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Integer partition

Let n be a non-negative integer.

Definition

A partition of n, λ = (λ1, . . . , λ`) ` n, is a sequence of positive
integers with λ1 ≥ · · · ≥ λ` > 0 whose sum |λ| := λ1 + · · ·+ λ`
is n. A Young diagram of shape λ is a collection of n left-justified
boxes with precisely λi boxes in row i .

Example: λ = (4, 2, 1) ` 7.
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Skew shapes and border strips

We write µ ⊂ λ if µi ≤ λi for all i .

Let µ ⊂ λ: The skew shape λ/µ is the set of cells that appears in
the Young diagram of λ which do not appear in µ.

Example: λ = (6, 5, 4, 2, 2, 2), µ = (4, 3, 1, 1, 1)

ht
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=

ht

( )
= 5

A border strip (ribbon, rim-hook) is a connected skew shape that
does not contain a 2× 2 square. The height ht(λ/µ) is the
number of rows the shape spans minus 1.
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Standard Young tableaux

Definition

A standard Young tableau T of shape λ ` n is a filling of the
Young diagram with the values {1, . . . , n} such that the values in
each row and column are strictly increasing.

Example:

T =
1 2 4 5
3 7
6

SYT(λ) denotes the set of all standard Young tableaux of shape λ.
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Descents and major index for SYT

Definition

The descent set DES(T ) of a SYT T , is the set of positive integers
i such that i + 1 lies in a row strictly below the cell containing i .

The major index of T is the sum of its descents.

Example:

T =
1 2 4 5
3 7
6

DES(T ) = {2, 5}

maj(T ) = 2 + 5 = 7

The major index generating function or fake degree polynomial for
λ is

f λ(q) =
∑

T∈SYT(λ)

qmaj(T )
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Example

1 4
2 5
3 6

1 3
2 5
4 6

1 2
3 5
4 6

1 3
2 4
5 6

1 2
3 4
5 6

q12 q9 q10 q8 q6

f (2,2,2)(q) =
∑

T∈SYT(2,2,2)

qmaj(T ) = q12 + q10 + q9 + q8 + q6

Let’s do something crazy and plug n-th roots of unity into f λ(q).

prim. root 6th 3rd 2nd = −1 1st = 1

f (2,2,2)(·) 0 2 3 5
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Border strip tableaux

Definition

A border strip tableau of shape λ ` n with strip size k is a Young
diagram tiled with border strips of size k , filled with {1, . . . , n/k}
such that the values in each row and column are weakly increasing.

Example:

7
7 7

6 6
65

5 5
4
4
4

3 3 3
2 2

2
1
1 1

BST(λ, k) denotes the set of all border strip tableaux of shape λ
and strip size k. Note that BST(λ, 1) = SYT(λ).
BST(λ, k) 6= ∅ ⇔ λ has empty k-core
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Continuation of the example

k = 1 1 4
2 5
3 6

1 3
2 5
4 6

1 2
3 5
4 6

1 3
2 4
5 6

1 2
3 4
5 6

k = 2

3
2
1

32

1

3
21

k = 3

21 2
1

prim. root 6th 3rd 2nd = −1 1st = 1

f (2,2,2)(·) 0︸︷︷︸
6-core not empty

2 3 5
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Relating f λ(ξ) with character values

Let χλ(ρ) be the value of the irreducible character indexed by λ of
the symmetric group evaluated at the conjugacy class ρ.

Theorem (Murnaghan-Nakayama rule)

χλ(ρ) =
∑

T∈BST(λ,ρ)

(−1)ht(T ),

where ht(T ) is the sum of the heights of all strips in T .

Theorem (James, Kerber 1984)

For ρ = (kn/k)
Murnaghan-Nakayama rule is
cancellation free.

χλ(ρ) = (−1)ht(T0)|BST(λ, k)|

Theorem (Springer 1974)

Let λ ` n be a partition and
k | n. Let ξ a primitive k-th root
of unity and ρ = (kn/k), then

f λ(ξ) = χλ(ρ).
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Putting together

Corollary

Let λ ` n be a partition and k | n. Let ξ a primitive k-th root of
unity, then for some ελ,k ∈ {±1}

f λ(ξ) = ελ,k · |BST(λ, k)|.

prim. root 6th 3rd 2nd = −1 1st = 1

f (2,2,2)(·) 0︸︷︷︸
6-core not empty

2 3 5

We will refine this!

k = 1
1 4
2 5
3 6

1 3
2 5
4 6

1 2
3 5
4 6

1 3
2 4
5 6

1 2
3 4
5 6

k = 2
3
2
1

32

1

3
21

k = 3
21 2

1
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Refining the fake degree

f λ(q, t) =
∑

T∈SYT(λ)

qmaj(T )t |DES(T )|

Example:

1 4
2 5
3 6

1 3
2 5
4 6

1 2
3 5
4 6

1 3
2 4
5 6

1 2
3 4
5 6

q12t4 q9t3 q10t3 q8t3 q6t2

f (2,2,2)(q, t) = q12t4 + (q10 + q9 + q8)t3 + q6t2

prim. root 6th 3rd 2nd = −1 1st = 1

f (2,2,2)(·, t) t4 − 2t3 + t2︸ ︷︷ ︸
6-core not empty

t4 + t2 t4 + t3 + t2 t4 + 3t3 + t2
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Descents for BST

Write the strip labels in the leftmost cell in the last row of each
strip.

