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ON CERTAIN BASKAKOV-DURRMEYER TYPE
OPERATORS

Asha Ram Gairola

Abstract. This paper is a study of the degree of approximation by the linear combinations of
the derivatives of certain Durrmeyer type integral modification of the Baskakov operators in terms

of the higher order modulus of smoothness.

1 Introduction

Let H[0,00) = {f : fis locally bounded on (0,00)and |f(t)| < M(1+t)?, M > 0,
B € NU{0}}. Then, for f € H[0,00), the Durrmeyer modification of the classical

Baskakov operators,
~ > k
k=0

are defined as

Va(fi2)=(n—1)> ppi(z) /pmk(t)f(t) dt, ne N, z €[0,00).
k=0 0

An equivalence between local smoothness of functions and local convergence of
Baskakov-Durrmeyer operators was given by Song Li [6]. Some results in simultaneous
approximation by these operators were established in [7],[8].

In [3], [4] Gupta introduced an interesting modification of the Baskakov operators
by combining the weight functions of beta operators and those of Baskakov operators
so as to approximate Lebesgue integrable functions on [0, 00) and established asymptotic
formulae and an estimation of error in simultaneous approximation. These operators
are defined as follows:

oo

Bu(foz) =S pusl®) / b 1 (6)£(1) dt,
0 0

k=
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124 A. R. Gairola

n+k—1 zF tk
where py, p(x) = i W7 bn k(1) = and

(k + 1,71,)(]. + t)n+k+1
B(k+1,n) =kl(n—1)!/(n+ k)! is the beta integral.

The integral modification B,, of the Baskakov operators gives better results than
the operators V,, and some approximation properties for the operators B, become
simpler in comparison to the operators V;,, (cf. [2],[3] and the references therein).

Throughout our work, let N denote the set of natural numbers, N the set of
non-negative integers, and | cfq,5, the sup-norm on Cfa, b], the space of continuous
functions on [a, b].

Let f be a real valued function over R. The m th (m € N) forward difference of
the function f at the point z of step length § is defined as

m

NTOEDY (m) (~1)™73 [z + jb).

i=0 N

<9

As a convention we write AYf(z) as f(z).

The mth order modulus of continuity w,,(f,d,I) for a function continuous on an
interval I is defined by

de
wm(f,0) Ef sup {|AY f(x)|:x,x+mhel},
0<|h|<é

where A" f(x) is the mth forward difference with step length h.

It turns out the order of approximation by these operators is, at best O(n™1),
however smooth the function may be. In order to speed up the rate of convergence
by the operators B, we consider linear combinations B, (f,k,x) of operators B,
defined as :

k
n(fok,x) = C(j, k) Bayn(f,x),
J=0

where

k
H k#OandC(OO)—l
0 dj —
and do, d1, ...dy are (k + 1) arbitrary but fixed distinct positive integers.

Section 2 of this paper contains some lemmas and their corollaries which we shall
use in our main results. In section 3 we establish our main theorem. Further, the
constant C' is not the same at each occurrence.
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2 Preliminaries

Lemma 1. [3] If the function pi, (), m € N° are defined as

finn () = ppi() / by i (1) (t — )™ dt
Then )
+x
pno(@) =1 pna(z) =
and

222(n + 1) 4+ 2x(n + 2) + 2

Hn2(¥) = (n—1)(n—2)

Consequently, for each x € [0,00), pinm(x) = O(n_[m+1]/2). If K > 2, then for
sufficiently large n, we have

pin2(2) < » () = Va(l +x). (2.1)

Lemma 2. For the function p, j(x), there holds the result

d"ppk(x . .
xrc};r() = > 0k —na) g (2)pai(@),
2itj<r
.50

where qi7j7r(:c) are certain polynomials in x independent of n and k.
Proof. The proof is easy to prove, hence details are omitted. O
Lemma 3. For the functions Ap, n(x) given by

oo » m

Apn(@) =Y (5 =) pusla),

v=0 n

we have Agp(x) =1, A1 n(z) =0 and there holds the recurrence relation
0 At (@) = G2(@) [ Ay o(@) + 11 A10()] (2.2)

where m > 1,z € [0,00) and ¢*(z) = z(1 + z).
Consequently, for all x € [0,00), A}, ,(7) = O(n—[(mﬂ)/?]),

Proof. The proof follows by straightforward calculations, hence omitted. O
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Lemma 4. Let 6 and v be any two positive real numbers. Then, for any s > 0 and
0 < a; < by < oo, we have,

= O(n*S).

sup
xe[al,bl]

n Z Pk / b i (£) £ dt

k=0

[t—z[=6

Making use of Taylor’s expansion, Schwarz inequality for integration and then for
summation and Lemma 1, the proof of this lemma easily follows, hence the details
are omitted.

