A uniform action of the dihedral group Z; x D
on Littlewood—Richardson coefficients

Olga Azenhas

Centre for Mathematics, University of Coimbra

SLC 86
Bad Boll, September 5-8, 2021

1/38



Overview

e Littlewood-Richardson (LR) coefficients as structure coefficients.

@ The set LR: LR tableaux, LR companion tableaux (Gelfand-Tsetlin
patterns), Knutson-Tao (KT) puzzles and Hives.

@ A presentation of the dihedral group Z, x Djs.

» An index two subgroup action on LR.

» The involution to the other coset: Schiitzenberger-Lusztig involution.

@ Zy x Ds3 action on LR companion pairs or KT Hives.

» The cocrytal of an LR tableau.
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LR coefficients as structure coefficients and symmetries

@ Schur functions sy, A runs over all Young shapes (partitions), form a linear
Z-basis for the ring A of symmetric functions with integer coefficients in
countably many variables xq, x, ...,

_ A
SuSy, = E [HON
A

the structure constants c;)l, € Z>o depending only on the three partitions
w, v and A, are the Littlewood—Richardson (LR) coefficients.

@ Fix integers 0 < d < nand D := d x (n— d) the rectangle ambient.

@ Given the Young shapes p, v, A C D, ¢, ,av i= c . We refer to (p, v, \Y)
as the LR triple.

A EHIEI rotate()) @ AY @ )\\/ = rotate(D \ )\) =D \ rotate()\)

SuSySA\Y =+ CupavSp + -
o 63—symmetries: Cuwvd = Cpux=Cxv=Cvpu, Cuv X = Cpv = C Apu-
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LR coefficients as structure coefficients and symmetries

@ \' the conjugate or transpose of \ with rectangle ambient
DY =(n—d) xd,

S#trsl,trS)\\/tr = ... 4 CMtr vt AV Sptr + ..

B | e 0 o

@ The conjugation symmetry is not obvious from the Schur expansion
CH v = Cutr ptr 2\t

It is shown via the involutive ring automorphism w : A — A, s — sy
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The set LR

o Let ([Z]) be the set of binary words consisting of d 1's and n — d Q's.
Partitions in the rectangle ambient D are also identified with the 01-words
in ([Z]); and their transpose, in D, with words in (n[f]d)

[l

)\tr —

A= n—d=6
A = 0010010101 AY =0101011011

@ Given p, v, \ partitions C D, LRf;’l, is the set of LR tableaux of shape A\/u
and content v, and |[LR}, ,| = ¢}, = v

2]44
1/2(3]3
1]2]2]2
T — 1l1]1]1]1 (11, v, \Y).
24411233122211111
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KT puzzles

A KT puzzle of size n is a tiling of an equilateral triangle A of side length n with
three kind of puzzle pieces:

AXZQ&Q

such that whenever two pieces share an edge, the labels on the edge must agree.
Puzzle pieces may be rotated in any orientation, rhombi can not be reflected.

n=>5, d:37 AHW,)\

= 01011 = (1,0,0), v = 01101 = (1,1,0), A = 10101 = (2, 1,0)
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Tao's bijection between KT puzzles and LR tableaux
n=20, d=4 LR), < KT, = {Bn}




The set LR

@ Let LR be either the set of all LR tableaux or KT puzzles, or LR
companions or KT hives where the LR triple boundary (p, v, ) fits the
rectangle D or the rectangle D*:

LR= || LR}, (KTpu.,») (LRy/) (HIVE) )
(1,1, A)

where (u, v, ) € ([21)3 U (n[fld)3'
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The dihedral group Z, x Ds of order twelve
© Zy=<rlr?=1>and D3 = (s, | ¢ = = (ax)® =1).
Zox Dy= (1,0, | =¢ =6 =(ax)}=1=(rq)’ = (1%)%).
@ H the two index subgroup of Z, x D3, defined by
H= (r61,76) ={1,761,7¢,761661,616,551},
where ¢ = G161 = @615,
o Zz X D3 ~ ZQ X H
(mra,me 7 = (16)° = (r6)* = (ra7¢)’ = (rar)’ = (re7)* =1).

