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ON THE SPECTRUM OF A MORPHISM OF
QUOTIENT HILBERT SPACES

Sorin Nadaban

Abstract. In this paper we define the notion of spectrum for a morphism of quotient Hilbert
spaces. The definition is the same with the one given by L.Waelbroeck but the proofs that the
spectrum is a compact and nonempty set are different. In this context we also make some remarks

concerning the resolvent function and the spectral radius.

1 Introduction

The starting point of the theory of quotient spaces was a series of papers of L.
Waelbroeck (see [4], [5], [5]). He defines quotient Banach space as a linear space of
the form X /Xy, where X is a Banach space and X)) is a Banach subspace of X, namely
X has its own structure of a Banach space which makes the inclusion X¢o — X be
continuous. First, L. Waelbroeck defines the notion of strict morphism between two
quotient Banach spaces. This is a linear mapping 7" : X/ Xy — Y/Y} induced by an
operator 71 € B(X,Y) such that 71Xy C Yy, meaning T'(xz + Xo) = Tz + Yp. If
the strict morphism T is induced by a surjective operator 77 € B(X,Y’) such that
T 1(Yy) = X then T is called pseudo-isomorphism. In the end L. Waelbroeck
defines the morphism as a composition of strict morphisms and inverses of pseudo-
isomorphisms.

By a morphism (see [3]) F.-H. Vasilescu understands a linear mapping
T:X/Xo— Y/Yy such that

Go(T) ={(z,y) e X xY : yeT(x+ Xo)}

is a Banach subspace in X x Y. His definition looks different but their categories
are isomorphic.

The reason why I work in quotient Hilbert spaces is simply because each mor-
phism is strict (see [2]). The results are also true in the more general case of quotient
Banach spaces as L.Waelbroeck shows in [5], [6], but in our context the proofs are
different.
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14 Sorin Nad&ban

In this context we also make some remarks concerning the resolvent function and
the spectral radius. I have to mention that some of ideas in the proofs come from
M.Akkar and H.Arroub (see [1]).

2 The spectrum of a morphism

Let H/Hy be a quotient Banach space and B(H/Hj) the family of all morphism
from H/Hy into H/Hy. First, we mention that B(H/Hp) can be regarded as a
quotient Banach algebra A/« where

A={Th € B(H) : T1Hy C Hp};

a:{Tl EB(H) : T1HCHO} :B(H,Ho).

A is a Banach algebra with the norm

| 71 |a= maz{|| T1 [ By 5 || Tt |50 || B(ro) } -

« is a Banach algebra with the norm

I o=l T | 3o 1o -

We denote by Ty the restriction of 77 € A to Hy.
If T'e B(H/Hy) we can define the spectrum of T in the classic way

o(T):={z€C : z—T is not bijective}.

If T € B(H/Hy) is induced by T1 € A, we can speak about the spectrum of T as
being the spectrum of T+ac A/« in quotient Banach algebra A/« and we denote
it by 04/0(T).

Obviously, we can consider the quotient Banach algebra A/a@. We also denote by T
the element 7' =Ty + @ € A/@, in hope of no ambiguity. Therefore we can speak
about the spectrum aA/a(T).

Another approach of spectrum is obtained by using the complexes. We denote this
spectrum by o(T'; H/Hy). Namely, we say that z € C\ o(T'; H/Hy) if the sequence

0— Hys Hx Hy 2 H—0

is exact, where
i-(wo) = (2o, (2 — T1)0)
Jz(w,20) = (Th — 2)x + 20
for xg € Hy, x € H.

Theorem 1. o (T) = o (T;H/Ho) = 04/4 (T) =04/ (T)
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Proof. We begin by proving the first equality. It is obvious that the considered
sequence is a complex of Hilbert spaces. This means

R(lz) C Ker(jz) ~ jz(x07 (Z - Tl)'TO) =0& (Tl - Z)xo + (Z — Tl):L‘o =0

which is true. Obviously i, is always injective. Let’s note that:
(1) z - T is surjective < R(j,) = H;

(2) z - T is injective < Ker(j,) C R(iz).

Indeed, z - T is injective

@[(Z*T)(ZE*FH()):H[)?I‘GH()]

= [(Z—T1)$+H0:H0:>$€H0] <:>[(Z—T1)CL‘€H0:>$€H0] .
On the other hand

Ker(j.) C R(iy) < [(z,z0) € Ker(j.) = (x,x9) € R(i,)] &

(Th — 2)z+ 20 = 0= (x,20) € R(i,)] &
(20 = (z —Th)z = (z,(z —T1)z) € R(i,)] &
[(z—Th)xr € Hy= x € Hy) .

