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Littlewood
decomposition
on partitions

(b) (4,3,3,1) € SC (c) BG-rank = —1

(a) (4,3,3,2) P

@ H(A) := {hook-length}
o for t e N, Hi(A):={heH(A\)|h=0 (mod t)}
@ BG-rank of Berkovich-Garvan (2008): sum of signs
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(a) (4,3,3,2) P (b) (4,3,3,1) € SC (c) BG-rank = —1

@ H(A) := {hook-length}

o for t e N, Hi(A):={heH(A\)|h=0 (mod t)}

@ BG-rank of Berkovich-Garvan (2008): sum of signs

@ Nekrasov—Okounkov (2006), Westbury (2006), Han (2008)

> dM T (1 - hz2> = (q:9)%"

XEP heH(X)

where (3; q)oo = (1 — a)(1 — ag)(1 — ag?) - - -



Littlewood decomposition

Multiplication-

addition Set AC P, A(t) = {wt cA | Ht(wt) = @}

theorems for

o ougate Q partitions: A € P — (wt,v) € Py x P*

partitions

on partitions

; t—1 )
Ic]‘et:(lnen‘:vsgsc:tion Ht()\) — t U H(V(I)),
i=0

t—1
Al = fwel + 210
i=0



Littlewood decomposition

Multiplication-

addition Set A C P A = {Wt € A | H (wt) = @}

theorems for

e eugare Q partitions: )\ € P (wr,v) € Py x P*

partitions

; t—1 )
Ic]‘et:(lnen‘:vggsc:tion Ht()\) — t U H(V(I)),

on partitions

t—1
Al = fwel + 210
i=0

@ Self-conjugate partitions:
(a) for t even: A € SC > (we,v) € SCyy x P/
b) for t odd: A € SC +— (we, v, 1) € SCpy x PEV/2 % SC
(1)



Littlewood decomposition

Multiplication-

addition Set A C P A = {Wt € A | H (wt) = @}

theorems for

e eugare Q partitions: )\ € P (wr,v) € Py x P*

partitions

; t—1 )
Ic]‘et:(lnen‘:vggsc:tion Ht()\) — t U H(V(I)),

on partitions

t—1
Al = fwel + 210
i=0

@ Self-conjugate partitions:
(a) for t even: A € SC > (we,v) € SCyy x P/
(b) for t odd: A € SC — (wr, v, p) € SCpy x P2 x SC

Cho-Huh-Sohn (2019) A € SC(B®) — x € P bijection such
that |A| = 4|x| + BG(A\)(2BG()) — 1)
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An example A = (4,4,3,2) and t = 4




An example A = (4,4,3,2) and t = 4
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An example A = (4,4,3,2) and t = 4
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Littlewood
decomposition
on partitions

s(v©@) =...001/011--- s(wp) =---000[111---
s(vM) =...001[111--- ., |s(wi)="---001[111- -
s (V@) =-..000[011--. s(wp) = ---000[011---
sEu“); =...001/011--- s(wz) =---000[111---
s(we) = +--00000100[11011111 -+ — we = (3,1,1) € SCa)

(U(o)ﬂ/(l)’ ,,(2),,,(3)> = ((1),0,0, (1))
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Multiplication-addition theorem for partitions

Theorem [Han-Ji (2009)]
Set t € N and let p1, p2 be two functions defined over N

=Y d" T ru(th)

AEP heH(N)

=2 " [ m(th) > pa(th)

AEP heH(X) heH(X)




Multiplication-addition theorem for partitions
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theorems for

: Theorem [Han-Ji (2009)]
“patons Set t € N and let p1, p2 be two functions defined over N

partitions

Littlewooc!_ ft(q) = Z q H p]_ th
o porions NEP  heM(N)
=> " II m(th) > pa(th)
AEP heH(N) heH(X)
Then
S MO T pi(h) Y- palh)
AEP heHt(N) heHt(N)

(q q) =il ¢
W(ft(xq )" ge(xqh) |




Multiplication-addition theorem for SC and t even

Multiplication- Theorem [VV (2021)]

addition
theorems for

self-conjugate .
it Set t € 2N and let p1, p2 be two functions defined over N

partitions
=>"q" I[ pa(thy

vEP heH(v)

Muliplication- gt(q) := Zq'”' H p1( th Z p2(th)

theorem for veP heH (v) heH (v)

SC, even case




Multiplication-addition theorem for SC and t even

Multiplication-

addition Theorem [W. (2021)]
theorems for
self-conjugate

partitions Set t € 2N and let py, p2 be two functions defined over N

=>" " [ m(thy

vEP heH(v)

