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Prelude

Let Cn denote the n-th Catalan number 1
n+1

(2n
n

)
. Then

det (Ci+j)
n−1
i ,j=0 = 1

and
det (Ci+j+1)n−1i ,j=0 = 1.

Cvetković, Rajković and Ivković proved

det (Ci+j + Ci+j+1)n−1i ,j=0 = F2n+1

and
det (Ci+j+1 + Ci+j+2)n−1i ,j=0 = F2n+2.
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Cvetković, Rajković and Ivković proved

det (Ci+j + Ci+j+1)n−1i ,j=0 = F2n+1

and
det (Ci+j+1 + Ci+j+2)n−1i ,j=0 = F2n+2.

Johann Cigler and Christian Krattenthaler Hankel determinants



Prelude

Let Cn denote the n-th Catalan number 1
n+1

(2n
n

)
. Then

det (Ci+j)
n−1
i ,j=0 = 1

and
det (Ci+j+1)n−1i ,j=0 = 1.
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Prelude

Dougherty, French, Saderholm and Qian proved

det (Ci+j + 2Ci+j+1 + Ci+j+2)n−1i ,j=0 =
n∑

j=0

F 2
2j+1.

Cigler saw

det
((2i+2j+2

i+j+1

)
+ 2
(2i+2j+4

i+j+2

)
+
(2i+2j+6

i+j+3

))n−1
i ,j=0

2n
=

n∑
j=0

L22j+1

on a Facebook group (without proof).
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Prelude

Dougherty, French, Saderholm and Qian proved that

det (λCi+j + Ci+j+1)n−1i ,j=0

satisfies a linear recurrence with constant coefficients of order 2,
that

det (λCi+j + µCi+j+1 + Ci+j+2)n−1i ,j=0

satisfies a linear recurrence with constant coefficients of order 4,
that

det (λCi+j + µCi+j+1 + νCi+j+2 + Ci+j+3)n−1i ,j=0

satisfies a linear recurrence with constant coefficients of order 8.
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Prelude

More generally, Dougherty, French, Saderholm and Qian
conjectured that

det (λ0Ci+j + λ1Ci+j+1 + · · ·+ λd−1Ci+j+d−1 + Ci+j+d)n−1i ,j=0

satisfies a linear recurrence with constant coefficients of order 2d .

Cigler decided to search for the general background of this kind of
determinant evaluations.
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A conjecture

Consider Motzkin paths, where up-steps have weight 1, horizontal
steps at height h have weight sh, and down-steps which end at
height h have weight th. Let mn denote the corresponding
generating function for Motzkin paths of length n.

Cigler found (experimentally) that

det (αβmi+j + (α + β)mi+j+1 + mi+j+2)n−1i ,j=0

det (mi+j)
n−1
i ,j=0

=
n∑

j=0

fj(α)fj(β)
n−1∏
`=j

t`,

where
fn(α) = (α + sn−1)fn−1(α)− tn−2fn−2(α),

with f0(α) = 1 and f−1(α) = 0.
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A conjecture

Facts.

If s0 = 1, si = 2 for i ≥ 1, and ti = 1 for all i , then mn = Cn.

If si = 2 for all i , t0 = 2, and ti = 1 for i ≥ 1, then mn =
(2n
n

)
.
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Some background on orthogonal polynomials

Why “moments of orthogonal polynomials”?

It is classical that the polynomials pn(x) defined recursively by

pn(x) = (x − sn−1)pn−1(x)− tn−2pn−2(x),

with initial values p−1(x) = 0 and p0(x) = 1 are orthogonal with
respect to the linear functional L defined by L(pn(x)) = δn,0. Their
moments are L(xn), n = 0, 1, . . . . Viennot showed that L(xn)
equals the generating function for Motzkin paths denoted here by
mn.

Remark. It is well-known that

det (mi+j)
n−1
i ,j=0 =

n−1∏
i=0

tn−i−1i .
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The formula: proof by non-intersecting lattice paths

Consider Motzkin paths, where up-steps have weight 1, horizontal
steps at height h have weight sh, and down-steps which end at
height h have weight th. Let mn denote the corresponding
generating function for Motzkin paths of length n.

Cigler found (experimentally) that

det (αβmi+j + (α + β)mi+j+1 + mi+j+2)n−1i ,j=0

det (mi+j)
n−1
i ,j=0

=
n∑

j=0

fj(α)fj(β)
n−1∏
`=j

t`,

where
fn(α) = (α + sn−1)fn−1(α)− tn−2fn−2(α),

with f0(α) = 1 and f−1(α) = 0.

We figured out that the above identity can be proved “in one
picture” by using non-intersecting lattice paths.
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An important special case

Facts.

If s0 = 1, si = 2 for i ≥ 1, and ti = 1 for all i , then mn = Cn.

