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APPLICATIONS OF GENERALIZED
RUSCHEWEYH DERIVATIVE TO UNIVALENT
FUNCTIONS WITH FINITELY MANY
COEFFICIENTS

Abdul Rahman S. Juma and S. R. Kulkarni

Abstract. By making use of the generalized Ruscheweyh derivative, the authors investigate
several interesting properties of certain subclasses of univalent functions having the form

¥ (- Ben ST gt
fle) == 7;2 (1-nB+a(l— n))Bf’“(n)z k:zm+1 o
1 Introduction
Let A(n, p) denote the class of functions f normalized by f(z) = 2P— Y. arz*,(p,n €
k=n+p

IN = {1,2,3,4,....}), which are analytic and multivalent in the unit disk & = {z :
|z| < 1}. The function f(z) is said to be starlike of order 6(0 < § < p) if and only

if Re (ZJJ:(,S)) > §,(z € U). On the other hand f(z) is said to be convex of order

5(0 < § < p) if and only if Re (1 + z}i’;g)) >0, (2 el).
Now for a > 0,0 < 3 <1 and A > —1, u,v € IR, the following classes

A A
M) = L) € Alnip) : Re m} o TS }
P {f()e ) {Z(ij’“f(Z))’ g AT f(2)) A*7
(1.1)
A AL
M} (a, B) = z) € A(1,1) : Re _JiIE) } a A0 -1 }
1,1( B) {f( ) € A(1,1) {z(jl)"“f(z))/ > z(jf"“f(z))’ +(51 ;
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where \71’\’“ f(2) is the generalized Ruscheweyh derivative of f defined by

Flp—A+v+2)

)\u, _
TR A 'f(2)) (1.3)

TN () =

where J{)\7 Y f(2) generalized fractional derivative operator of order A (see eg.[1], [5],

(7], [8]).
We can write (1.3) as

T F(2) Z ax B (1.4)

k=n+1

where

Fk+p)'v+2+p—-NI(k+v+1)

(1.5)

Consider the class Mi‘f (o, B, €em,) is subclass of Mi‘f (o, B) consisting of func-
tions of the form

= Z —Ben 2" — Z apz®, (1.6)

= (1-nb+ a(l —n))BH(n)

where

[1—nf+a(l-n)]BM"(n)
1-p
Many authors have studied the different cases (e.g. [2], [4], [6]), and for \ =
w, v =1, we get the case was studied by [3].

en = Q-

2 Coefficient Bounds

In order to prove our results, we need the following Lemma due to A.R.S.Juma and
S. R. Kulkarni [2].

(&)

Lemma 1. Let f(2) = 2P — . apz®. Then f(2) € M?’“(a,ﬁ) if and only if
k=m-+p
= [(L+a) —k(ap+ ) oy
k:;;_p At o) —plapt ) or Fax<1. (2.1)

First we prove
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Applications of generalized Ruscheweyh derivative 79

Theorem 2. Let the function f(z) defined by (1.6). Then f € Mi‘”f(a,ﬁ, em) if
and only if

— (1—k 1—k <
k =%:+ | Lok g< ) BN (R)ay < 1 — 22 (2.2)
Proof. Let
(1—nB+a(l —n)) B (n)
We can say that f € Mi’f(a,ﬁ, em) C Mi‘f(a,ﬁ) if and only if
m A, > A,
3 [(1 —npB) +i>é(1 —n)|Bj “(n)an s [1—kB+ 01(1 — k)|Bj “(k)ak <1
n=2 -8 k=m-+1 - B
or \
= [1— kB +a(l — k) B (k) “
RZ;H 1—ﬂ 1 ak<1—nz2en.
O

Corollary 3. Let f(z) defined by (1.6) be in Mi\:f(a,ﬂ, em). Then for k > m +1

we have
o0

(1=B)(1= Y en)
< = (2.4)
(1—kB+ a(l —k))B;" (k)

this result is sharp for

. e 1=A)(1=3 en)
— en PR n=2 Zk.
= (1 —np) +a<1_n>]3w< ) (1 kB) + a(l — k)] B (k)
(2.5)

Corollary 4. Let f defined by (1.6). Then f € M?:?(O,ﬁ, em), that is,

f(z)—z—zwz"— Z a2,

n=2

if and only if

> a1 Y

k=m+1 n=2
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Corollary 5. Let f defined by (1.6). Then f € Mi:?(o,ﬁ, em), that is,

m [e.o]

V + l)en o .
7122 1—nﬁ n—i—u)_'z k:;ﬂakz
if and only if
kzzmﬂ A-pw+1) *=1 nz::zen.