(1) and (2) show us that z € C\ o(T) if and only if z € C\ o(T; H/Hy).
The next is to prove the equality o(T) = 0 4/,(T'). In fact, we have to prove that

2eC\o(T),

namely
S=z-T

is bijective and S~ € B(H/Hy), is equivalent to S = S; + a € A/« is invertible in
A/a, which means that z € C\ JA/Q(T).

? = 7 If S is invertible, let S~* € B(H/Hy) its invers induced by V; € A. Let
V =Vi+aec A/a. We have

SS™ = Iy, <SS+ Ho) =2+ Hy < S1(Viz + Ho) =z + Hy &
SiVix+ Hy=x+ Hy < (S1Vi— D)z € Hy, (V)r € H <
SVi—-Ieas SV=1,,.
In the same way we obtain
SIS =TIy, &ViSi—Icas VS=1,,.
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Hence, S is invertible in A/a. R
7<=V 1f S = Si+aisinvertible in A/alet V = Vi +a its inverse. Let S € B(H/Hy)
induced by S; and V € B(H/H,) induced by Vj. Then

SV =1Iy0eSVi—-1cas SV =1Iyy,

VS=IyneViSi—Icas VS =1Iyy,
and therefore S is invertible in B(H/Hy).
Finally, we prove the last equality o 4/, (T) =0y /a(T ).
Let hull(«) the set of maximal ideals of A which contains «, or, in other words, the
set of all characters x of A with the property o C Ker(x). This set is compact and
non empty.
We denote by T¢: the Gelfand transform of 7', namely

Te: hull(@) = C , Talx) =x(T) .

It is obvious that this mapping is well defined, namely it does not depends on the
choice of T} for T', because o C Ker(x).

Let z € C. Then z € JA/Q(T) & (z—T1)A+a# A< (3)d a maximal ideal of A
which contains « and z — T}

< (A)x € hull(a) = z—Ty € Ker(y)
& (A)x € hull(a) : z="Tg(x).

Thus we obtain that JA/Q(T) = T (hull(a)).

In the same way we obtain that O’A/E(T) = T (hull(@)).

If we show that hull(e) = hull(@) the proof will be complete.  Let
M € hull(a). As every maximal ideal of A is closed, the fact that « C M im-
plies that @ C M, hence M € hull(a). As the converse inclusion is evident we
obtain the desired result. O

Remark 2. The first equality can be used to proof that the spectrum of a morphism
18 a compact set.

Let z € C — o(T'). Then the sequence
0— Ho s Hx Hy 5 H—0

is exact.
As the exactness is invariant under small perturbations, it exists € > 0 such that for
all 2/ € C : |2’ — z |< e we have that the sequence

0— Hy % Hx Hy’% H — 0
is exact. Hence D(z,¢€) C p(T') = C\ o(T') and therefore p(7T') is open, namely o(T)

is closed.
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Proposition 3. 04 (T1) = o) (T1) U o p(a,) (To)-

Proof. If z ¢ 0 4(T1) then z — T} is invertible in A, namely it exists S; € A such
that (z — 11)S1 = Si(z — T1) = Iy. Hence, z — T} is invertible in B(H) and so
z € op)(T1). Let So = S1 |m,€ B(Ho). The previous equality tells us that

(Z - Tg)So = S()(z’ — To) = IHO
and so z — Tp is invertible in B(Hy), namely z & o p(g,)(To)-

Conversely, if 2 & o) (T1) Uo () (To) then Uy = 2z —T7 is invertible in B(H),
namely it exists S1 € B(H) such that U151 = S1U; = Iy and Uy = z—Tj is invertible
in B(Hy) and therefore it exists Vp € B(Hy) such that UyVp = VoUy = Iy, . It results
that U512 = UgVpz for all x € Hy, hence U1 S1x = Ui Vpx. As Uy is injective we
obtain S1x = Vpx and so S1Hy C Hy, hence S1 € A and z — T3 is invertible in A,
namely z & o4(T1). O

Proposition 4. The union of any two of the sets o(T), 0 gy (T1), o B(H,)(To) con-
tains the third.

Proof. (1) o(T) C o) (T1) U 0 p(y) (To)-
Let z € C\ 04(T1). Then S; = z — T1, is invertible in A. Let V; € A its inverse and
V € B(H/Hj) the morphism induced by V;. We have

(Z — T)V(l’ + Ho) = (Z — T)(Vlar + Ho) =

:(z—Tl)VlerHg:S1V1x+H0:q:+HO.

