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SOME FIXED POINT RESULTS IN MENGER
SPACES USING A CONTROL FUNCTION

P.N. Dutta, Binayak S. Choudhury and Krishnapada Das

Abstract. Here we prove a probabilistic contraction mapping principle in Menger spaces. This

is in line with research in fixed point theory using control functions which was initiated by Khan

et al. [Bull. Austral. Math. Soc., 30(1984), 1-9] in metric spaces and extended by Choudhury et

al. [Acta Mathematica Sinica, 24(8) (2008), 1379-1386] in probabilistic metric spaces. An example

has also been constructed.

1 Introduction

In metric fixed point theory, the concept of altering distance function has been used
by many authors in a number of works on fixed points. An altering distance function
is actually a control function which alters the distance between two points in a met-
ric space. This concept was introduced by Khan et al. in 1984 in their well known
paper [12] in which they addressed a new category of metric fixed point problems
by use of such functions. Altering distance functions are control functions which
alters the metric distance between two points. After that triangular inequality is
not directly applicable. This warrants special techniques to be applied in these types
of problems. Some of the works in this line of research are noted in [7], [15], [16] and
[17]. Altering distance functions have been generalized to functions of two variables
[1] and three variables [3] and have been used in fixed point theory. Altering distance
functions have also been extended to fixed point problems of multivalued and fuzzy
mappings [4]. Recently it has also been extended to probabilistic fixed point theory
([5], [7]). In the present paper we make another use of such concept in proving fixed
point results in Menger spaces.
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2 Definitions and Mathematical Preliminaries

Definition 1. t-norm [10] [18]

A t-norm is a function ∆ : [0, 1] × [0, 1] → [0, 1] which satisfies the following
conditions

(i) ∆(1, a) = a,

(ii) ∆(a, b) = ∆(b, a),

(iii) ∆(c, d) ≥ ∆(a, b) whenever c ≥ a and d ≥ b,

(iv) ∆(∆(a, b), c) = ∆(a,∆(b, c)).

Definition 2. [10] [18]
A mapping F : R → R+ is called a distribution function if it is non-decreasing

and left continuous with inf
t∈R

F (t) = 0 and sup
t∈R

F (t) = 1, where R is the set of real

numbers and R+ denotes the set of non-negative real numbers.

Definition 3. Menger Space [10] [18]
A Menger space is a triplet (M,F,∆) where M is a non empty set, F is a

function defined on M ×M to the set of distribution functions and ∆ is a t-norm,
such that the following are satisfied:

(i) Fxy(0) = 0 for all x, y ∈M ,

(ii) Fxy(s) = 1 for all s > 0 and x, y ∈M if and only if x = y,

(iii) Fxy(s) = Fyx(s) for all x, y ∈M, s > 0 and

(iv) Fxy(u+ v) ≥ ∆ (Fxz(u), Fzy(v)) for all u, v ≥ 0 and x, y, z ∈M.

A sequence {xn} ⊂M converges to some pointx ∈M if for given ε > 0, λ > 0
we can find a positive integer Nε,λ such that for all n > Nε,λ,

Fxnx(ε) > 1− λ.

Fixed point theory in Menger spaces is a developed branch of mathematics.
Sehgal and Bharucha-Reid first introduced the contraction mapping principle in
probabilistic metric spaces [19]. Hadzic and Pap in [10] has given a comprehensive
survey of this line of research. Some other recent references in this field of study are
noted in [2], [11], [13], [20] and [22].

Definition 4. Altering Distance Function [12]
A function h : [0,∞) → [0,∞) is an altering distance function if

(i) h is monotone increasing and continuous and

(ii) h(t) = 0 if and only if t =0.
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Khan et al. proved the following generalization of Banach contraction
mapping principle.

Theorem 5. [12]
Let (X, d) be a complete metric space, h be an altering distance function and

let f : X → X be a self mapping which satisfies the following inequality

h(d(fx, fy)) ≤ c h(d(x, y))

for all x, y ∈ X and for some 0 < c < 1. Then f has a unique fixed point.

In fact Khan et al. proved a more general theorem (Theorem 2 in [12]) of which
the above result is a corollary.

Definition 6. Φ-function [5]
A function φ : [0,∞) → [0,∞) is said to be a Φ-function if it satisfies the

following conditions:

(i) φ(t) = 0 if and only if t = 0,

(ii) φ(t) is strictly increasing and φ(t) →∞ as t→∞,

(iii) φ is left continuous in (0,∞) and

(iv) φ is continuous at 0.

