/p ey = § qdinv(D)tarea(D)mD
“n—k—1
DeLD(n)*k

Definition
For f € Ag(q) We define the following operators on Ay )

Y I =

ieN
Theorem (D’Adderio-Iraci-Vanden Wyngaerd)
@ekVen_k = A/C @

n—k—1 "
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The Compositional Delta Conjecture

Conjecture (D’Adderio-Iraci-Vanden Wyngaerd)
@ekVC’a = Z qdinV(D)tarea(D)xD

DELD(a)*k
«[® LD(a)**: labelled decorated Dyck paths
¥4 with diagonal composition o. Rows

containing decorated rises do not count.

O

a=(4,2)

R&©
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Combinatorial recursion
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Combinatorial recursion

Theorem (D’Adderio-Iraci-Vanden Wyngaerd)
We have the combinatorial recursion, for a, k > 0,
qut(ma)*k _ tafl Z qf(a)qut(a’ﬁ)*k
BEa—1

+ tafl Z qé(a) Dq,t<a, ﬁ)*kfl
BEa

with initial conditions D, ¢(2)** = 60 and Dy ¢(a)*® = Dy 4(a).
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Towards a Theta Conjecture

» Algebra side: diagonal coinvariants of

R = (C[xlv"'7xn>yla'-'>yn>913"->9n>7717"'777n}

where 0;0; = —0;0; and n;n; = —n;1; in 0-degree k and n-degree .
» Symmetric function side: ©., O, Ve, _j_;.

» Combinatorial side: labelled Dyck paths with decorated rises and
valleys. Statistics?
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Thank you for your attention!
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t2
t |qt|g*t
1]q|¢

For f € Ag(q,r) We set f[B,] to be f

evaluated in the content of this
picture
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