Lemma 5. [2] If f is r times differentiable on [0,00), f) is locally integrable in
the Lebesque sense on [0,00) and f() = O(t*) as t — oo for some o > 0. Then, for
r=0,1,2,... and n > o+ r we have

r—1 oo
r n-+s
Bé)(f7$):Hn—S E anrrk /bn rk+r )(t)dt
s=0 = 0

Let f € C[a,b] and [a1,b1] C [a, b]. Then, for sufficiently small § > 0, the Steklov
mean fs,, of m-th order corresponding to f is defined as follows:

5/2 6/2
fim(® =6 [ [ (£0+ (08 1 )Hdtz,te[al,bﬂ
—5/2 —38/2 =1

Lemma 6. For the function fs,,, we have

1. [(a)]
2. Hfgj;;HC[M <O wm(f,6,[a,b]),r =1,2,...,m;
3. = famllcarpy) < Cwm(f, 6, la,b]);
4- Msmlica b < Cllifllcaps
where C' is a certain constant that depends on m but is independent of f and 9.

Following [5, Theorem 18.17] or [9, pp.163-165] the proof of the above lemma
easily follows hence the details are omitted.

Lemma 7. [1] If for r € N°, we define

oo
rnm an—l-rk: /bn T’C+T t—:t?)mdt,
= 0
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then,
1+7r+xz(1+2r)
T, =1,T,
r,n,O( ) rnl( ) (n—r— 1) s
202r2 +4r +n+1)z? +2(2r2 +5r + 2+ n)x + (r? + 3r +2)
Trno(x) =

(n—r—1)(Mn-r-—2)

and there holds the recurrence relation:

(n—r—m—1Tnme1(x) = (1 +2){T), .(x) +2mTypm-1(x)}
+{ m+r+1)(1—|—2x — &} T pm(z), n>r+m+ 1.

Consequently, Ty pnm(x) = O(n_[(mﬂ)m), where [3] is the integer part of (3.

Remark 8. From above lemma by induction on m it follows that

S Zq@mn Vﬂ( q e

¢2( ) —Qi—l
Tr,n,2m+1( (14 2x) Z Si,m, a( )

where g mn(x) and simn(x) are polynomials in x of fized degree with coefficients
that are bounded uniformly for all n.

Lemma 9. Let f € H[0,00) and be bounded on every finite subinterval of [0, 00)
admitting a derivative of order 2k+r+2 at a fixed point x € (0,00). Let f(t) = O(t*)
as t — oo for some a > 0, then, we have

2k+r+2

Tim L BO(f b 2) — fO@)] = Y @G k), (23)
" Jim B+ 1) - 1] =0 24

where Q(i,k,r,x) are certain polynomials in x.
Further, the limits in (2.3) and (2.4) hold uniformly in [a,b], if f*+7+2) egists
and is continuous on (a —n,b+n) C (0,00),n7 > 0.

Proof. By the Taylor’s expansion, we have

2k+r+2

>
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128 A. R. Gairola

where €(t,x) — 0 as t — . Applying the linear combinations B, (f,k,.) on both
side of above expansion and using Lemma 6, for sufficiently, large n we have

W Bk, 2) - £O(a)]

r k
= ST CGL R BY,(f.0) — £ (a:)]
L j=0
[ 2k+r+2 f(l k r—1

by )3 cGik Hn;d_jilzpdnm
L =0 =0 0

s=

[e.e]

o A
X /bndj—r,l-i-r(t)atr(t - x)z dt — f(r) (17)]
0
k
S and DYt k)BC(l: ) (e(t, @) (t — )47 +2, x)]
=0
=: F1 + E», say.