An altering distance function with the additional property that h(t) →∞ as t→∞
generates a Φ-function in the following way.

φ(t) =
{

sup{s : h(s) < t}, if t > 0,
0, if t = 0.

It can be easily seen that φ is a Φ-function.

The following result has been established in [5].

Theorem 7. [5]
Let (M,F,∆) be a complete Menger space with ∆(a, b) = min{a, b} and f : M →

M be a self mapping such that the following inequality is satisfied.
Ffxfy(φ(t)) ≥ Fxy(φ(t/c))

where φ is a Φ-function, 0 < c < 1, t > 0 and x, y ∈ M . Then f has a unique fixed
point.
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It has been established in [5] that the result of Khan et al. noted in Theorem 5
follows from the above theorem. Φ-functions play the role of altering distance func-
tions in probabilistic metric spaces. Further fixed point results by use of Φ-functions
have been established in [6].

There are several notions of completeness and convergence in fuzzy metric spaces
which are generalisations of Menger spaces. Mihet in [14] has described these con-
cepts in fuzzy metric spaces in a comprehensive manner and has also provided ex-
amples to show their differences. Since in this paper we confine our considerations
to Menger spaces, we describe them correspondingly in the context of Menger spaces.

Throughout the paper N denotes set of all natural numbers.

Definition 8. Cauchy Sequence
A sequence {xn} in a Menger space (M,F,∆) is called a Cauchy sequence if

for each ε ∈ (0, 1) and t > 0, there exists n0 ∈ N such that Fxnxm(t) > 1 − ε
for all m,n ≥ n0.

The Menger space (M,F,∆) is said to be complete if every Cauchy sequence in
M is convergent.

Definition 9. G-Cauchy Sequence [8] [9]
A sequence {xn} in a Menger space (M,F,∆) is called a G-Cauchy if

lim
n→∞

Fxnxn+m(t) = 1 for each m ∈ N and t > 0 .

We call a Menger space (M,F,∆) G-complete if every G-Cauchy sequence in
M is convergent.

It follows immediately that a Cauchy sequence is a G-Cauchy sequence. The
converse is not always true. This has been established by an example in [21].

The following concept of convergence was introduced in fuzzy metric spaces by
Mihet [14]. Here we describe it in the context of Menger spaces.

Definition 10. Point Convergence or p-convergence [14]
Let (M,F,∆) be a Menger space. A sequence {xn} in M is said to be point

convergent or p-convergent to x ∈M if there exists t > 0 such that

lim
n→∞

Fxnx(t) = 1.

We write xn →p x and call x as the p-limit of {xn} .
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The following lemma was proved in [14].

Lemma 11. [14]
In a Menger space (M,F,∆) with the condition Fxy(t) 6= 1 for all t > 0 whenever

x 6= y, p-limit of a point convergent sequence is unique.

It has been established in [14] that there exist sequences which are p-convergent
but not convergent .

In [5] B.S. Choudhury and K. Das has proved the result noted in Theorem 7 for
the case of minimum t-norm. An open problem that remains to be investigated is
whether the result is valid if other t-norms are used and in that case what addi-
tional conditions are to be assumed. Here we prove that if the Menger space is a
G-complete Menger space and the t-norm is an arbitrary continuous t-norm then a
generalization of this result is possible. Further we have established the existence
of a fixed point of a self mapping which satisfies a given inequality in a Menger
space under the condition of the existence of a specially constructed p-convergent
subsequence of a given sequence.

3 Main Results

Theorem 12. Let (M,F,∆) be a G-complete Menger space and f : M → M be a
selfmapping satisfying the following inequality

1
Ffxfy(φ(ct))

− 1 ≤ ψ(
1

Fxy(φ(t))
− 1) (3.1)

where x, y ∈M , 0 < c < 1, φ is a Φ-function satisfying Definition 6 and
ψ : [0,∞) → [0,∞) is such that ψ is continuous, ψ(0) = 0 and ψn(an) → 0, when-
ever an → 0 as n→∞ and t > 0 is such that Fxy(φ(t)) > 0. Then f has a unique
fixed point.

Proof. Let x0 ∈ M and the sequence {xn} is constructed by xn+1 = fxn for all
n ∈ N ∪ {0}.
We assume that xn+1 6= xn for all n ∈ N, otherwise f has a fixed point.
By virtue of the properties of φ we can find t > 0 such that Fx0 x1(φ(t)) > 0.
Then by an application of (3.1) we have

1
Fx1 x2(φ(ct))

− 1 =
1

Ffx0 fx1(φ(ct))
− 1 ≤ ψ

(
1

Fx0 x1(φ(t))
− 1

)
. (3.2)

Again Fx0 x1(φ(t)) > 0 implies Fx0 x1(φ( t
c)) > 0 .

