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MULTIVALUED PEROV-TYPE THEOREMS IN
GENERALIZED METRIC SPACES

Liliana Guran

Abstract. In this paper we present some fixed point results for multivalued operators, which

extend the ones given by A.I. Perov and A.V. Kribenko, as well as some recent contributions due

to A. Bucur, L. Guran and A. Petruşel.

1 Introduction

In 1996 the Japanese mathematicians O. Kada, T. Suzuki and W. Takahashi intro-
duced the w-distance (see [2]) and discussed some properties of this new generalized
metric. In [4] A. Perov gave some fixed point results for contractions on spaces
endowed with vector-valued metrics.

The purpose of this paper is to present some new Perov-Kibenko type fixed point
results for multivalued operators. Our theorems extend some results given in [1] for
operators which satisfy some contractivity conditions with respect to generalized
w-distances.

2 Preliminaries

Let (X, d) be a metric space. We will use the following notations:
P (X) - the set of all nonempty subsets of X;
P(X) = P (X)

⋃
∅

Pcl(X) - the set of all nonempty closed subsets of X;
Pb(X) - the set of all nonempty bounded subsets of X;
Pb,cl(X) - the set of all nonempty bounded and closed, subsets of X;
For two subsets A,B ∈ Pb(X) we recall the following functionals.
δ : P(X) × P(X) → R+, δ(A,B) := sup{d(a, b)|x ∈ A, b ∈ B} - the diameter

functional ;
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H : P(X) × P(X) → R+, H(A,B) := max{sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)} - the

Pompeiu-Hausdorff functional ;

If T : X → P (X) is a multivalued operator, then we denote by Fix(T ) the
fixed point set of T , i.e. Fix(T ) := {x ∈ X|x ∈ T (x)} and by SFix(T ) the
strict fixed point set of T , i.e. SFix(T ) := {x ∈ X|{x} = T (x)}. The symbol
Graph(T ) := {(x, y) ∈ X ×X : y ∈ T (x)} denotes the graph of T .

The concept of w-distance was introduced by O. Kada, T. Suzuki and W.
Takahashi (see [2]) as follows:

Let (X,d) be a metric space. A functional w : X×X → [0,∞) is called w-distance
on X if the following axioms are satisfied :

1. w(x, z) ≤ w(x, y) + w(y, z), for any x, y, z ∈ X;

2. for any x ∈ X : w(x, ·) : X → [0,∞) is lower semicontinuous;

3. for any ε > 0, exists δ > 0 such that w(z, x) ≤ δ and w(z, y) ≤ δ implies
d(x, y) ≤ ε.

Some examples of w-distance are given in [2].

Example 1. Let (X, d) be a metric space. Then the metric ”d” is a w-distance on
X.

Example 2. Let X be a normed linear space with norm || · ||. Then the function
w : X × X → [0,∞) defined by w(x, y) = ||x|| + ||y|| for every x, y ∈ X is a
w-distance.

Example 3. Let (X, d) be a metric space and let g : X → X a continuous mapping.
Then the function w : X × Y → [0,∞) defined by:

w(x, y) = max{d(g(x), y), d(g(x), g(y))}

for every x, y ∈ X is a w-distance.

Let us recall a crucial lemma for w-distance (see [10] for more details).

Lemma 4. Let (X, d) be a metric space, and let w be a w-distance on X. Let (xn)
and (yn) be two sequences in X, let (αn), (βn) be sequences in [0,+∞[ converging to
zero and let x, y, z ∈ X. Then the following statements hold:

1. If w(xn, y) ≤ αn and w(xn, z) ≤ βn for any n ∈ N, then y = z.

2. If w(xn, yn) ≤ αn and w(xn, z) ≤ βn for any n ∈ N, then (yn) converges to z.

3. If w(xn, xm) ≤ αn for any n,m ∈ N with m > n, then (xn) is a Cauchy
sequence.
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Multivalued Perov-type theorems in generalized metric spaces 91

4. If w(y, xn) ≤ αn for any n ∈ N, then (xn) is a Cauchy sequence.

For the rest of the paper, if v, r ∈ Rm, v := (v1, v2, · · · , vm) and
r := (r1, r2, · · · , rm), then by v ≤ r means vi ≤ ri, for each i ∈ {1, 2, · · · ,m}, while
v < r means vi < ri, for each i ∈ {1, 2, · · · ,m}.