Corollary 6. Let f defined by (1.6). Then f € M{{(a,0,ey,), that is,

m oo
I e TR
n=2 1+ Oé 1 o n) k=m+1
if and only if
oo m
Y A+a(l-k))ap<1-)Y en
k=m-+1 n=2

Corollary 7. Let f defined by (1.6). Then f € ./\/ll 1(a 0,em) , that is,

m [e.9]

en(v+1)

f(z)=2— 2" — a2k
nZ:Q (1+a(l=n))I'(n+v) k:;H
if and only if
= [T+l — k)T (k +v) “
ap <1-— €n.
S ) 2
We claim that all these results are entirely new.
3 Extreme points and other results
Theorem 8. Let fi(z), fa(2), ..., fe(2) defined by
S (1 B ﬁ)en
filz) =2 - ik, G
2w all B k% '

(t=1,---,¢) be in the class Mi\v’f(a,ﬂ, em). Then G(z) defined by

l l m
=D Aifi and Y Ai=1,0<) en<1,0<e <1
i=1 i=1 n=2

15 also in this class.
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Proof. In view of Theorem 2, we have

0 _ _ _ AL m
pRRELEEL CE LIS 3
k=m+1 n=2

for every i =1,2,--- ,£. Here

00 ¢
zm_z_z 1= Bjen S (3 hany)

e (1=nB+a(l— ))Blk’“(”) k=m+1 i=1

Thus,

= 1—kB+a(l—

s -k 1(_ Z M)
k=m+1

£ (1= kB+all — k)BM (k)
Z Z -5 ki | Ai
i=1 k=m+1

l m m

< Zen))\izleen

=1 n=2 n=2

O]

Remark 9. The function G(z) = %[f1(2) + fa(2)] belongs to ./\/li‘”f(oz,ﬂ, em) if
f1(2), fa(2) are in the class Mi‘,’f(a,ﬂ, €m)-

Remark 10. The class Mi\jf(a,ﬂ, em) is convez set.

Theorem 11. Let fi(z),(i = 1,--- ,¢) defined by (3.1) be in Mi’f(a,ﬂ, en). Then
the function

F(z):z—z enll = 5) Z brzF (b > 0)
— e

k=m+1

0
s also in the class Mi"f(a,ﬁ, €m), where by = % > Qi
’ i=1

Proof. 1t is clear that

00 _ _ A1 0 _ _ )\M

Z (1—kB+a(l—k))B; (k)bk _ Z (1 kﬁ+a(1 ))Bj Za’“
k=m+1 1- ﬁ k=m-+1 E(l -
I [ S A-kB+all—R)DBYM(K)
¢ ; (k:—%:—f—l 1-6 A
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4 m
by Theorem 2, we have the last expression is less than £ > (1 — > e,) = 1 —
" = n=2
> en. O
n=2

The next Theorem is very useful to obtain the extreme points of the class
>\
1 (@, By em).

Theorem 12. Let

. en(l =) o 3.2
fm( ) nZQ(l_nﬁ_Fa(l—n))Bi"“(n) ( )

and for k> m+1

n 5 (1=B)1= 3 )
fk:(z) — 5 Z n )\ SN n=2 /\ Zk.
— (1 —=nB+a(l—n))B] H(n) (1—kB+ a(l —k)B" (k)