Then again by an application of (3.1) we have
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1
Fx1 x2(φ(t))

− 1 =
1

Ffx0 fx1(φ(t))
− 1 ≤ ψ

(
1

Fx0 x1(φ( t
c))

− 1
)
. (3.3)

Repeating the above procedure successively n times we obtain

1
Fxn xn+1(φ(t))

− 1 ≤ ψn

(
1

Fx0 x1(φ( t
cn ))

− 1
)
. (3.4)

Again (3.2) implies that Fx1 x2(φ(ct)) > 0 .
Then following the above procedure we have

1
Fxn xn+1(φ(ct))

− 1 ≤ ψn−1

(
1

Fx1 x2(φ( ct
cn−1 ))

− 1
)
. (3.5)

Repeating the above step r times, in general we have for n > r ,

1
Fxn xn+1(φ(crt))

− 1 ≤ ψn−r

(
1

Fxr xr+1(φ( (crt)
cn−r ))

− 1
)
. (3.6)

Since ψn(an) → 0 whenever an → 0, we have from (3.6), for all r > 0

Fxn xn+1(φ(crt)) → 1asn→∞. (3.7)

Let ε > 0 be given, then by virtue of the properties of φ we can find r > 0 such
that φ(crt) < ε. It then follows from (3.7) that

Fxnxn+1(ε) → 1 as n→∞. (3.8)

Again
Fxnxn+p(ε) ≥ ∆(Fxnxn+1(

ε

p
),∆((Fxn+1xn+2(

ε

p
), ......, (Fxn+p−1xn+p(

ε

p
)))....)︸ ︷︷ ︸

p−times

.

Making n→∞ and using (3.8) we have for any integer p,
Fxn,xn+p(ε) → 1 as n→∞.

Hence {xn} is a G-Cauchy sequence.
As (M,F,∆) is G-complete, {xn} is convergent and hence xn → z as n → ∞ for
some z ∈M .
Again

Ffz,z(ε) ≥ ∆(Ffz,xn+1(
ε

2
), Fxn+1,z(

ε

2
)). (3.9)

Using the properties of Φ-function, we can find a t2 > 0, such that φ(t2) < ε
2 .

Again xn → z as n→∞. Hence there exists N ∈ N such that for all n > N ,

Fxnz(φ(t2)) > 0.
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Then we have forn > N ,

1
Ffzxn+1(

ε
2)
− 1 ≤ 1

Ffzfxn(φ(t2))
− 1

≤ ψ(
1

Fzxn(φ( t2
c ))

− 1).

Making n→∞, utilizing ψ(0) = 0 and continuity of ψ, we obtain

Ffzxn+1(
ε

2
) → 1 as n→∞. (3.10)

Making n→∞ in (3.9), using (3.10), by continuity of ∆ and the fact that xn → z
as n→∞ we have,

Ffzz(ε) = 1 for every ε > 0.

Hence z = fz.
Next we establish the uniqueness of the fixed point. Let x and y be two fixed

points of f .
By the properties of φ there exists s > 0 such that Fxy(φ(s)) > 0.
Then by an application of (3.1) we have

1
Fxy(φ(cs))

− 1 =
1

Ffxfy(φ(cs))
− 1 ≤ ψ

(
1

Fxy(φ(s))
− 1

)
. (3.11)

Again Fxy(φ(s)) > 0 implies Fxy(φ( s
c )) > 0.

Then replacing s by s
c in (3.11) we obtain

1
Fxy(φ(s)) − 1 ≤ ψ

(
1

Fxy(φ( s
c
)) − 1

)
.

Repeating the above procedure n times we have

1
Fxy(φ(s)) − 1 ≤ ψn

(
1

Fxy(φ( s
cn )) − 1

)
→ 0 as n→∞ (by the properties of ψ).