Also, |v| := (|v1|, |v2|, · · · , |vm|) and, if c ∈ R then v ≤ c means vi ≤ ci, for each
i ∈ {1, 2, · · · ,m}.

Definition 5. A pair (X, d) is called a generalized metric space in Perov’ sense if X
is a nonempty set and d : X ×X → Rm

+ is a functional satisfying the usual axioms
of a metric.

Remark 6. Notice that in a generalized metric space in Perov’ sense the concepts
of Cauchy sequence, convergent sequence, completeness, open and closed subsets are
similar defined as those in a metric space.

If x0 ∈ X and r ∈ Rm
+ with ri > 0 for each i ∈ {1, 2, · · · ,m} we will denote

by B(x0; r) := {x ∈ X| d(x0, x) < r} the open ball centered in x0 with radius
r := (r1, r2, · · · , rm) and by B̃(x0; r) := {x ∈ X| d(x0, x) ≤ r} the closed ball
centered in x0 with radius r.

In [3] we can find the notion of generalized w-distance as follows.

Definition 7. Let (X, d) a generalized metric space. The mapping
w̃ : X ×X → Rm

+ defined by w̃(x, y) = (v1(x, y), v2(x, y), ..., vm(x, y)) is said to be a
generalized w-distance if it satisfies the following conditions:

(w1) w̃(x, y) ≤ w̃(x, z) + w̃(z, y), for every x, y, z ∈ X;
(w2) vi : X ×X → R+ is lower semicontinuous, for i ∈ {1, 2, . . . ,m};
(w3) For any ε := (ε1, ε2, ..., εm) > 0, for m ∈ N, there exists

δ := (δ1, δ2, ..., δm) > 0 such that w̃(z, x) ≤ δ and w̃(z, y) ≤ δ implies
d̃(x, y) ≤ ε.

Let us present now an important lemma for w-distances into the terms of gen-
eralized w-distances.

Lemma 8. Let (X, d̃) be a generalized metric space, and let w̃ : X × X → Rm
+

be a generalized w-distance on X. Let (xn) and (yn) be two sequences in X, let
αn = (α(1)

n , α
(2)
n , ..., α

(m)
n ) ∈ R+ and βn = (β(1)

n , β
(2)
n , ..., β

(m)
n ) ∈ R+ be two sequences

such that α(i)
n and β

(i)
n converge to zero for each i ∈ {1, 2, . . . ,m}. Let x, y, z ∈ X.

Then the following assertions hold:

1. If w̃(xn, y) ≤ αn and w̃(xn, z) ≤ βn for any n ∈ N, then y = z.

2. If w̃(xn, yn) ≤ αn and w̃(xn, z) ≤ βn for any n ∈ N, then (yn) converges to z.

3. If w̃(xn, xm) ≤ αn for any n,m ∈ N with m > n, then (xn) is a Cauchy
sequence.
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4. If w̃(y, xn) ≤ αn for any n ∈ N, then (xn) is a Cauchy sequence.

Proof. Let us first prove (2). Let ε := (ε1, ε2, ..., εm) > 0 be given. From the
definition of generalized w-distance, there exists δ := (δ1, δ2, ..., δm) > 0 such that
w̃(u, v) ≤ δ and w̃(u, z) ≤ δ implies d̃(v, z) ≤ ε. Choose n0 ∈ N such that the
sequences αn and βn defined in the hypothesis satisfies the inequalities αn ≤ δ and
βn ≤ δ for every n ≥ n0. Then we have, for any n ≥ n0,
w̃(xn, yn) ≤ αn ≤ δ and w̃(xn, z) ≤ βn ≤ δ and hence d̃(yn, z) ≤ ε. This implies
that {yn} converges to z. It follows from (2) that (1) holds.