Similarly, V(z — T)(z + Ho) = x + Hp. Hence z — T is invertible in H/Hj, namely
z € C\ o(T). The proof is complete, via previous proposition.

(2) o5 (T1) C oy (T1) Uo(T).

Let z & opw,(To) U o(T) and we assume that (z — T1)r = 0. Then
(z =T)(x+ Ho) = (z—Th)xr + Hy = Ho. As z — T is injective it results that
x € Hy. Next (z — T1)x = 0 it implies that (z — Tp)z = 0. But z — Ty is injective
and therefore x=0 and so z — T} is injective.

Let now y € H. As z-T is surjective it exists x + Hy € H/Hy such that

(Z—T)(.’L'+H0):y+H0

But (z — T)(z + Hy) = (2 — Th)x + Hp. It results that (z — T1)x + hg = y, where
ho € Hp. But z — Ty is surjective and therefore it exists kg € Hy : (z — To)ko = ho,
or (z —T1)ko = ho. Then y = (z — T1)(x + ko) and therefore z — T} is surjective.
(3) oB(10) (To) € o(T) U o p)(T1).

We assume that z ¢ o(T) U opp)(T1). Let 29 € Hp such that
(z — Top)xog = 0. Then (z — T1)z = 0 and it results that zyp = 0 because z — T}
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is injective. Hence z — Tp is injective.
Let now yo € Hy. We search for zg € Hy : (z — Tp)zo = yo. As z — T} is surjective
it exists g € H : (z — T1)xo = yo. We have

(z =T)(xo+ Ho) = (2 — T1)xo + Ho = yo + Ho = Hy .

But z-T is injective. Consequently zog € Hy. We have found zg € Hy such that
(z —T1)xo = yo. It results that (z — Tp)zo = yo and so z — Tj is surjective. d

Remark 5. o(T) C 04(T1).

3 The resolvent function

As we have seen the spectrum of a morphism o (7') is a compact set and its comple-
ment p(7T) will be called the resolvent set. Of course, we can consider the mapping

R:p(T)— B(H/Hy) , R(z)=(z—T)""

which we call resolvent function and we naturally question if, as in the classic case,
we can speak about an analicity of the resolvent function. Unfortunately, the values
of this function are in a quotient Banach space (using the identification B(H/Hy) =
A/a). A further idea to continue is given by a notation of L.Waelbroeck (see [6]):
O(U,A/a) := O(U,A)/O(U, ) where O(U, A) is the Fr’echet space of analytic
function f : U — A and O(U, «) is a Fr’echet subspace of this. For the moment
we will not obtain an " analicity " of resolvent function, only the fact that it is
of " class C*”. Thus, in a similar way we consider C*(U, A), the unitary algebra
of functions f : U — A of class C*, in which C*(U, «) is a bilateral ideal. We
define C*(U, A/a) = C*(U, A)/C>*(U,«). The result which we will obtain is: the
element z — T is invertible in algebra C*>(p(T'), A/«). This means that it exists
f o p(T) — A of class C* such that R(z) = f(z), where f(z) is the class of
equivalence of f(z) modulo «, and the equalities (2 —T)R(z) = R(2)(z —=T) = /g,
are in C*(p(T"), A/a), i.e. the functions

g:ip(M) —a , g(z)=(z-T)f) ~In

hop(T)—a , hz)=f(2)(z—T1)—In

are from C*(p(T"), ). The idea of the proof comes from the same article of L.
Waelbroeck, with the necessary changes due to the fact that the algebra A which
appears is noncommutative and also because we work with a single morphism.

Theorem 6. z-T is invertible in C*(p(T), A/c).
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Proof. Let A € p(T). Then
(3)Sx € B(H/Hp) : A=T)S\x=S\(A—T) =1g/u, (¥

But S\ € B(H/Hy) implies that there exists V\ € B(H) : V\Hy C Hp which
induces Sy. Therefore, the equalities (x) become

AN=T1)V\—1Ig €« ; WA—=T1) — Iy € «
namely, it exists Ay, By € a such that
AN=—T)V\—Ax=1Ig (1)
Vi(A=Ti)=Bx=1In (2)
Let’s note that
(z—TO)VN—Ax=G=- AW+ A -T)V\—Ax=(z—- AW+ Iy .

If we choose r = m, for z € B(A,r) this element is invertible in algebra A.