Now,

2k+r+2f k r—1 nd —I-S
E1 = [{ Z ZC Hnd_s_lzpdn-i-rl

i=r+1 ! 7=0

oo o
/bndj—r,l-l-r(t)atr(t - x)z dt}
0

r—1 ) s
+{ 2037 H,f;fij_)l—ﬂ”(m)}]

= E1,1 + ELQ say.

X

In view of the identity

1Lym=0

CGik)d;™ = { o (2.5)

we get

k r—1
(1+8/ndj)
B = 0w et 1] i
= o 1= (s+1)/nd;
= 0asn — oo.

kst sk ok s ok ok s ok sk sk ok s ok sk sk ok sk sk sk s ok sk sk ok s sk sk sk sk sk sk sk s ok sk sk sk sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk k

Surveys in Mathematics and its Applications 5 (2010), 123 — 134
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v05/v05.html
http://www.utgjiu.ro/math/sma

Higher Order Approximation 129

Next, by Lemma 7 and identity (2.5), we get

2k+r+2 il k . r—1 1+s ndj
El,l = Z T’)' Z C(]? k){ l_IO 1 E (S +/1)/73d] }Tr,djn,ir(x>

i=r+1 7=0
2k+r+2 ‘
= Y fO@)QU, kyrx) + (1), n— oo,
i=r+1

Thus,

[N 242 0 .
1 n () + Z f (l')Q(Z?k?r’x)

i=r+1
2k+r+2

R Z f(i)(x)Q(i,k,rjx),

as n — 0o0. Now, we proceed to show that Fo — 0 as n — oo. For this, it is sufficient
to prove that I = nF+1B{" (e(t,z)(t — )27 +2 2) — 0 as n — oco.
Using Lemma 2, we get

0o o0

Il < nFft Zpg)y(m) / b (t) et
v=0 0

< M) T D sl b maf

2i4+j<r  v=0

.iL') (t _ $)2k+r+2 dt

i,j=>0
<[ bualt) et e - 2472
0
where M (z) = sup2itj<r |¢ijr(z)] /2". Applying the Schwarz inequality, we get
i,j=0
1/2
‘I| < nk+1M( Z {any V_n$)2j}
2i+j<r
1,j 20

) o0 2y 1/2

{ S (@) ( [ bkttt - apher dt) } .
v=0

0

Since, €(t,z) — 0 as t — x, for a given ¢ > 0 there exists a 6 > 0 such that
|e(t,x)| < &, whenever 0 < |t — x| < &, and for |t — x| > § there exists a constant C
such that [e(t, x)| < C|t — x|%, where 3 is an integer > 2k +r + 2.
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As, [ by, (t)dt =1, we get
0

o] 2
K = (/bn,,,(t) e(t,m)(t—x)2k+T+2’ dt)

0

(7%”(” dt) (7()7%”(15) (e(t, z)(t — x)2k+r+2)2 dt)

0 0

N

< / bn7y(t) 52 (t _ m)4k+2r+4 dt + / bn,y(t) 02 (t - x)4k+2r+2ﬁ+4 dt.

0<|t—z|<é [t—z| >0

Next, by Lemma 3 and Lemma 7, we have

‘I| < nk'HM(x) Z ni+j0(n—j/Q)O(n—(2k+r+2)/2) {82 + O(n_g/Q}l/Q
2i+j<r
i,5>0
< O(l) {52—1—0(71_’6/2)}1/2
< €0(1).

Since, ¢ is arbitrary, it follows that I — 0 as n — oo. The assertion (2.4) follows
along similar lines by using identity 2.5 for k£ + 1 in place of k.

The last assertion follows, due to the uniform continuity of fZ5+7+2) on [a,b] C
R (enabling ¢ to become independent of x € [a, b]) and the uniformity of o(1) terms
in the estimate of E;; and Fj 5 (in fact, it is a polynomial in ). O

3 Simultaneous Approximation

Theorem 10. Let f € H[0,00) for some C > 0 and r € N. If ) exists and is
continuous on (a —n,b+mn),n > 0 then for sufficiently large n,

| B (7o) = £

Cla,b]
< Cn kD {HfHC[a,b] + wokt2 (f(r);n_m% (a—mn,b+ 77))} ,

where C' is independent of f and n.