Definition

The descent set DES(B) of a BST B, is the set of positive integers
i such that i + 1 lies in a row strictly below the cell containing i .

Example:

B =

7
7 7

6 6
65

5 5
4
4
4

3 3 3
2 2

2
1
1 1

7

6
5

43
21 7

6
5

43
21

DES(B) = {2, 4, 5}
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A statistic for BST

Recall: The height ht of a border strip is the number of rows it
spans minus 1.

Definition

Let B ∈ BST(λ, k) and B1 be the strip in B containing 1.

stat(B) = k · |DES(B)|+ ht(B1)

Example:

B =

7

6
5

43
21 DES(B) = {2, 4, 5}

ht(B1) = ht

( )
= 1

stat(B) = 3 · 3 + 1 = 10
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k = 1 1 4
2 5
3 6

1 3
2 5
4 6

1 2
3 5
4 6

1 3
2 4
5 6

1 2
3 4
5 6

t1·4+0 t1·3+0 t1·3+0 t1·3+0 t1·2+0

k = 2

3
2
1

32

1

3
21

t2·2+0 t2·1+0 t2·1+1

k = 3

21 2
1

t3·0+2 t3·1+1

prim. root 6th 3rd 2nd = −1 1st = 1

f (2,2,2)(·, t) 6-core not empty t4 + t2 t4 + t3 + t2 t4 + 3t3 + t2
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f (2,2,2)(·, t) 6-core not empty t4 + t2 t4 + t3 + t2 t4 + 3t3 + t2
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The refined result

Theorem (P 2020+)

Let λ be a partition of n with empty k-core. Let ξ a primitive k-th
root of unity,

f λ(ξ, t) = ελ,k ·
∑

B∈BST(λ,k)

tstat(B)

for some ελ,d ∈ {±1}.

Proof ingredients:

• Partition quotients

• Schur function identities

• A bijection

• Per Alexandersson’s symmetric functions catalogue
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Proof steps

f λ(ξ, t) = ελ,k ·
∑

B∈BST(λ,k)

tk·|DES(B)|+ht(B1)

1
k-quotient−→ standard tableau tuples:∑
B∈BST(λ,k)

tk·|DES(B)|+ht(B1) =
∑

T ∈SYT-tuples

tk·|DES(T )|+idx1(T )

2
Schur function identity−→ SSYT-tuples:

1

(1− tk)n/k−1
f λ(ξ, t) = ελ,k ·

∑
T∈SSYT-tuples

tk·(max(T)−1)+idx1(T)

3 (comp. with n/k − 1 parts)× SYT-tuples↔ SSYT-tuples

1

(1− tk)n/k−1

∑
T ∈SYT-tuples

tk·|DES(T )|+idx1(T ) =
∑

T∈SSYT-tuples

tk·(max(T)−1)+idx1(T)
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Partition quotient

Theorem (Littlewood 1951)

There exists a bijection that maps a partition λ of n with empty
k-core to a tuple of partitions (λ0, λ1, . . . , λk−1) with
|λ0|+ |λ1|+ · · ·+ |λk−1| = n

k . The image is called k-quotient.

Example:

3-quotient
7→

(
, ,

)

Iterating this bijection one obtains a map between BST(λ, k) and
fillings of (λ0, λ1, . . . , λk−1), that we call standard tableau tuples.
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7

6
5

43
21



∅ ↔ ∅ ∅ ∅
↔ ∅ ∅
↔ ∅

↔

↔

↔

↔

↔



3 4
6

1
5

2 7
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Recognising descents in a standard tableau tuples

B =

7

6
5

43
21

↔ 3 4
6

1
5

2 7 = T

3
4

6
1

5
2

7

i is a descent, if and only if (i + 1) is in

1 a tableau to the left and weakly below of i , or

2 the same tableau or a tableau to the right and strictly below i .

The height ht(B1) is given by the index idx1(T ) of the tableau
containing 1.