» As a set
ZQXD::,:HHTH.
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The H-action on LR

Zy x D3 = HUTH.

H = (r¢1,7¢) = {1, 761, 7S, 761561, 616, SS1 }

oy H — Grr
T = ¢
(ST S )

LR = |_| KTy v 2, KT puzzles A, .
(ksv,X)
& vertical reflection while swapping 01 labels: c;, , \ = Cytr e wr.

4 left reflection (NW-S) while swapping 01 labels: c,, ,, x = Ctr ptr tr.

& = MO right reflection (NE-S) while swapping 01 labels: ¢, , x = Ctr ztr ptr.

44, M clockwise central rotations 27 /3, 47 /3 radians: ¢, x = Cx 0 = CuAu

H{L, 0 ¢.&==0040.040 44}
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‘H-action on KT puzzles and LR tableaux




|01 |00
==
O |

HIN[W[(O ([N

HIN(W|H|O1|N|00|©

HIN[W|_~|O1|O

(:utv )\tv Vt)
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¢ Zaballa 95, A. 99

orthogonal transpose (u, v, )\) — ()\t, I/t, /Lt)

=N~

HIN|W|O

N

N

N
=INW|(A~ O
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&, & puzzle reflections «— hybrid LR tableau switching

A., Conflitti, Mamede, 2010,
A (v, ) < (U7, pt )

1|3 1(3
_ 2(2[3 t _ 1a[2[2]3
T(,U,,I/,)\)— 1 2 2 —)([Y(,u)] r7 T)_ a b 1 2 2
1]1]1 alblc|d|1]1]1
1 1 d
1 1 b
1]2 1[2 1[a
= [d[2[3] | = (Y ("), T") — [d[2[3] | = [1][2][c] | =(Y@)]",&T)
cl|l]2 1[{2[c 1{2]a
b|b|2]3 b|2|3]|b 1{2[3]b
alalall 1|alala 1|12[3]a
d
1|3 ba
T(wvN) = 225 — ] = AT (v, ut, A¥))
111 a
b
a
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The H-action on LR (LR tableaux, KT puzzles)

Zo x D3y =HUTH

TOH - H — Grr
TC o~ ¢
ST S

H = (761, 76) = {1,761, 76, 761561, 615,551} ~ {1, M, 0, % = AOA. 6 A}
The H-action on LR exhibit the symmetries
Cuwd = Cur e A = Cper zwptr = Cawrptr i = Cxpp = Cudp

Theorem (A.,Conflitti, Mamede 2009, 2010)
The involutions &, ¢, and & on LR have linear cost. J
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The involution from H to other coset of H

@ For u CACD, let B(A/u,d) be the gl -crystal of all semi-standard
tableaux of shape A/u on the alphabet [d].

B(\uwd) = || B(T)=|]|Bw d)%,

TeLR)

where B(T) is the crystal connected component of B(\/u, d) with highest
weight element T"&" = T € LR}, , of weight v.

°o LR;)V the set of highest weight elements of B(A\/p, d) of weight v.

» LR\ [otate, = reversalLR) , the set of lowest weight elements of

B(A/p, d) of weight rotate 1.

Zy x D3 = (1,761, 7¢) = HUTH.
H{L, M5, 0,%==000¢0 80} — 0H =Ho=0{1, 0,6, % = A¢H ¢4 A¢}

Cuv A =CouX=Crv=C\vpu

Cu, v X = Cptr ptr Atr = Cxtr tr tr = Cptr Atr ) tr
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rotate crystal

A E\:‘ZD rotate \/p D:‘:\j rotate(\/p) = p¥' /AY

o If Ue B(\/u,d), rotate(U) is obtained from U under rotation of A\/p by 7
radians while replacing the entry i with wo(i/) = d — i + 1 throughout, wp the
long element of &4.

U= 2 — rotate(U) = 2
1 3

@ The rotate crystal B(A\/p, d)*°t*% s obtained from B(\/u, d) by rotating the vertices,

reversing each arrow i € [d — 1] and relabeling it with d — .
» B(M\p,d)*°% = B(rotate(A/p), d) = B(u" /AY, d).
> ¢ rotate(U) = rotate fy_;(U), f;rotate(U) = rotate eq_;(U), i € [d — 1]
> wt(rotate(U)) = wowt(U), wo the long element of Gy.

