
The existence of a cyclic sieving phenomenon for
permutations via a bound on the number of
border strip tableaux and invariant theory

joint work with
Per Alexandersson, Stephan Pfannerer and Joakim Uhlin

8.9.2020



A mystery group action

joint with
Per Alexandersson, Stephan Pfannerer and Joakim Uhlin

8.9.2020



Part -I
preliminaries



Group actions and representations

§ a representation of a group G on a vector space V is a group
homomorphism G Ñ EndV . Notation: g ¨ ~v P V .

A morphism φ : V ÑW of representations is a linear map
with

g ¨ φp~vq “ φpg ¨ ~vq.

§ an action of a finite group G on a finite set X is a group
homomorphism G Ñ SX . Notation: g ¨ x P X .
A morphism φ : X Ñ Y of group actions is a map with

g ¨ φpxq “ φpg ¨ xq.
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Brauer’s Permutation Lemma

§ the character of a representation ρ : G Ñ EndpV q is the map

χρ : (conjugacy classes of) G Ñ C, g ÞÑ tr ρpgq

§ the character of a group action ρ : G Ñ SX is the character
of the associated ‘permutation representation’:

χρ : (conjugacy classes of) G Ñ C, g ÞÑ fix ρpgq

Lemma

Two representations are isomorphic if and only if their characters
coincide.

Lemma (Brauer)

Two cyclic group actions are isomorphic if and only if they are
isomorphic as linear representation.
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Cyclic sieving

Given

§ a finite set X
§ a cyclic group xcy of order r acting on X
§ a polynomial f P Nrqs such that for any d P N

f pξdq “ fix
´

cd
¯

(ξ a primitive r -th root of unity)

Then pX , xcy, f q exhibits the cyclic sieving phenomenon.

Note that

§ f p1q “ |X |
§ f pqq mod pqr ´ 1q is the character of the group action

§ mostly, one is interested in ‘nice’ f
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Part O
summary of results



Let BSTpλ{µ, kq be the set of border strip tableaux of shape λ{µ
with strips of size k.

Theorem

#BSTpλ{µ, kq ě
ÿ

dą1

#BSTpλ{µ, kdq, if #BSTpλ{µ, kq ě 2

Example

λ{µ “ p5, 43q{p22, 1q, k “ 2, English notation.
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Let SYTpλ{µq be the set of standard Young tableaux of shape λ{µ

and let Sλ{µ “
À

ν S
‘cλµ,ν
ν be the corresponding representation.

Theorem

Sλ{µ b Sλ{µ Óxp1,...,|λ{µ|qy is isomorphic to a cyclic group action.

Example

Let λ{µ “ p3, 2q{p1q. The character of Sλ{µ b Sλ{µ Óxp1,...,|λ{µ|qy is

1 4
2 3

1 2
3 4

2 4
1 3

2 3
1 4

1 3
2 4

´

ÿ

TPSYTpλ{µq

qmajpT q
¯2
“ pq `q2 `q2 `q3 `q4q2

” 7` 6q ` 6q2 ` 6q3 mod pq4 ´ 1q

which means that the group action has
one orbit of size 1 and six orbits of size 4.
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Let rot be the rotation of the chord diagram of a permutation.

Theorem

Ds : Sr Ñ integer partitions of size r

§ s ˝ rot “ s

§ s is equidistributed with the Robinson-Schensted shape

§ rot restricted to Sλ
r “ tσ P Sr |spσq “ λu has character

f λpqq2 “
´

ř

TPSYTpλq q
majT

¯2

Example
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p4q : once r1,2,3,4s

p3, 1q : nine times r1,2,4,3s,...

p22q : four times r2,1,4,3s,...

p2, 12q : nine times r1,4,3,2s,...

p14q : once r4,3,2,1s
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orbit sizes
p4q : 1 r1,2,3,4s

p3, 1q : 4, 4, 1 r1,2,4,3s,...

p22q : 2, 2 r2,1,4,3s,...

p2, 12q : 4, 4, 1 r1,4,3,2s,...

p14q : 1 r4,3,2,1s



Part I
invariant theory

or: why bother?



Invariants of the adjoint representation of GLn

Let V be the vector representation of GLn:

GLn Ñ EndpV q

T ¨ ~v “ T~v

Let gln – V b V ˚ be the adjoint representation of GLn:

GLn Ñ Endpglnq

T ¨ A “ TAT´1

GLn acts diagonally on glbrn :

T ¨ pA1 b ¨ ¨ ¨ b Ar q “ pT ¨ A1q b ¨ ¨ ¨ b pT ¨ Ar q

The invariants of this representation are

`

glbrn

˘GLn
“ tw P glbrn | @T P GLn : T ¨w “ wu

They are hard to describe explicitely.
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Rotation and Promotion

§ let Apnqr be the set of gln-highest weight words of weight zero:
sequences p0“µ0, µ1, . . . , µ2r “0q of vectors in Zn such that

§ each vector has weakly decreasing entries
§ `
p´qµi`1 ´

p`q µi is a unit vector for i even (odd)

§ Apnqr is a natural indexing set for a basis of
`

glbrn

˘GLn

e.g.

r “ 2 n “ 1 : p0, 1, 0, 1, 0q
n “ 2 : p00, 10, 00, 10, 00q

p00, 10, 11̄, 10, 00q
r “ 3 n “ 1 : p0, 1, 0, 1, 0, 1, 0q

n “ 2 : p00, 10, 00, 10, 00, 10, 00q
p00, 10, 11̄, 21̄, 11̄, 10, 00q
. . .

n “ 3 : . . .
p000, 100, 101̄, 111̄, 101̄, 100, 000q
. . .