Proof. Using fé;)mz = (f(r))6,2k+2 and linearity of the operators Bf{” (f,k,), we
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can write
I = |[BD(fk)—f™
SR
< |BW (- k B k) — )
X n (f f5,2k+27 7) Clab] + n (f572]€+27 7) f5,2k+2

Cla,b]

T (r)
+ |7 - f572k+2HC[a7b]
= I+ FE9 + Es, say.
Hence by property (b) of the Steklov mean, we get
By < Cwners (10,6, (a=n,b+n)).

Next, applying Lemma 9 and Lemma 6, for each m = r,r+1, ..., 2k+ 247, it follows
that

2k+2-+r (m)
B, < Cn (D Z Hfégkmucm,b]

N

Cn=ED (|| fonsall oy + 133055 o)
< o (|l fsamsallopuy + 1ot tallogen) -
Hence, by property (a) and (c) of Steklov mean we have

E2 < Cn_(k+1) {HfHC[a,b} + W2k+2 <f(r)7 5? (a -1, b+ 77)) } .

Let f — fsor = ¢

From the smoothness of the function f — fsor, k = 1,2,...2k + 2, we can write

"M (g (&) — ¢ (2

m! r!

(t —z) ()

m=0

+ 0t 2) (1 -9(),

where £ lies between ¢ and x, and 1 is the characteristic function of the interval
(a —n,b+mn). Moreover, by direct calculations it can be proved that 6(¢, z) tends to
0 as t tends to x. For t € (a —n,b+n) and x € [a,b], we write

"M (g M (&) — ¢ (x

m! 7!

(t - x)r‘,

m=0

and in the case t € (0,00) \ (a —n,b+n), x € [a,b] we define

o™ ()

m)!

T

0(t,2) = o(t) — >

m=0

(t—z)™.
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Again, from the linearity of the operators B,(f) (f,k,), we get

(m) (4
B ) = 3 LD aym )

+ o+

B; (6(t,2) (1 - 6()) )
J1+ Jo + J3, say.

By using Lemma 1, we get

Again, using the Lemma 6 for the functions f(") — fé;)kJrQ, r=1,2,...2k + 2. Hence,
for sufficiently large n, we have

|l < CNf = fsarrallciap +o(n™)
< Cw2k+2 (fa 5’ (CL -1, b + 77)) +o (n_l) .

Next, using Lemma 2 and Schwarz inequality for integration and then for summation
we get

2 . i ;
B < S0 = falcwn B (@)l - ol )

2 |Ql,]T |
< ﬁ”f( f52k+2||0[ab Z n' anu X

2z+] <r
1,720

x/b ()|t — z|"dt
0

2 r r i 14i,5,r\ T | ad .
< ﬁ”f( ) - fzg,Q)k+2||C[a,b] Z nz|JxT an,y(a:)h/ — nﬂj X
|
0 1/2 , o 1/2
X (\/bn’y(t) dt) (/bn,y(t> (t _ x)2r dt)
0 0
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00 1/2
< O~ figalown Y m(zpn,xz)(u—m)?ﬂ) x
22’4]—]2%{ v=1
00 00 1/2
X <an,y(x) / by (1) (t — x)2T>
v=1 0
< O = fallcay Y. n'O0?)0(n™"7?)
2;74;]2%7"
< O — £ ol o).

Since t € (0,00) \ (a —n,b+n), we can choose a § > 0 in such a way that [t —x| > ¢
for all x € I. Thus, by Lemma 2, we obtain

G (T 0 .
o< Y nZWan,y(x)\u—mv / by (1)|0(t, )| dt.
2i+j<r v=1

1,20 lt=e|>0

For |t — x| > §, we can find a constant C' > 0 such that |0(¢,z)| < C'¢7. Finally using
Schwarz inequality for integration and then for integration, Lemma 3, and Lemma
4, it easily follows that J3 = O(n*S) for any s > 0.

Combining the estimates J; — J3, we obtain

Br < O = fgallows
< Cwapso (f(r), 9, (a—n,b+ 77)) (in view of (b) of Steklov mean).

Finally, taking 6 = n~'/2 the theorem is concluded. O
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