(3.3)
Then the function f(z) € /\/li’f(a,ﬁ, em) if and only if it can be expressed in the
form f(z) = > Opfr(z), where 6 > 0,(k > m) and > § = 1.
k=m

k=m

Proof. Let

F2) = D 0kful2) + Omfm(2)

k=m+1

B . en(l =) n
= OmE Z (1—nB+a(l —n)B* (n)

en(l_ﬁ> n
Opz — é z
+k§+l ’ k%l ’ (nz2 (1=nf+a(l- ))B{\’u(”) )

i (1- 22671)(1 —B) N
— Ok n= z

k=m+1 (1—kB+ a(l — k) B (k)

en(1—B) n
= (0m 0k)z — (Om k) z
+k%:+1 g +k%:+1 ’ nz(l—”ﬁ"‘a( ”))Bi\’u(n)
v (=Y e)d-9)
- Z n=2 02"

wmin (L= KB+ a1 — k) B (k)
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i €n 1 - B) . i n=2 5kzk

S (-nB+al-n)BMn) 5 (1—kB+a(l—k)BM (k)

_— o s (-kra(-R)(- ien)(kﬁ)é S
therefore at the end we can write k:%:ﬂ (176)(1fkﬁ+a(17k))Bf“”(k) kD ( )

1—Zen Z O = I—Zen — <1—ien.
n=2

n=2 k=m+1

Thus f € Mi\,’f(a,ﬁ, €m)- dJ

Conversely, let f € Mi\:f“(a,ﬁ, em), that is,

3 enll =) 2" — 3 a2
> (1—nB +a(l —n))B(n) 2,

n—2 k=m+1
put
A,
5 (kO +a(l = 12)31 "), (k>m+1)
(1 - ﬁ)(l - 2232 en)

(o]
we have d; > 0 and if we set §,, =1— >, then we have
k=m+1

f(Z) _ Z_Z en(l_ﬁ) o Z n=2

= (1—nB+a(l—n)B" (n) w1 = kB + a(l— k) B (k)

00 m en(1— .
= fm(2)— Z (Z_Z ( ﬁ))B{w“(n)z —fk(2)>5

T (1=0F+a(l—n)

k=m+1
= fm(2) = > (fm(2) = fa(2))0%
k=m+1
- Z O1) fm (2 Z Sefi(2) = Y Orful2)
k=m+1 k=m+1 k=m+1

Corollary 13. The extreme points of the class Mi\:f(oz,ﬂ, em) are the functions
fr(2), (k > m), defined by (3.2), (3.3).
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Theorem 14. Let f(z) defined by (1.6) be in the class Mi’f(a,ﬁ, em). Then f(z)
is starlike of order 6(0 < § < 1) in |z| < r, where r is the largest value such that

) (1_§QN)

€n n—1 n=2 k—1
Cnirall B o (ke B

Ms

n:2

< 1_1B,(k2m+1). (3.4)

Proof. 1t is sufficient to show that

2f'(2)
f(2)

—1'<1—5. (3.5)

Therefore

_ - (1-B)en n __ o k k
ZLONN N D i T P
fiz) 1 S (1-B)en n_ k
2 (—nfra(l—n)B " (n) k:%l =

-1

z —

m

)(1— n—1 o k—1
P e i el 1%5 1)agl2|

— m

1-3 (1-B)en )|Z’n71 — S aglz|Ft

A
=9 (1=nB+a(l-n))By"*(n ki1

m

(n-1D)(A-Ben  n-1, R (k=)A= pen) k-1
EZ (ondta-m)Br )| k:%ﬂ (1—kB+a(1—k) B (k)

1- i (1=Ben n—1 S P e

2 (I—npta(l—n)Br¥(n) o) kB ra(l-k)BY (k)

Thus (3.5) holds true if the last expression is less than 1 — ¢ or,
3 D Dew
(1-9) 1 — nﬁ +a(l —n))By"*(n)
(k=81 - 51 3 e)
+k;+1 6)(1— kB +a(l— k)BM (k)

at the end we find (3.4). O

n—2

|

Making use the following Theorem we obtain the next corollary.
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Theorem 15. [Alexander’s Theorem] Let [ be analytic in U with f(0) = f(0)—
1=0. Then f is convex function if and only if zf' is starlike function.