Let us prove (3). As previous let ε > 0 be given, choose δ > 0 and n0 ∈ N. Then
for any m,n ≥ n0 + 1 we have w̃(xn0 , xn) ≤ αn0 ≤ δ and w̃(xn0 , xm) ≤ αn0 ≤ δ and
hence d̃(xn, xm) ≤ ε. This implies that {xn} is a Cauchy sequence. As in the proof
of (3), we can prove (4). �

Let us present some examples of generalized w-distances.

Example 9. Let (X, d̃) be a generalized metric space. Then w̃ = d̃ is a generalized
w-distance on X.

Example 10. Let w1, ..., wm : X ×X → R+ be w-distances. Then
w̃ : X ×X → Rm

+ defined by w̃(x, y) = (w1(x, y), w2(x, y), ..., wm(x, y)) is a general-
ized w-distance.

Throughout this paper we will denote by Mm,m(R+) the set of all m×m matrices
with positive elements, by Θ the zero m ×m matrix and by I the identity m ×m
matrix. If A ∈ Mm,m(R+), then the symbol Aτ stands for the transpose matrix of
A.

Recall that a matrix A is said to be convergent to zero if and only if An → 0 as
n→∞.

For the proof of the main result we need the following theorem, see [7].

Theorem 11. Let A ∈Mm,m(R+). The following statements are equivalent:
(i) A is a matrix convergent to zero;
(i) An → 0 as n→∞;
(ii)The eigen-values of A are in the open unit disc, i.e. |λ| < 1, for every

λ ∈ C with det(A− λI) = 0;
(iii) The matrix I −A is non-singular and

(I −A)−1 = I +A+ ...+An + ...;

(iv) The matrix I − A is non-singular and (I − A)−1 has nonnenegative ele-
ments.

(v) Anq → 0 and qAn → 0 as n→∞, for each q ∈ Rm.
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3 Main results

Throughout this section (X, d) is a generalized metric space in Perov’s sense and
w is a generalized w-distance on the generalized metric space.

Let x0 ∈ X and r > 0. Let us define:
Bw(x0; r) := {x ∈ X|w(x0, x) < r} the open ball centered at x0 with radius r

with respect to w;
B̃w(x0; r) := {x ∈ X|w(x0, x) ≤ r} the closed ball centered at x0 with radius

r with respect to w;

B̃w
d
(x0; r)- the closure in (X, d) of the set Bw(x0; r).

Definition 12. Let Y ⊂ X and T : Y → P (X) be a multivalued operator. Then,
T is called a multivalued w-left A-contraction if A = (ai,j)i,j∈{1,2,...,m} ∈Mm,m(R+)
is a matrix convergent to zero and for each x, y ∈ Y and each u ∈ T (x) there
exists v ∈ T (y) such that w(u, v) ≤ Aw(x, y). This means, that for each x, y ∈

Y and each u ∈ T (x), there exists v ∈ T (y) such that

 w1(u, v)
· · ·

wm(u, v)

 ≤ a11 · · · a1,m

· · ·
am1 · · · am,m

 ·
 w1(x, y)

· · ·
wm(x, y)


The notion of generalized w-distance with his properties was discussed in [3].

Theorem 13. Let (X, d) be a complete generalized metric space,
w : X × X → Rm

+ a generalized w-distance, x0 ∈ X and r := (ri)mi=1 ∈ Rm
+ with

ri > 0 for each i ∈ {1, 2, · · · ,m}. Let T : B̃w
d
(x0; r) → Pcl(X) be a multivalued

w-left A-contraction. Suppose that:
(i) if v, r ∈ Rm

+ are such that vτ · (I −A)−1 ≤ (I −A)−1 · r, then v ≤ r;
(ii) there exists x1 ∈ T (x0) such that w(x0, x1)(I −A)−1 ≤ r.

Then, T has at least one fixed point.