Moreover, the function
Oy :BOAT) = A, By(2) = (I + (2 — AW 7!

is analytic, in particular it is of class C*°.
Thus, we can consider the following function of class C*:

i BAr)— A | fa(z) = VaPa(2) ;
g B\ T)—a , gn(z) = APa(2) ;
hx:B(A\ 1) —a , hyz)=2\(2)B,.
We also note that
(z = T1)fa(z) —ga(2) = (z = T1)Va®(2) — Ax®(2) =
= [(z = T1)Vx = A\|®(2) = [(z = M)Va + In]®(2) = In;
Iz)(z —=T1) — hx(z) = V\@(2)(z = Th) — ®(2)B) =
=0(2)[Va(z —T1) — Byl =2(2)[Voi(A=Th) + Va(z — \) — B)| =
=0(2) g+ WVa(z—=N)]=1Ip.

Hence, the considered functions satisfy
(z = T1)fa(z) —gr(2) = I (1)

M)z =T1) —ha(z) =1 (2)
We note that {B(\,7)}aep(r) is on open coverage of p(T'). The theorem of existance

of a partition of unity leads to the existance of a family {t\} e () of positive
functions of class C* with the following properties:
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1. supp(vpy) C B\, r) ,  (Y)A € p(T);

2. (V)K C p(T') a compact set there exists a finite number of functions ¢, which
are not identically nule on K;

3.2 Nz =1, (Vzep).

Aep(T)

We define

’ 0, else

Remi—a . g -{ BEHEL TzeB0n

/. / —
gy: p(T) - o, g)\(z) - 0’ else

{ YA(2)ga(2), ifz € B(Ar)

Lip(T) —a , Bh(z) = { Ya(2)ha(z), if z € B(\7)

0, else

Then, we define

Aep(T)
gipM) —a , gz)= > d(2);

Aep(T)
h:p(T)—a , h(z)= Z R\ (2).

Aep(T)

By the previous construction they are of class C*° and they satisfy

(z=T1)f(z) —9(z) =Iu ;5 f(2)(z=T)—=Nh(z) =1, (V)z€p(T).

These relations can also be written

(z=T)f(z) =Ig =g(2) 5 [(2)(z-T1)~1In=9g(2), (V)zepT).

These relations show that z-T is invertible in C*°(p(T"), A/«) and its inverse is R(z) =
1(2), (¥)= € p(T). m

Remark 7. In other words, the result of this theorem can be rewritten: it exists
feC>®p(T),A); g, he C®(p(T),a) such that

(z = T1)f(2) = 9(2) = f(2)(z = T1) = h(2) = Iu, (V)z € p(T).

We are asking if the functions f,g,h can be extended to functions of class C* on C
and the equalities rest true.
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Theorem 8. Let U be an open neighborhood for o(T). Then there exists f' €
C>®(C,A);¢,h € C*(C,a) and v’ : C — [0,1] a function of class C*> with compact
support contained in U, such that

(z=T)f'(2) =g (2) = f'(2)(z = T0) =W (2) = In —/(z) , (V)z€C.

Proof. As U is an open neighbourhood for the compact o(7T'), the theorem of exis-
tance of a partition of unity yiels the function v’ : C — [0, 1] of class C* with the
support contained in U, such that ' = 1 on a neighbourhood of ¢(T). We define

fiCoA , [z _{ (I —u/(2))f(2), ifz € p(T)

0, else

Jg:C—a |,

) = { (=) itz D

z
0, else
z

g
B-.C— a ’ h'(z) :{ (IH—ul( ))h(z)v if EP(T)

0, else

Obviously, they are functions of class C* and we have

(z=T)f'(2) =g (2) = f'(2)(z = T0) = W (2) = In —u'(z) , (V)z€C.

4 Spectral radius
Definition 9. Let T' € B(H/Hy). We define the spectral radius of T by
r(T) =sup{| z|; z € o(T)}.

As we can see this definition is the same as in the classic case, with the only
mention that the spectral radius was enjoying the properties

r(T) = lim || 7% V"5 o(T) <| T

Let us see how we can establish a similar thing. For this we can consider on A/« a
semi-norm, the one induced by the norm of A

T ||aja= inf || T2 +Tolla -
IT Naja= jnf I Ty +To [l

where T} € A induces T.
As o(T) C 04(T1), we have that r(T) < ra(Th) <|| T1 ||a - But the previous
inclusion takes place for any operator 77 which induces T and so

r()<|Th+To |, (V)Tp € .
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Consequently
r(T) < inf || Ty +To ||a
ToEa

and therefore r(T') <[| T || 4/qa-
We  denote by B the completion of  semi-normed  algebras
(A/a, || - lla/a)- Then op(T) C o(T) and therefore rp(T) < r(7T'). Hence

. n n1/n
Tim |7 | < (D),

Concluding, we have:

Proposition 10. Let T € B(H/Hy). Then

. n 1/n
Tim || T < () < T g -
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