> rotate iS not a crystal isomorphism.
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rotate crystal

@ B(A/u,d) and B(uV /A, d) have the same multiset of highest weights:
LB d)een ~ || B(T)=BOmd)~ B\ .d)= || B(T)
14

Y A
TELR) ,

v

\%
I
TELRAV,V

~ |_| B, d)NY v = ¢\ v = GV oy

v

1=— 2=—
2
e o ~N
3 2
11 \/ 12
2 3
13 12
g N
3 3
13 22
3
23
B((2,1,0),3)

B((2,2,0)/(1),3)
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Schitzenberger—Lusztig involution

5 rotate 33 rectification 3

Schiitzenberger, 70’ reversal/evacuation : 2, —» — 33
l=— 2=—
2
33 3
- 11 < 5 23
, . A NG A N
3, i 33 23 3 3
\.,/ 1 \/ 2 B \/ E
2 3 13 23 3 2
13 12 2 1 12 13
K N A N A N

3 3 13 22 2
3\ 22 1\ 1 \ 12
3 12 2
23 1 11

B((2,1,0),3) — B((2,2,0)/(1),3) —  B((2,1,0),3)

rotate rectification

reversal Thigh — Tlow

21/38



Schiitzenberger—Lusztig involution

o (Lusztig, 90°) There exists a unique involution of sets
n: B(v,d) — B(v, d) such that, for all U € B(v,d) and i € [d — 1]:

Q en(U) = nfy_i(U).
Q fin(U) = neq—i(V).
Q wt(n(U)) = wowt(U), wp the long element of S4.

71 acts on B(A\/u, d) via its action on the connected components and
coplacity of crystal operators.

= reversal/evacuation.

@ reversal is a set involution on each connected component of B(A/p, d)
that reverses all arrows and colors and weight. In particular, it interchanges
the highest and lowest weight elements:

reversal( Thigh) = TIOW, r9versa1( Tlow) — Thigh,
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LR commutor p for the symmetry ¢, , » = .
B(\/k) B(rotace(A/ 1))

rotate
U — rotate( U)
revers i revers i

reversal( U) I(CE)G rotate reversal( U)

Proposition

(] (re'ue'r‘sa,l, o rota.te)2 =1.

@ reversal O rotate( Thigh) = rotate©O re'ue'rsal( Thigh),

Theorem (A., Conflitti, Mamede 2009)

Let p := reversal o rotate = rotate O reversal. The involution
AV w
p: LRM’V — LR)\’V, T — p( T) = rotate O re'uersa,l( T)

is an LR commutor that exhibits the symmetry c,, , x = Cxv.u-
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LR transposer o for the symmetry ¢, , \ = Cpr i\

)\/,u, E — ,,Vtr /yVtr
rotate A/ tr rotate A/ = pu'" /A
tr rotate \/p

Proposition
A . M\/tr
LR}, — LR ver e
revers i revers i
A ’ .U‘Vtr .
LRu,rotateu I LRAV",rotateu" .

® B(\ud)= || B(T). B"/A"n-d)= || B@4T).
Teﬁ%ﬁﬂ, Teﬁ%ﬁm

@ (¢ reversal)? = 1.

@ (#rotate)® =1.
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¢ Zaballa 95, A. 99

orthogonal transpose (u, v, )\) — ()\t, I/t, /Lt)

=N~

HIN|W|O

N

N

N
=INW|(A~ O
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LR transposer o

@ p = reversal Orotate = rotate O reversal
(] Qp = ’ rotate O reversal — rotate 0 reversal — rotate O reversal ‘ = p..

° 0:=4p=pé
Theorem (A., Conflitti, Mamede, 2009)
0: LRf;:} — LRf\L:’vl,n, T— Q(T) = QP(T) = @rotateo reve'rsal(T),
is an involution exhibiting the symmetry ¢, x = Cpirytr \tr.