Corollary 16. Let f € Mi‘:f(a,ﬁ,em). Then f(z) is convex of order 6(0 < 6 < 1)
in |z| < r where r is the largest value such that

Uk nen 1 k(1= zm:2 ) k—1
Z (1-nB+a(l - n))Bi"“(n)T " (1—kB+a(l —k)B*(k) 1-p

Theorem 17. Let f € ./\/li\:f(a,ﬁ, em) and A > 0, if

(1—pB)ez
(1 —=n8+ a(l —n))B*(n)

n =

then the function

i = B)dn 2" — i apz”

(1 —np) + a(l —n))B}"(n)
is also in the class Mi‘f(a,ﬁ, €m)-

Proof. By assumption we have (1 — nf + a(1 — n))Bi"“(n) > 1 therefore,

(1-Ben

= 3 <e, <1
(1 =nB+a(l—mn))By"(n)
So, 0 < in:dn< in:engl,thus
n=2 n=2
X (1-kB+a(l- ’zPBf’“(’“)ak _ v (-kSto Q)BW ),
k=mi1l  (1—B)(1— ;an) k=m+1 (1= pB)(1 - ;2 n)

Theorem 18. Let f,g € ./\/li’f(a, B,em) and A > 0. Then

(Fege)=2-3 (=5 S bt
= -nB+al—n)2BPH0)?2 57

A,
is also in the class Mi"f(a,ﬁ, dm) if A1 < illgf G U) , where dp,(2 < n < m)
bl ( ;
are defined by (3.6).

kst sk ok sk ok ok s ok sk sk ok s ok sk sk ok s sk sk s ok sk sk sk s sk sk sk sk sk sk sk s ok sk sk sk sk sk sk sk ok s ok sk sk ok sk sk sk s sk sk sk sk stk sk sk ok ok sk ok sk sk ok ok sk sk ok ok sk k

Surveys in Mathematics and its Applications 4 (2009), 77 — 88
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v04/v04.html
http://www.utgjiu.ro/math/sma

86 A. R. S. Juma and S. R. Kulkarni

Proof. By making use of (3.6), we have

* z:z—m (1 = F)dn 2" — 3 apbpz”.
(f*9)(2) Z (1_nﬁ+a(1—n))Bi"“(n) k%:-i—l KOk

By Theorem 17, we have
2 (1— kB +a(l—k)B*H(k)
k=m+1 (1=p5)1= > dy)
n=2

ap <1

and
X (1—kB+a(l—k)Br(k)

= b < 1.
k=m-+1 (1=5)1= > dy)
n=2
Therefore, by Cauchy-Schwarz inequality we obtain
= (1—k 1— k) B} (k
(1= kB+a(l= NBY(h) 0 .

ol (1= B)(1— g:an)

Now, we want to prove that

= (1—k 1 - k)B"(k
(1=kB+al ,,2) k) b < 1. (3.8)
k=mt1 (1= B)(1— 3 dn)
n=2
In view of (3.7) the inequality (3.8) holds true if
B (k
\/akbkli() < 1. (39)

By (k)

But we have

A B A
B (k) Jarbs < (1—-kB+a(l—k))B “(k>\/m< L

m

1- 3 d, (1—B)(1— §:2dn)

Therefore (3.9) holds true if

1— dp,
% g

BA’H k‘) 2
i < S o B < P
(k) (k) 1— > dy
n=2
A,
Then A < BL00)® O

1= 3 dn
n=2
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Theorem 19. Let f(z) € Mi’f(a,ﬁ, em). Then

1) = o ([ g =) B < Lz cu

Proof. The case a = 0 is obvious. Therefore, suppose that « # 0. Then for f €

A _ Jf\’”f(z) —
M7 (o, B, em) and let w T we have Re(w) > alw — 1| 4+ 3, therefore,
z 1 z

woll o Loy owol o BR) hare |E(2)| < 1,z € U. This yields

w— « w— «

Tt

Wey B M) - AR BR)
e (G I N A (O - (LA (C)
(JTHfR)

L) B —a i
(TMf(z))  (BE(2) —a)z

By the integration we get the result.
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