If si = 2 for all i , t0 = 2, and ti = 1 for i ≥ 1, then mn =
(2n
n

)
.

More generally, if si ≡ s and ti ≡ t for i ≥ 1, then

fn(α) = tn/2Un

(
α+s
2
√
t

)
− t(n−1)/2(s − s0)Un−1

(
α+s
2
√
t

)
+ t(n−2)/2(t − t0)Un−2

(
α+s
2
√
t

)
, for n ≥ 1.

where Un(x) is the n-th Chebyshev polynomial of the second kind

Un(x) =
∑
k≥0

(−1)k
(
n − k

k

)
(2x)n−2k .

Recall:

Uj(cos θ) =
sin((j + 1)θ)

sin θ
=

e i(j+1)θ − e−i(j+1)θ

e iθ − e−iθ
.
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The formula again

Consider Motzkin paths, where up-steps have weight 1, horizontal
steps at height h have weight sh, and down-steps which end at
height h have weight th. Let mn denote the corresponding
generating function for Motzkin paths of length n.

Cigler found (experimentally) that

det (αβmi+j + (α + β)mi+j+1 + mi+j+2)n−1i ,j=0

det (mi+j)
n−1
i ,j=0

=
n∑

j=0

fj(α)fj(β)
n−1∏
`=j

t`,

where
fn(α) = (α + sn−1)fn−1(α)− tn−2fn−2(α),

with f0(α) = 1 and f−1(α) = 0.
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An alternative formula in this special case

Moreover, in that case we have

det (αβmi+j + (α + β)mi+j+1 + mi+j+2)n−1i ,j=0

det (mi+j)
n−1
i ,j=0

=
Num(α, β)

α− β
,

where

Num(α, β) = t
1
2
(2n+1)(Uα − Uβ)

×
(
1− t−1/2(s − s0)U−1α + t−1(t − t0)U−2α

)
×
(
1− t−1/2(s − s0)U−1β + t−1(t − t0)U−2β

)
Un
β ,

with
Un
α ≡ Un

(
α+s
2
√
t

)
,

Un(x) being the n-th Chebyshev polynomial of the second kind,

Un(x) =
∑
k≥0

(−1)k
(
n − k

k

)
(2x)n−2k .
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Generalisation of that formula, still in that special case

For the case where si ≡ s and ti ≡ t for i ≥ 1, we have

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=
Num(α1, . . . , αd)∏
1≤i<j≤d(αi − αj)

,

where

Num(α1, . . . , αd) = t
1
2(dn+(d2))

∏
1≤i<j≤d

(Uαi − Uαj )

×
d∏

i=1

(
1− t−1/2(s − s0)U−1αi

+ t−1(t − t0)U−2αi

)
Un
αi
,

with
Un
α ≡ Un

(
α+s
2
√
t

)
,

Un(x) being the n-th Chebyshev polynomial of the second kind,

Un(x) =
∑
k≥0

(−1)k
(
n − k

k

)
(2x)n−2k .
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Generalisation of that formula, still in that special case

For the case where si ≡ s and ti ≡ t for i ≥ 1, we have

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=

det
1≤i ,j≤d

(fn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
.

Maybe this holds without the restriction si ≡ s and ti ≡ t for
i ≥ 1?

The computer says “yes”.

This should be known.

−→ Gábor Szegő: Orthogonal Polynomials (1939)
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An equivalent statement

Experimentally, we found

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=

det
1≤i ,j≤d

(fn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
.

Equivalently,

det
1≤i ,j≤d

(fn+i−1(αj)) =

( ∏
1≤i<j≤d

(αj−αi )

) det
0≤i ,j≤n−1

(
mi+j

∏d
`=1(α` + m)

)
det

0≤i ,j≤n−1
(mi+j)

,

where

det (mi+j)
n−1
i ,j=0 =

n−1∏
i=0

tn−i−1i .
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An equivalent statement

Equivalently,

det
1≤i ,j≤d

(fn+i−1(αj)) =

( ∏
1≤i<j≤d

(αj−αi )

) det
0≤i ,j≤n−1

(
mi+j

∏d
`=1(α` + m)

)
det

0≤i ,j≤n−1
(mi+j)

,

Proposition (Jacobi)

Let A be an N × N matrix. Denote the submatrix of A in which
rows i1, i2, . . . , ik and columns j1, j2, . . . , jk are omitted by
Aj1,j2,...,jk
i1,i2,...,ik

. Then we have

detA · detA1,N
1,N = detA1

1 · detAN
N − detAN

1 · detA1
N .
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An equivalent statement

Equivalently,

det
1≤i ,j≤d

(fn+i−1(αj)) =

( ∏
1≤i<j≤d

(αj−αi )

) det
0≤i ,j≤n−1

(
mi+j

∏d
`=1(α` + m)

)
det

0≤i ,j≤n−1
(mi+j)

,

By Jacobi’s condensation formula, the left-hand side satisfies a
certain recurrence formula. If we manage to prove that the
right-hand side satisfies the same recurrence, then we are done.
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Proof by condensation

By Jacobi’s condensation formula, the left-hand side satisfies a
certain recurrence formula. If we manage to prove that the
right-hand side satisfies the same recurrence, then we are done.