This shows that Fxy(φ(s)) = 1 for all s > 0.
Again from (3.11) it follows that Fxy(φ(cs)) > 0.
Repeating the same argument with s replaced by cs we have Fxy(φ(cs)) = 1 and
in general we have,

Fxy(φ(cns)) = 1 for all n ∈ N ∪ {0}.
By the properties of φ for any given ε > 0 there exists r ∈ N ∪ {0} such that
φ(crs) < ε, so that from the above we have

Fxy(ε) = 1 for all ε > 0, that is x = y.
This establishes the uniqueness of the fixed point.
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Theorem 13. Let (M,F,∆) be a Menger space with the condition Fxy(t) 6= 1 for
all t > 0 whenever x 6= y, and f : M → M be a self mapping which satisfies the
inequality (3.1) in the statement of Theorem 12. If for some x0 ∈M , the sequence
{xn} given by xn+1 = fxn, n ∈ N ∪ {0} has a p-convergent subsequence then f has
a unique fixed point.

Proof. Let {xnk
}be a subsequence of {xn} which is p-convergent to x ∈ X. Con-

sequently there exists s > 0 such that

lim
k→∞

Fxnk
x(s) = 1. (3.12)

Further, following (3.8) we have
limi→∞ Fxnixni+1(s) = 1.

Therefore given δ > 0 there exist k1, k2 ∈ N ∪ {0} such that for all k′ > k1 and
k′′ > k2 we have,

Fxnk′ x(s) > 1− δ
and Fxnk′′ xnk′′+1(s) > 1− δ.

Taking k0 = max{k′, k′′}, we obtain that for all j > k0,

Fxnj x(s) > 1− δ (3.13)

and
Fxnj xnj+1(s) > 1− δ. (3.14)

So we obtain

Fxnj+1x(2s) ≥ ∆(Fxnj+1xnj
(s), Fxnj x(s))

≥ ∆(1− δ, 1− δ) [ by (3.13) and (3.14)].

Let ε > 0 be arbitrary. As ∆(1, 1) = 1 and ∆ is a continuous t-norm, we can find
δ > 0 such that

∆(1− δ, 1− δ) > 1− ε.

It follows from (3.13) and (3.14) that for given ε > 0 it is possible to find a
positive integer k0 such that for all j > k0,

Fxnj+1 x(2s) > 1− ε.
Hence
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limj→∞ Fxnj+1x(2s) = 1,
that is

xnj+1 −→p x. (3.15)

Again, following the properties of φ-function we can find t > 0 such that

φ(t) ≤ 2s < φ(
t

c
).

Also from (3.15) it is possible to find a positive integer N1 such that for all i > N1

Fxni+1x(2s) > 0.

Consequently for all i > N1,

1
Fxni+1fx(2s)

− 1 ≤ 1
Ffxfxni

(φ(t))
− 1

≤ ψ

(
1

Fxxni
(φ( t

c))
− 1

)
≤ ψ

(
1

Fxxni
(2s)

− 1
)
.

Making i→∞ in the above inequality, and using (3.12) and the continuity of ψ we
obtain Fxni+1fx(2s) → 1 as i→∞,
that is,

xni+1 →p fxasi→∞. (3.16)

Using (3.15), (3.16) and Lemma 11 we have
fx = x

which proves the existence of the fixed point.
The uniqueness of the fixed point follows as in the proof of Theorem 12.

Remark 14. Theorem 13 has close resemblance with a result of Mihet (Theorem
2.3 of [14]).

Corollary 15. Let (M,F,∆) be a G-complete Menger space and let f : M →M
satisfy

Ffxfy(φ(ct)) ≥ Fxy(φ(t)) (3.17)

where t > 0, 0 < c < 1, x, y ∈ M , ∆ is any continuous t-norm, and φ is a Φ-
function. Then f has a unique fixed point.

If we take ψ(t) = t for all t > 0 then (3.1) implies (3.17). Then by an appli-
cation of the Theorem 12 the corollary follows.
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Example 16. Let (M,F,∆) be a complete Menger space where M = {x1, x2, x3, x4} ,
∆(a, b) = min{a, b} and Fxy(t) be defined as

Fx1x2(t) = Fx2x1(t) =


0, if t ≤ 0,
0.9, if 0 < t ≤ 3,
1, if t > 3,

Fx1x3(t) = Fx3x1(t) = Fx1x4(t) = Fx4x1(t) = Fx2x3(t)

= Fx3x2(t) = sFx2x4(t) = Fx4x2(t) = Fx3x4(t) = Fx4x3(t) =


0, if t ≤ 0,
0.7, if 0 < t < 6,
1, if t ≥ 6.

f : M →M is given by fx1 = fx2 = x2 and fx3 = fx4 = x1 . If we take φ(t) = t2,
ψ(t) = 2t3 and c = 0.8, then it may be seen that f satisfies the inequality (3.1) and
x2 is the unique fixed point of f .
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