Muliplication- ZqM H p1( th Z p2(th)

theorem for veP heH (v) heH(v)

SC, even case

Then
> OISO T (h) 32 palh)
AESC heH(X) heH (N\)

—t (ft_(x2q2t)>t/2_1 gt(X2q2t) <q2r; qzt):f

< (cbaa)_(~/me), |




Applications for t even (1)
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addition . . . .
e— Q@ pi(h) = po(h) = 1: trivariate generating function of SC
self-conjugate

partitions

T g1 pBO) ¢(q, b, t) -
xeSc (x2q%; x2¢t)
Mutiplicatin- where ¢(q, b, t) := (qzt; q2t);é2 (—bq; q4)oo (—q3/b; q4)oo

theorem for
SC, even case



Applications for t even (1)

Multiplication-

addition . . . .
e— Q@ pi(h) = po(h) = 1: trivariate generating function of SC
self-conjugate

partitions

T g XMl pBO) ¢(q, b, t) -
Aesc (x2q?1 x2q%")
it where ¢(q, b, t) := (¢2 4%) % (~ba; g*) , (~4*/bi ")

theorem for

SC, even case @ p1(h) =1/vVh and py(h) = 1: hook-length formula

1
Al [He(A)] pBG(A) il
> gl M -

AESC heH(N)

X2t xAqtt
— b, t
#(q, b, )eXP< > T




Applications for t even (2)

R © 1(h) = \/1—z/k and pa(h) = 1: modular

e Nekrasov—Okounkov
partitions
3 gRIxHOIBEN) T 1 — %
AESC heHe(N)
(z/t=1)/2
Multiplication- = ¢(q, b, t) (quzt; xzqzt)
addition

theorem for
SC, even case



Applications for t even (2)

R © 1(h) = \/1—z/k and pa(h) = 1: modular

e Nekrasov—Okounkov
partitions
3 gRIxHOIBEN) T 1 — %
AESC heHe(N)
(z/t=1)/2
Multiplication- = ¢(q, b, t) (quzt; xzqzt)
addition

theorem for
SC, even case

@ p1(h) = 1/h and py(h) = h?K: modular Stanley—Panova

1
S g HOIpBEO) T - > WK =¢(q,b,t)

AeSC heH:(N)  heMe(N)

x2q2t k x2q k+1
x t2k+L exp <2t ) T(k+1,i4+1)C(i) ( )
0

i=




A signed multiplication theorem for SC and t even

Multiplication-

WSl - — (— 1)) and 6, = (—1)? : King (1989), Pétréolle (2016)
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A signed multiplication theorem for SC and t even

Multiplication-

ISR - — (—1)%.) and 6y = (—1)9 : King (1989), Pétréolle (2016)
self-conjugate
partitions

Theorem [W. (2021)]
Set t € 2N and let /7 be a function defined over Z x {—1,1}

fi(q):=>_ q" TI m(th 1)p(eh,-1),

veP heH(v)

Signed Then

refinements
3 gD TT  fi(hus )
AeSC uEA

huG/Ht(A)

= (qzt: qzt)f (—bq: q“)oo (—q3/b: q“)oo (7‘1s(><2q2t))t/2

v




A similar signed multiplication theorem for BG;

and t odd

Multiplication-

v 7 o Littlewood decomposition for t odd:
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A similar signed multiplication theorem for BG;

and t odd

Multiplication-

- o Littlewood decomposition for t odd:
oo A€ 8C s (we v, p) € SCpy x PED/2 x SC.
o t odd prime, BG; := {\ € SC | Vi € {1,...,d}, t{h;y}
[Bessenrodt (1991), Brunat-Gramain (2010), Bernal
(2019)] is equivalent to = () in Littlewood decomposition

The odd case




A similar signed multiplication theorem for BG;

and t odd

Multiplication-

T o Littlewood decomposition for t odd:
oo A€ 8C s (we v, p) € SCpy x PED/2 x SC.
o t odd prime, BG; := {\ € SC | Vi € {1,...,d}, t{h;y}
[Bessenrodt (1991), Brunat-Gramain (2010), Bernal
(2019)] is equivalent to = () in Littlewood decomposition

Theorem [W. (2021)]

Set t € 2N+ 1 and let /7 be a function defined on 7 < {—1,1}
Then

S GO T pi(huyeu)

AEBG; UEA
hue/Ht( )

2t)(t 1)/2(
(—a% 9%t

The odd case
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