Rotation and Promotion

§ let Apnqr be the set of gln-highest weight words of weight zero:
sequences p0“µ0, µ1, . . . , µ2r “0q of vectors in Zn such that

§ each vector has weakly decreasing entries
§ `
p´qµi`1 ´

p`q µi is a unit vector for i even (odd)

§ Apnqr is a natural indexing set for a basis of
`

glbrn

˘GLn

§ promotion is a natural (but complicated) operation on Apnqr ,

isomorphic to rotation of tensor positions in
`

glbrn

˘GLn

[Westbury]

§ for n ě r , a variant of the Robinson-Schensted correspondence
yields an isomorphism between promotion and rotation of
permutations as chord diagrams [Pfannerer-R.-Westbury]



Rotation and Promotion

Theorem (Pfannerer-R.-Westbury)

There is an explicit bijection

P : Aprqr Ñ Sr with P ˝ pr “ rot ˝P.

We want the same for Apnqr with n ă r !

Theorem

There are sets S
p1q
r Ď S

p2q
r Ď ¨ ¨ ¨ Ď S

prq
r “ Sr and a bijection

P : Aprqr Ñ S
prq
r with P ˝ pr “ rot ˝P and PpApnqr q “ S

pnq
r .
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Invariants of the adjoint representation of GLn

The symmetric group Sr acts on
`

glbrn

˘GLn permuting positions:

σ ¨ pA1 b ¨ ¨ ¨ b Ar q “ Aσ´11 b ¨ ¨ ¨ b Aσ´1r

Schur-Weyl duality yields the Sr -character of this action:

Proposition

`

glbrn

˘GLn
–

à

λ$r
`pλqďn

Sλ b Sλ,

where Sλ is the Specht module corresponding to λ.

Corollary

The character of pr on Apnqr is
ÿ

λ$r
`pλqďn

´

ÿ

TPSYTpλq

qmajT
¯2

.
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Invariants of the adjoint representation of GLn

Proof.
Let V be the vector representation of GLn

and let Vλ be the
irreducible representation of GLn in Schur-Weyl duality with Sλ.

`

glbrn

˘GLn
–

`

EndpV qbr
˘GLn

– EndGLnpV
br q

Schur-Weyl
–

duality
EndGLn

`à

λ$r
`pλqďn

Vλ b Sλ
˘

Schur’s
–

Lemma

à

λ$r
`pλqďn

End
`

Sλ
˘

–
à

λ$r
`pλqďn

Sλ b Sλ.
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A combinatorial mystery

Theorem

D s : Sr Ñ integer partitions of size r

§ s ˝ rot “ s

§ s is equidistributed with the Robinson-Schensted shape sh

§ rot restricted to Sλ
r “ tσ P Sr | spσq “ λu has character

f λpqq2 :“
´

ř

TPSYTpλq q
majT

¯2

Proof.
There is a group action ρλ on SYTpλq ˆ SYTpλq with character

f λpqq2, so ρ :“
à

λ$r

ρλ has character
ÿ

λ$r

`

f λpqq
˘2

.

rot on Sr has the same character.
By Brauer’s lemma there is an isomorphism φ : pSr , rotq – pSr , ρq.
Define spσq :“ shpφpσqq
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Part II
border strip tableaux and the main theorems



How to recognise a cyclic group action

Proposition (Alexandersson-Amini)

Given

§ a polynomial f P Nrqs such that f pξdq P N for any d P N
§ X any set of size f p1q

Then there exists an action of Zr on X such that pX ,Zr , f q exhibits
the cyclic sieving phenomenon, if and only if

Sk “
ÿ

d |k

µpk{dqf pξdq ě 0 for every k|r

where

µpmq “

#

p´1q#prime factors of m if m is square-free

0 otherwise.

is the Möbius function.
In this case, Sk is the number of elements in orbits of length k.
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Border strip tableaux and the main theorems

Theorem

Sλ{µ b Sλ{µ Óxp1,...,|λ{µ|qy is isomorphic to a cyclic group action.

We have to show that
ÿ

d |k

µpk{dqf λpξdq2 ě 0 for every k|r .

Theorem

For a skew shape λ{µ of size r , f λ{µpqq :“
ÿ

TPSYTpλ{µq

qmajT ,

and d |r we have |f λ{µpξdq| “ #BSTpλ{µ, r{dq.

Theorem

If #BSTpλ{µ, kq ě 2, then #BSTpλ{µ, kq ě
ÿ

dą1

#BSTpλ{µ, kdq.