If one works it out, then one sees that we need to prove

(αd−α1) det
0≤i ,j≤n−1

(
mi+j

d∏
`=1

(α` + m)

)
det

0≤i ,j≤n

(
mi+j

d−1∏
`=2

(α` + m)

)

= det
0≤i ,j≤n−1

(
mi+j

d−1∏
`=1

(α` + m)

)
det

0≤i ,j≤n

(
mi+j

d∏
`=2

(α` + m)

)

− det
0≤i ,j≤n−1

(
mi+j

d∏
`=2

(α` + m)

)
det

0≤i ,j≤n

(
mi+j

d−1∏
`=1

(α` + m)

)
.

If one looks at this properly, then it turns out that this is another
instance of Jacobi’s condensation formula.
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Great, but . . .

Great! We found a proof.

But still, is this really new? Hard to believe . . .

What about “non-classical” sources?

−→
Alain Lascoux:

Symmetric functions &
combinatorial operators on polynomials (2003)
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Alain Lascoux: Symmetric functions and . . . (2003)
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Second proof by theory of orthogonal polynomials

We prove

det
0≤i ,j≤n−1

(
mi+j

∏d
`=1(m − α`)

)
det

0≤i ,j≤n−1
(mi+j)

= (−1)nd
det

1≤i ,j≤d
(pn+i−1(αj))∏

1≤i<j≤d
(αj − αi )

.

Lemma

Let M be a linear functional on polynomials in x with moments νn,
n = 0, 1, . . . . Then the determinants

det
0≤i ,j≤n−1

(νi+j+1 − νi+jx)

are a sequence of orthogonal polynomials with respect to M.
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Second proof by theory of orthogonal polynomials

Proof of the lemma.

det
0≤i ,j≤n−1

(νi+j+1 − νi+jx)

= det


1 0 0 . . . 0
ν0 ν1 − ν0x ν2 − ν1x . . . νn − νn−1x
ν1 ν2 − ν1x ν3 − ν2x . . . νn+1 − νnx

. . . . . . . . . . . . . . . . . . . . . . . . .
νn−1 νn − νn−1x νn+1 − νnx . . . ν2n−1 − ν2n−2x



= det


1 x x2 . . . xn

ν0 ν1 ν2 . . . νn
ν1 ν2 ν3 . . . νn+1

. . . . . . . . . . . . .
νn−1 νn νn+1 . . . ν2n−1

 .
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Second proof by theory of orthogonal polynomials

Using the lemma with νn = mn
∏d−1
`=1 (m − α`), we see that the

determinants in the numerator of the left-hand side of our identity
to be proven,

det
0≤i ,j≤n−1

(
mi+j

d∏
`=1

(m − α`)

)
,

seen as polynomials in αd , are a sequence of orthogonal
polynomials for the linear functional with moments

mn
d−1∏
`=1

(m − α`), n = 0, 1, . . . .
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Second proof by theory of orthogonal polynomials

We are considering a functional with moments

mn
d−1∏
`=1

(m − α`), n = 0, 1, . . . .

In terms of the functional L of orthogonality for the polynomials(
pn(αd)

)
n≥0, this linear functional can be expressed as

p(αd) 7→ L

(
p(αd) ·

d−1∏
`=1

(αd − α`)
)
.

We claim that also the right-hand side,

det
1≤i ,j≤d

(pn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
,

gives a sequence of orthogonal polynomials (in αd) with respect to
this linear functional.
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pn(αd)

)
n≥0, this linear functional can be expressed as

p(αd) 7→ L

(
p(αd) ·

d−1∏
`=1

(αd − α`)
)
.

We claim that also the right-hand side,
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(pn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
,
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Application of the functional to αs
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factors that are independent of αd) to
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dqn(αd) is proportional (up to

factors that are independent of αd) to

L

(
αs
d det
1≤i ,j≤d

(pn+i−1(αj))

)
.

For 0 ≤ s ≤ n − 1, this vanishes.

By symmetry, the same argument can also be made for any α`
with 1 ≤ α` ≤ d − 1.
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Second proof by theory of orthogonal polynomials

Uniqueness of orthogonal polynomials up to scalar factors then
implies

det
0≤i ,j≤n−1

(
mi+j

d∏
`=1

(m − α`)

)
= C

det
1≤i ,j≤d

(pn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
,

where C is independent of the variables α1, α2, . . . , αd .

