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DEGREE OF APPROXIMATION OF FUNCTIONS
BELONGING TO LIPa CLASS AND WEIGHTED
(L",£(t)) CLASS BY PRODUCT SUMMABILITY
METHOD

Hare Krishna Nigam

Abstract. A good amount of work has been done on degree of approximation of functions
belonging to Lipa, Lip(a,r), Lip(&(t),r) and W(L",£(t)) classes using Cesaro and (generalized)
Nérlund single summability methods by a number of researchers like Alexits [1], Sahney and Goel
[11], Qureshi and Neha [9], Quershi [7, 8], Chandra [2], Khan [4], Leindler [5] and Rhoades [10]. But
till now no work seems to have been done so far in the direction of present work. Therefore, in present
paper, two quite new results on degree of approximation of functions f € Lipa and f € W(L",£(¢))

class by (E,1)(C,1) product summability means of Fourier series have been obtained.

1 Introduction

Let f(x) be periodic with period 27 and integrable in the sense of Lebesgue. The
Fourier series of f(x) is given by

ag > :
f(z) « 5} + Z_:l(an cos nx + by, sinnx) (1.1)

with n?? partial sum s, (f; ).

Lo =norm of a function f : R — R is defined by ||f|lco= sup {| f(z) |: x € R}

L, = norm is defined by || fll, = (™ | f(z) |" dz)r,r > 1

The degree of approximation of a function f : R — R by a trigonometric
polynomial t,, of order n under sup norm || || is defined by Zygmund [13].

| tn — f |loo = sup {]| tn(z) — f(z) : 2} and E,(f) of a function f € L, is given
by

En(f) = min[t, — f| (1.2)
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A function f € Lipa if
flx+t)—fz)=0(t]%) forO0<a=1 (1.3)

f € Lip(a,r) if

2 ;
(/0 |f(x+t)—f(x)|rdx> =0(|[t|*), 0<a<landrz=1 (1.4)

([6, Definition 5.38])
Given a positive increasing function £(¢) and an integer r = 1, f € Lip(§(t),r) if

</027r | flx+t) = flz) " dgc))i = O(£(1)) (1.5)

and that f e W(L",&(t)) if

2m %
(/0 {f<w+t>—f<x>}smwdx>) _OEW), 62021 (16)

In case § = 0, we find that W(L",&(t)) reduces to the class Lip(£(t),r) and if
&(t) = t* then Lip(&(t),r) class reduces to the class Lip(a,r) and if r — oo then
Lip(a, 1) class reduces to the class Lipa.

Let Y >° ,upn be a given infinite series with the sequence of it n*" partial sum
{sn}.

The (C,1) transform is defined as the n'* partial sum of (C,1) summability
Sg+ 81 +s2+ ...+ 5,

ty =

n+1
1 n
:n+1Zsk—>s as n — oo (1.7)
k=0

then the infinite series Y 2 uy, is summable to the definite number s by(C,1)method.
If

1 n
(E,l):E}L:WZ(Z>Sk—>sasn—>oo (1.8)
k=0

then the infinite series > 7 u,, is said to be summable (E,1) to the definite number
s [3].
The (E,1) transform of the (C,1) transform defines (E,1)(C,1) transform and we
denote it by (EC)L.

Thus if

n

O =5 >0 ()i (19)

k=0
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where E! denotes the (E,1) transform of s, and C} denotes the (C,1) transform
of s,. Then the series > 7 ju, is said to be summable by (E,1)(C,1) means or
summable (E,1)(C,1) to a definite number s.

We use the following notations throughout this paper:

o(t) = flz+1) + fz —t) = 2f ()

v=0 2

2 Main theorems

Theorem 1. If a function f, 2w -periodic, belongs to the Lipa class, then its degree
of approximation is given by

1

[ (BO) - £ =0 |

],for0<a<1 (2.1)

Theorem 2. If a function f, 2w -periodic, belongs to the weighted W (L",£(t) class,
then its degree of approximation is given by

1Bk -1 lh=0] m+ 1P ¢ (1) 22)

provided £(t) satisfies the following conditions:

t
{g(t)} be a decreasing sequence, (2.3)

-

1 =

() el —o(m) e
(1 () o) oforr)

n+1

and

where ¢ is an arbitrary number such that s(1 —9§) —1 > 0,% —1—% =1,1<r<o
conditions (2.4)and (2.5) hold uniformly in x and (EC)} is (E,1)(C,1) means of the
series (1.1).
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3 Lemmas

For the proof of our theorems, following lemmas are required:
Lemma 3. | K,,(t) |=0O(n+1), for0 =t < n%rl

Proof. For 0 <t < %H’ sinnt < nsint

n k . 1
1 n 1 sin(v + 3)t
’Kn(t) T on+l kz [( k ) <1+k>; sin%
n k .t
1 n 1 (2v+1)sin g
7 2ntl 1;)[<k><1+k)u2:;) sin £