(therefore also #BSTpλ{µ, kq2 ě
ÿ

dą1

#BSTpλ{µ, kdq2)
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The base case

Theorem (Fomin-Lulov)

#BSTpλ, dq ď

˜

d r

`

r
r{d ,...,r{d

˘#SYTpλq

¸1{d

Lemma

#BSTpλ, 1q ě
ÿ

dą1

#BSTpλ, dq unless λ “ prq or λ “ p1r q

Proof strategy.

§ check hooks and computer check partitions λ with |λ| ď 8

§ use Fomin-Lulov to turn inequality into a function

Br

`

#SYTpλq
˘

“
ř

d |r Qr ,d#SYTpλq
1
d
´1

§ Br pxq is strictly decreasing in x

§ Br

`

r2

3

˘

ď 2 and #SYTpλq ě r2

3 for non-hooks
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A reduction using the abacus

Lemma (essentially James-Kerber)

Let µ1, . . . , µk be the k-quotient of λ. Then

#BSTpλ, kdq “

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙ k
ź

j“1

#BSTpµj , dq.

Thus, #BSTpλ, kq“

ˆ

r{k

|µ1|, . . . , |µk |

˙

ź

j

#BSTpµj , 1q

ě

´

‚

¯

ź

j

ÿ

dą1

#BSTpµj , dq

ě

´

‚

¯

ÿ

dą1

ź

j

#BSTpµj , dq

ě

´

‚

¯

ÿ

dą1

#BSTpλ, kdq

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙´1



A reduction using the abacus

Lemma (essentially James-Kerber)

Let µ1, . . . , µk be the k-quotient of λ. Then

#BSTpλ, kdq “

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙ k
ź

j“1

#BSTpµj , dq.

Thus, #BSTpλ, kq“

ˆ

r{k

|µ1|, . . . , |µk |

˙

ź

j

#BSTpµj , 1q

ě

´

‚

¯

ź

j

ÿ

dą1

#BSTpµj , dq

ě

´

‚

¯

ÿ

dą1

ź

j

#BSTpµj , dq

ě

´

‚

¯

ÿ

dą1

#BSTpλ, kdq

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙´1



A reduction using the abacus

Lemma (essentially James-Kerber)

Let µ1, . . . , µk be the k-quotient of λ. Then

#BSTpλ, kdq “

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙ k
ź

j“1

#BSTpµj , dq.

Thus, #BSTpλ, kq“

ˆ

r{k

|µ1|, . . . , |µk |

˙

ź

j

#BSTpµj , 1q

ě

´

‚

¯

ź

j

ÿ

dą1

#BSTpµj , dq

ě

´

‚

¯

ÿ

dą1

ź

j

#BSTpµj , dq

ě

´

‚

¯

ÿ

dą1

#BSTpλ, kdq

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙´1



A reduction using the abacus

Lemma (essentially James-Kerber)

Let µ1, . . . , µk be the k-quotient of λ. Then

#BSTpλ, kdq “

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙ k
ź

j“1

#BSTpµj , dq.

Thus, #BSTpλ, kq“

ˆ

r{k

|µ1|, . . . , |µk |

˙

ź

j

#BSTpµj , 1q

ě

´

‚

¯

ź

j

ÿ

dą1

#BSTpµj , dq

ě

´

‚

¯

ÿ

dą1

ź

j

#BSTpµj , dq

ě

´

‚

¯

ÿ

dą1

#BSTpλ, kdq

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙´1



A reduction using the abacus

Lemma (essentially James-Kerber)

Let µ1, . . . , µk be the k-quotient of λ. Then

#BSTpλ, kdq “

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙ k
ź

j“1

#BSTpµj , dq.

Thus, #BSTpλ, kq“

ˆ

r{k

|µ1|, . . . , |µk |

˙

ź

j

#BSTpµj , 1q

ě

´

‚

¯

ź

j

ÿ

dą1

#BSTpµj , dq

ě

´

‚

¯

ÿ

dą1

ź

j

#BSTpµj , dq

ě

´

‚

¯

ÿ

dą1

#BSTpλ, kdq

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙´1



A reduction using the abacus

Lemma (essentially James-Kerber)

Let µ1, . . . , µk be the k-quotient of λ. Then

#BSTpλ, kdq “

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙ k
ź

j“1

#BSTpµj , dq.

Thus, #BSTpλ, kq“

ˆ

r{k

|µ1|, . . . , |µk |

˙

ź

j

#BSTpµj , 1q

ě

´

‚

¯

ź

j

ÿ

dą1

#BSTpµj , dq{pτp|µj |q ´ 1q

ě

´

‚

¯

ÿ

dą1

ź

j

#BSTpµj , dq{pτp|µj |q ´ 1q

ě

´

‚

¯

ÿ

dą1

#BSTpλ, kdq
ś

jpτp|µj |q ´ 1q

ˆ

r{kd

|µ1|{d , . . . , |µk |{d

˙´1



A reduction using the abacus

Idea of proof for d “ 1.
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moving a bead up is the same as removing a border strip:
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