Austrian notation
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Proof steps

f λ(ξ, t) = ελ,k ·
∑

B∈BST(λ,k)

tk·|DES(B)|+ht(B1)

1
k-quotient−→ standard tableau tuples:∑
B∈BST(λ,k)

tk·|DES(B)|+ht(B1) =
∑

T ∈SYT-tuples

tk·|DES(T )|+idx1(T )

2
Schur function identity−→ SSYT-tuples:

1

(1− tk)n/k−1
f λ(ξ, t) = ελ,k ·

∑
T∈SSYT-tuples

tk·(max(T)−1)+idx1(T)

3 (comp. with n/k − 1 parts)× SYT-tuples↔ SSYT-tuples

1

(1− tk)n/k−1

∑
T ∈SYT-tuples

tk·|DES(T )|+idx1(T ) =
∑

T∈SSYT-tuples

tk·(max(T)−1)+idx1(T)
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Schur functions

A semistandard Young tableau of shape λ is a filling of the Young
diagram with weakly increasing rows and strictly increasing
columns. SSYT(λ) is the (infinite) set of all semistandard Young
tableaux of shape λ.

Definition

sλ(x0, x1, x2, . . . ) =
∑

T∈SSYT(λ)

xT

is the Schur function associated with λ.

1 1
2

1 2
2

1 1
3

1 2
3

1 3
2

. . .

s(2,1) = x2
0 x1 + x0x

2
1 + x2

0 x2 + x0x1x2 + x0x1x2 + . . .

sλ(1, . . . , 1︸ ︷︷ ︸
m

, 0, 0, . . . ) = sλ(1m) = #SSYT with all entries ≤ m
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An identity

Theorem (Gessel 1993)

Let λ ` n and let (t; q)n+1 = (1− t)(1− tq) . . . (1− tqn) be the
q-Pochhammer-symbol.

f λ(q, t)

(t; q)n+1
=
∞∑

m=0

tmsλ(1, q, . . . , qm)

Let k | n and ξ a primitive k-th root of unity, then

1

(1− tk)n/k−1
f λ(ξ, t) = (1− t)(1− tk)

∞∑
m=0

tmsλ(1, ξ, . . . , ξm)
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Schur functions at roots of unity

Theorem (Reiner,Stanton,White 2004, P 2020+)

Let λ ` n with empty k-core, (λ0, . . . , λk−1) its k-quotient and ξ a
prim. k-th root of unity. If m − 1 = ` · k + r for 0 ≤ k < r , then

sλ(1, ξ, . . . , ξm−1) =

ελ,k · sλ0(1`) · . . . sλk−r−1(1`) · sλk−r (1`+1) · . . . · sλk−1(1`+1)

|RHS| = #SSYT tuples of shapes (λ0, . . . , λk−1), entries between
2 and `+ 1 / 1 and `+ 1.

(1− t)(1− tk)
∞∑

m=0

tmsλ(1, ξ, . . . , ξm) =

ελ,k ·
∑

T∈SSYT-tuples

tk·(max(T)−1)+idx1(T).

max(T) is the maximal entry and idx1(T) is the index of the
tableau containing the leftmost 1 in T.
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The final bijection

1

(1− tk)n/k−1

∑
T ∈SYT-tuples

tk·|DES(T )|+idx1(T ) =
∑

T∈SSYT-tuples

tk·(max(T)−1)+idx1(T)

can be shown using a bijection

(comp. with n/k − 1 parts)× SYT-tuples↔ SSYT-tuples

(α, T )↔ T

such that

|α|+ |DES(T )|+ 1 = max(T) and idx1(T ) = idx1(T)

(0, 0, 0, 1, 2, 2), 3
4

6
1

5
2

7
↔

2
2

7
1

4
1

9
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can be shown using a bijection

(comp. with n/k − 1 parts)× SYT-tuples↔ SSYT-tuples

(α, T )↔ T

such that

|α|+ |DES(T )|+ 1 = max(T) and idx1(T ) = idx1(T)
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Proof steps

f λ(ξ, t) = ελ,k ·
∑

B∈BST(λ,k)

tk·|DES(B)|+ht(B1)

1
k-quotient−→ standard tableau tuples:∑
B∈BST(λ,k)

tk·|DES(B)|+ht(B1) =
∑

T ∈SYT-tuples

tk·|DES(T )|+idx1(T )

2
Schur function identity−→ SSYT-tuples:

1

(1− tk)n/k−1
f λ(ξ, t) = ελ,k ·

∑
T∈SSYT-tuples

tk·(max(T)−1)+idx1(T)

3 (comp. with n/k − 1 parts)× SYT-tuples↔ SSYT-tuples

1

(1− tk)n/k−1

∑
T ∈SYT-tuples

tk·|DES(T )|+idx1(T ) =
∑

T∈SSYT-tuples

tk·(max(T)−1)+idx1(T)
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Summary and outlook

Theorem (P 2020+)

Let λ be a partition of n with empty k-core. Let ξ a primitive k-th
root of unity,

f λ(ξ, t) = ελ,k ·
∑

B∈BST(λ,k)

tstat(B)

for some ελ,d ∈ {±1}.

More ideas and questions:

• Refinement of (implicit) CSP from ”Skew characters and
cyclic sieving” [Alexandersson, P., Rubey, Uhlin]

• Relation to LLT polynomials

• Relation to cyclic descents (cDES)

• Representation theoretic meaning
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