A

1 - n
e (1) <k+1>H
k=0
B (n+1) < n
=01 k
k=0
n n .
=0(n+1) smceZ( i ) =(2)
k=0
[
Lemma 4. | K,(t) |= O (3), for g Stsw
Proof. For n%rl <t < m, by applying Jordan’s Lemma sin% > % and sinnt < 1
K0 | = — |30 | () () 3o et o)
" © o 2ntl - k 1+k) = sin
n k
1 n 1 1
7 2n+l Z;) [( k > <1+k)vz:;)t/w]
n k
w3 () () 30|
n+1 Z( )
t2 k=0 [ & L+k v=0
1 - n
- t on+1 k
k=0
1 . "/ n n
:O<t> 51ncez<k>:(2)
k=0
O
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4 Proof of main theorems

4.1 Proof of Theorem 1:

Following Titchmarsh[12] and using Riemann-Lebesgue Theorem, s, (f;x) of the
series (1.1) is given by

m sin(n + 1
saldin) =50 = 5 [ oSt 2Ny,

2m sin 5
Therefore using (1.1), the (C,1) transform C} of s,(f;z) is given by

L _ s1nk:+ )t
C”_f(m)_ n+1 / o(t) sm

Now denoting (E,1)(C,1) transform of s, (f;x) by (EC)., we write

(EO), ~ f(a) = WZ[() 0 ffi (kH){Zsm(w ) }dt]
- [t &
SR LT
(say

=hi+12 ) (4.1)

—F—dt

Using Lemma 3,

1

I |§/0”“ | () || Ku(t) | dt

=
:O(n-I—l)/ | at

0

totl (G
a+1}0

o]
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Now using Lemma 4, we have

nal£ [ 1o |l o)

n+1

:/ 10 (1> dt
1 t
/ ta_ldt]

_1

n

sdloe] 4

Combining (4.1), (4.2) and (4.3) we get

=0

+ =t

- _ 1
| (EC)L ~ f llne oL

714_1)&}’ ﬂnfo <a<l

This completes the proof of Theorem 1.

4.2 Proof of Theorem 2:

Following the proof of Theorem 1

1
n+1

= Is1 + Iy (say) (4.4)

wmkﬂ@=M“+WIWMWMt

we have
oz +t)—o(x)| = [flutz+t)— fluta)|+]|flu—z—t)— flu—z)|
Hence, by Minkowiski’s inequality,

2m 2m
z+t)— ()} sin’ z |7 da]r < utz+t)— flutx)ysin® z | dz]r
[/ [ {o(z+t)—o(2)} " da] E[/O | {f(utz+t)—flutz)} " da]

0

1
T

27
HA | {fu—z— 1) fu—a)}sin’ | da]? = OLE(®)}.

Then f € W(L™, () = ¢ € W(L",£(t)).
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Using Hoélder’s inequality and the fact that ¢(t) € W(L",£&(t)) condition (2.4),
sint > %, Lemma 3 and Second Mean Value Theorem for integrals, we have

£y o [ ey ]

n+1 {(n tH)ﬁf( )}S dtr

| Ioq| =

oa ]° 1
ntl
:O{S <n+1>} [ t(1+ﬁ)s] for some 0 <€< e
1 1 1
frg ﬁ+ _— 1 —_ _ =
O{n—i—l §( +1)} smcer—&—s 1 (4.5)

Now using Holder’s inequality, | sint |< 1, sint = 2L, conditions (2.3) and (2.5),
Lemma 4 and Mean Value Theorem, we have

1

| I22 | = /t {t5 | (bé(?t) Smﬁt ] [/ t=9 &Zﬁ(ft) ‘}S dt] ;
— Of(n+ 1) / {tﬁi(lt_g}s dt];

1 [ o+l dy
— 0
=0 (TL—|-1) §<TL+1 /1 y5(5—1—5)+2 ]

)
o[ )
1

)

)

- i (14+8-8)-1

O e (n +1) }

_ 5 1 [ -5 Bg+1-1

=0+ (=) [+ )7 (D) ]

=04(n+ 1)ﬁ+% 13 ! since ! + Lo 1 (4.6)
n+1 r oS
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Now combining (4.4), (4.5), (4.6), we get

(BO)L - 0{n+1ﬂ+g(ni1>}
| (EO) - \»:{A% f@ﬂrm}i
@)

e ]
o) (L
:O{(nﬂ)m,{g( >}

S—

-+

S
_|_
—_

This completes the proof of the Theorem 2.

5 Applications
The following corollaries can be derived from our main theorems:

Corollary 5. If 5 =0 and {(t) =t then the degree of approzimation of a function
f € Lip(a,r), % < a <1 is given by

|chmfu>m=o{il_l}
+1)*

(n+ 1)

Corollary 6. If r — oo in Corollary 5, then we have for 0 < a < 1,

1
B - 1(0) o= O e |

Remark 7. An independent proof of Corollary 5 can be obtained along the same
line of our Theorem 2.
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