Proof. Let x0 ∈ X and x1 ∈ T (x0) such that w(x0, x1)(I − A)−1 ≤ r ≤
(I−A)−1 · r. Then, by (i), x1 ∈ B̃w(x0; r). Now, by the contraction condition, there
exists x2 ∈ T (x1) such that w(x1, x2) ≤ Aw(x0, x1).

Thus w(x1, x2)(I − A)−1 ≤ Aw(x0, x1)(I − A)−1 ≤ Ar. Notice that x2 ∈
B̃w(x0; r). Indeed, since w(x0, x2) ≤ w(x0, x1) +w(x1, x2) we get that w(x0, x2)(I−
A)−1 ≤ w(x0, x1)(I − A)−1 + w(x1, x2)(I − A)−1 ≤ Ir + Ar ≤ (I − A)−1r, which
immediately implies (by (i)) that w(x0, x2) ≤ r.

By induction, we construct the sequence (xn)n∈N in B̃w(x0; r) having the prop-
erties:

(a) xn+1 ∈ T (xn), n ∈ N;
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(b) w(x0, xn)(I − A)−1 ≤ (I − A)−1r, for each n ∈ N∗, that means (by (i))
w(x0, xn) ≤ r;

(c) w(xn, xn+1)(I −A)−1 ≤ Anr, for each n ∈ N.
By (c), for every m,n ∈ N, with m > n, we get that

w(xn, xm)(I −A)−1 ≤ An(I −A)−1r.

By Lemma 8(3) we have that the sequence (xn)n∈N is Cauchy in the complete

metric space. Denote by x∗ its limit in B̃w
d
(x0; r).

Fix n ∈ N. Since (xm)m∈N is a sequence in B̃w(x0; s) which converge to x∗ and
w(xn, ·) is lower semicontinuous we have

w(xn, x∗) ≤ lim
m→∞

inf w(xn, xm) ≤ An(I −A)−1r, for every n ∈ N.

For x∗ ∈ B̃w
d
(x0; s) and xn ∈ T (xn−1), n ∈ N∗, there exists un ∈ T (x∗) such

that w(xn, un) ≤ Aw(xn−1, x
∗) ≤ ... ≤ An(I −A)−1r.

So, we have the following two relations:

w(xn, x∗) ≤ An(I −A)−1r, for every n ∈ N.
w(xn, un) ≤ An(I −A)−1r, for every n ∈ N.

Then, by Lemma 8(2) we obtain that un
d→ x∗. As un ∈ T (x∗) for each n ∈ N

and using that T has closed values in (X, d) it follows that x∗ ∈ T (x∗) Then T has
a fixed point. �

Remark 14. Some examples of matrix convergent to zero are:

a) any matrix A :=

 a a
b b

, where a, b ∈ R+ and a+ b < 1;

b) any matrix A :=

 a b
a b

, where a, b ∈ R+ and a+ b < 1;

c) any matrix A :=

 a b
0 c

, where a, b, c ∈ R+ and max{a, c} < 1.

Notice that, for some a, b, c ∈ R+ condition (i) also takes place.

As a consequence of the previous theorem, if T : X → Pcl(X) is a multivalued
w-left A-contraction on the complete generalized metric space (X, d), then we have
the following result:
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Corollary 15. Let (X, d) be a complete generalized metric space,
w : X × X → Rm

+ a generalized w-distance and T : X → Pcl(X) be a multivalued
w-left A-contraction. Then, T has at least one fixed point, moreover, for every
x∗ ∈ T (x∗) we have that w(x∗, x∗) = 0.

Remark 16. This global result is proved in [3].

A dual concept is given in the following definition.

Definition 17. Let Y ⊂ X and T : Y → P (X) be a multivalued operator. Then,
T is called a multivalued w-right A-contraction if A ∈ Mm,m(R+) is a matrix con-
vergent to zero and for each x, y ∈ Y and each u ∈ T (x) there exists v ∈ T (y) such
that w(u, v) ≤ w(x, y)A.