In order to compute C , we divide both sides by αn
1α

n
2 · · ·αn

d , and
then compute the limits as αd →∞, . . .α2 →∞, α1 →∞, in
this order. It is not difficult to see that in this manner the above
equation reduces to

det
0≤i ,j≤n−1

(
mi+j(−1)d

)
= C detA,

where A is a lower triangular matrix with ones on the diagonal.
Hence, we get C = (−1)nd det0≤i ,j≤n−1(mi+j), as desired.
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Fine, but still . . .

Our identity:

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=

det
1≤i ,j≤d

(fn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
.

I asked Mourad Ismail. His replies seem to indicate that he was
not aware of any source where the identity is stated in full.
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We give a general formula for the determinants of a class of Hankel matrices which 
arise in combinatorics theory. We revisit and extend existent results on Hankel deter-
minants involving the sum of consecutive Catalan, Motzkin and Schröder numbers 
and we prove a conjecture of [10] about the recurrence relations satisfied by the 
Hankel transform of linear combinations of Catalans numbers.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let a = {an}n∈N denote a sequence of numbers. The n × n matrix

Hn (a) = (ai+j)0≤i,j≤n−1 ,

is called Hankel matrix. If hn = det (Hn (a)), then the sequence {hn}n≥0 is referenced as the Hankel 
transform of the sequence a and was widely investigated in numerous papers. Hankel determinants are 
particularly interesting when applied to classical combinatorial sequences arising from the lattice path 
enumerations and have attracted an increasing amount of attention recently [1,2,5,7,23,24]. One of the 
most popular themes in this context is to consider the determinant of the Hankel matrix generated by 
the sequence that is linear combinations of the sequences {an} where an = Cn, Mn and Rn are Catalan, 
Motzkin or Schröder numbers respectively. For instance, Hankel determinant evaluations such as

det
(
(Ci+j)0≤i,j≤n−1

)
= 1,

det
(
(Mi+j)0≤i,j≤n−1

)
= 1,

det
(
(Ri+j)0≤i,j≤n−1

)
= 2

(n
2
)
,
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or these involving consecutive terms have been addressed numerous times in the literature. Among the 
method employed to prove such formulae we cite the combinatorial methods based on the Lindström–
Gessel–Viennot lemma on non-intersecting lattice paths and orthogonal polynomials. The reader is referred 
to Krattenthaler papers [16,17].

In this paper, our main focus is an overall generalization of these results. We evaluate det (Hn (b)) for 
b = {bn} of the form

bn =
r∑

k=0
λkan+k,

where λ0, λ1, . . . , λr−1, λr, r ≥ 1, are complex numbers such that λr = 1. We shall assume that 
det
(
(ai+j)0≤i,j≤n−1

)
�= 0 for all n ≥ 0 and we denote by L the linear functional on the vector space 

of all polynomials defined by

L (xn) = an for n = 0, 1, . . .

With {an} we associate the monic orthogonal polynomial sequence {pn (x)}n∈N [6] such that pn is monic 
of degree n and

L (pnpm) = 0 for n �= m.

We remark that bn =
r∑

k=0
λkan+k = L (xnq), where

q (x) = xr + λr−1x
r−1 + . . . + λ0.

The r-kernel K(r)
n,P of P = {pn}n∈N is defined by

K(r)
n,P (x1, x2, . . . , xr) =

det
(
(pn+i−1 (xj))1≤i,j≤r

)

∏

1≤i<j≤r

(xj − xi)

for r ≥ 2 and K(1)
n,P (x) = pn (x). As it will be shown latter, K(r)

n,P (x1, x2, . . . , xr) is a polynomial of the 
variables x1, x2, . . . and xr.

The following theorem constitutes our main result:

Theorem 1. We have

det (Hn (b)) = (−1)nr det (Hn (a)) K(r)
n,P (α1, α2, . . . , αr) , (1.1)

where α1, α2, . . . , αr are the zeros of q.

In most examples considered in the existing literature, bn has a specific pattern. Namely

bn = an+r − can+r−1, with c ∈ C.

Theorem 2. We have for c �= 0:
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Okay, but still . . .
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What can one do with this formula?

Remember:
Dougherty, French, Saderholm and Qian conjectured that

det (λ0Ci+j + λ1Ci+j+1 + · · ·+ λd−1Ci+j+d−1 + Ci+j+d)n−1i ,j=0

satisfies a linear recurrence with constant coefficients of order 2d .

Our formula:

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=

det
1≤i ,j≤d

(fn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
.

The above conjecture now becomes trivial.
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What can one do with this formula?

More generally:

Corollary

If si ≡ s and ti ≡ t for large enough i , then

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

(considered as a sequence in n) satisfies a linear recurrence with
constant coefficients of order 2d for large enough n.

Our formula:

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=
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