The three involutions reversal, p, and g are H LI {rotate}-reducible to each other
and in particular to the reversal or Schiitzenberger-Lusztig involution.

Theorem ( A., Conflitti, Mamede, 2009)

The LR transposers o"V"> (White 90, Hanlon-Sundaram 92), oB>3
(Benkart-Sottile-Stroomer 96), o* (A. 99) and o are identical, and
H U {rotate}-reducible to the reversal or Schiitzenberger-Lusztig involution,

0= QBSS = QWHS = &p = #rotate O reversal
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Zy X S3-symmetries via tableau-switching

Theorem

ZyxGs=(r,q,2 | =¢=3=(ax)}=1= (1) = (7%)?).

@ [Benkart, Sottile, Stroomer, 96] Z X S3-symmetries via tableau-switching

LR commutors pB33, pB5° and LR transposer oB>3.

\% \% \%
o pP° :LR;, — LR}, and p§>° : LR}, , — LR, the tableau-switching LR

commutors exhibit the symmetries ¢, , x = Cyux and €\ = Curp
respectively.

Theorem (Thomas-Yong, 2010)

G3-symmetries and the carton rule

The carton rule exhibits uniformly the G3-symmetries and is built upon Fomin's
jeu de taquin growth-diagrams and the infusion tnvolution, a particular
case of Benkart-Sottille-Stroomer tableau-switching on pairs of standard tableaux.

v
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The symmetries in the other coset of H

The LR commutors plsss, pgss, p = reversal o rotate, and the LR transposer
0= QBSS are related via H-involutions &, & and ¢.

Theorem
© p=40=0% Cuur=Crup
PP —Mbp=hbhp=0"p=R0=00, Cui)=Cypun
XY VEN Y YER YYES VERTYNEN! Y
@ [A. 2017], All known LR commutors for the symmetry ¢, ,, x = Cu

coincide with tableau switching involution pB>°.

All known LR commutors and LR transposers are H-reducible to each other and
to the Benkart-Sottile-Stroomer tableau switching involution.

Cuv X = Cu -

In particular, they are H U {rotate}-reducible to the involution reversal,
equivalently, Schiitzenberger-Lusztig involution.

OH=Ho={1,8,6,% =000 ¢4, 88}0={0,p1,p,02,%p,8p} = pH = Hp
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A faithful representation of Zy x D3 >~ Zy x H in G,

W:Z2XH — 6[;73
T = 0
¢ = ¢

ST S

Zox Dy (M.4.0) == (M40 0 = & = §° = (A4)’ = (#0)’ = (#0)> = 1).
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Gelfand-Tsetlin patterns and LR companion pairs

Theorem (I.M. Gelfand, A.V. Zelevinsky 1986, A.D. Berenstein, A.V.Zelevinsky 1989)

The following statements are equivalent
@ TEeLR;,

@ there exists a GT pattern G, of base v and content A/ satisfying

gj—1(Gv) < pj—1 —pj, foralll <j<d.

@ there exists a GT pattern L, of base v and weight the reverse of /v satisfying

<Pd—j(Lu) S Vi —Vji1, for 1 Sj <d.

(Ly, Gv) is said to be the LR companion pair of T.

Definition
@ LRY, is the set of (right) LR companion tableaux of LR} .

@ LRY, is the set of vertices G, in B(v) and content A/u such that

gji—1(Gy) < pj—1 — pj, foralll<j<d.

30/38



HIVES

e HIVE), , as the interlocking of the LR companion pairs in LR, ,

S A
SN 3 A s
L, = 1223 G, =
™ N O T = 1[1(2 o & W
O“H H H N 11%% v QP ¢ O
AN O %N P ¥ o o o
Q/\’\
AT
S A3 &
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The linear map bijection from LR tableaux to LR
companions. Recording matrix of a tableau.

e LR}, — LR, /s T = ¢(T) = G, the LR companion tableau of T.

v

_ 21313 300 ¢ 310 313
v T = 1%%1%M—(éig)—)M—(ggé)%sz—ff:liz
@ We may extend in the same fashion ¢ to B(T).
3[3[3 . 113[3[3
T = PR M= (338) - M = (338) = G = [T 121212
11113 003 103 111