Remark 18. Notice that, since w(x, y)A = Aτw(x, y), the w-right A-contraction
condition on the multivalued operator T is equivalent to the w-left Aτ -contraction
condition given in Definition 12. It is also obvious that the matrix A converges to
zero if and only if the matrix Aτ converges to zero (since A and Aτ have the same
eigenvalues) and [(I −A)−1]τ = (I −Aτ )−1.

From Remark 18 and Theorem 13 we get the following dual result:

Theorem 19. Let (X, d) be a complete generalized metric space,
w : X × X → Rm

+ a generalized w-distance, x0 ∈ X and r := (ri)mi=1 ∈ Rm
+ with

ri > 0 for each i ∈ {1, 2, · · · ,m}. Let T : B̃w
d
(x0; r) → Pcl(X) be a multivalued

w-right A-contraction. Suppose that:
(i) if v, r ∈ Rm

+ are such that (I −A)−1 · vτ ≤ r · (I −A)−1, then v ≤ r;
(ii) there exists x1 ∈ T (x0) such that (I −A)−1w(x0, x1) ≤ r.

Then, T has at least one fixed point.

Then we can give another global result for multivalued w-right A-contractions.

Corollary 20. Let (X, d) be a complete generalized metric space,
w : X × X → Rm

+ a generalized w-distance and T : X → Pcl(X) be a multivalued
w-right A-contraction. Then, T has at least one fixed point, moreover, for every
x∗ ∈ T (x∗) we have that w(x∗, x∗) = 0.

We are now interested for the problem that, if T : B̃w
d
(x0; r) → Pcl(X) is

a multivalued A-contraction, whether the closed ball B̃w(x0; r) is invariant with
respect to T .

For example, for the case of a multivalued w-right A-contraction, we have:
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Theorem 21. Let (X, d) be a complete generalized metric space,
w : X × X → Rm

+ a generalized w-distance, x0 ∈ X and r := (ri)mi=1 ∈ Rm
+ with

ri > 0 for each i ∈ {1, 2, · · · ,m}. Let T : B̃w
d
(x0; r) → Pcl(X) be a multivalued

w-right A-contraction. Suppose also that w(x0, u)(I−A)−1 ≤ r, for each u ∈ T (x0).
Then, the following assertions hold:

a) B̃w(x0; r) is invariant with respect to T ;
b) T has at least one fixed point.

Proof. a) In order to prove that B̃w(x0; r) is invariant with respect to T , let

us consider x ∈ B̃w
d
(x0; r). Then, we have to show that T (x) ⊆ B̃w(x0; r). For

this purpose, let y ∈ T (x) be arbitrarily chosen. Then, by the contraction condi-
tion, there exists u ∈ T (x0) such that w(y, u) ≤ w(x0, x)A. Then, by the triangle
inequality, we get that:
w(x0, y)(I−A)−1 ≤ w(x0, u)(I−A)−1+w(u, y)(I−A)−1 ≤ r+w(x0, x)A(I−A)−1 ≤
r + rA(I − A)−1 = r[I + A(I − A)−1] = r[I + A(I + A + A2 + · · · )] = r(I − A)−1.
Thus, we get that w(x0, y) ≤ r. Hence, the proof of a) is complete.

b) Since T : B̃w
d
(x0; r) → Pcl(B̃w(x0; r)), Corollary 20 applies and the conclusion

follows. �

A dual result is:

Theorem 22. Let (X, d) be a complete generalized metric space,
w : X × X → Rm

+ a generalized w-distance, x0 ∈ X and r := (ri)mi=1 ∈ Rm
+ with

ri > 0 for each i ∈ {1, 2, · · · ,m}. Let T : B̃w
d
(x0; r) → Pcl(X) be a multivalued

w-left A-contraction. Suppose also that (I −A)−1w(x0, u) ≤ r, for each u ∈ T (x0).
Then, the following assertions hold:

a) B̃w(x0; r) is invariant with respect to T ;
b) T has at least one fixed point.
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