@ The map ¢ induces a gl structure on its image ¢B(T) via jeu de taquin
operators on the consecutive rows of the (right) LR companion G of T.
This is the cocrystal CB(T, G) of B(T) and CB(T,G) ~ B(T).
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LR companion symmetries via cocrystal

Theorem (A., Conflitti, Mamede, 2009)
Let T € LR}, , and G, € LR, its right LR companion tableau. Then

@ the following commutative diagram holds:

T reversal 'reve'r'sa.l( T) rotate p( T)
13 v 3 vl
Gl, < arectification(Gl,) < eva,c(GV)

arectification Totate

@ LR commutor p translates to evacuation of right LR companion tableaux

P LRM)\/# — LR,,)ILV/)\\/ : Gy = evac G,

such that evaci(T) = t(p(T)).
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LR companion symmetries via cocrystal

Theorem

@ The H-symmetries for LR companions.

@ [Lecouvey, Lenart, 2017] The H-involution & translates to right LR companion
tableaux
¢ LR’I/,)\//J — LRV”,MV tr/AV tr G, — ¢G,

such that (4T = &.(T) whenever T € LRﬁ,ll'
@ The H-involution & translates to right LR companion tableaux

Q : LRV,)\/M — LRHtr’Arr/l,n : G]j = .GV

where (8T = #¢(T) whenever T € LRf;’V.

@ Commutors and transposers for LR companions

Let T € LR}, and G, € LR, x/u its right LR companion tableau. Then:

v

T "B ceen(T) "8 1) & o) & ()

e [ e 3 I e 3

GV <> a'r‘ect( GV) <> e'ua,c( Gy) <> Qe'uac(G,,) <> " euac(G).
arect rotate ¢* )
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Henriques-Kamnitzer LR commutor

Theorem (Henriques-Kamnitzer 2006)

(L., G,) is the LR companion pair (left and right) of T € LRf;’V iff
(evac Gy, evac L) is the LR companion pair (left and right) of p1(T) € LR} .

B(p) @ B(v) — B(v)® B(u)
ueVv = n(V)en)

Q‘evac Gy = evac" GV = evacLu
Corollary

The pair (L, G,) is the companion pair of T if and only if L, = &G, and L, is
the left companion of T or G, is the right companion of T.

@ Pak and Vallejo (2010) have provided a linear map between the right LR
companion and the left LR companion.
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Hive symmetries

Theorem

Let H € HIVE:\L,V be defined by the LR companion pair (L = 4¢#G, G). Then we have the
following LR companion pairs or Hives under the action of Zy x D3:

@ AH = (4G, AG)

$H = (AL =4M4G,4G)

QAOH = (NG, 004G = A1)

PAH = (0AL = AOG, 4AG = L)

M H = (G,M4G)

pH = (#Mevac G, evacG)

p1H = (evac G, ddevac G = evacl)
p2H = (Mevac G = evacL, édevac G)
oH = (#evacL, devacG)

MpH = (devac G, devac G)

M épH = (Mevac G, dMhbevacG) = (Mevac G, devacl).

37/38



gl -crystal tensor products, LR tableaux, LR companions
and Hives
o BO:md) = || B(T)~|]|B d)w.
TELL;{;‘)V i

@ [G. P. Thomas 78, Nakashima 93, Henriques-Kamnitzer 2006] The tensor product
decomposition:

B(p,d) ® B(v,d) = || B(Y,®G)~ || B(d)x{T}
A A
GvELRy x/u TELR), ,

A
= | ] BOd)x {H}~| |B(\ d)%v,
A A
HEHIVE;\L:V
where for each crystal connected component of B(u, d) ® B(v, d)
> there exists T € LRf‘L,V such that

* the highest weight element Y, ® G, satisfies Y, ® G, i=e (Ya, T),

* the lowest weight element L, ® Y. satisfies L, ® Y0 = (Yoor, T).

> Y, ®Gyand L, ® Ywov are the highest and lowest weight elements whenever
(Ly, Gv) is an LR companion pair or H = (L,, G,) is a hive in HIVEi‘Uj.
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