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A STUDY ON ALMOST MATRIX SUMMABILITY
OF FOURIER-JACOBI SERIES

Hare Krishna Nigam and Ajay Sharma

Abstract. In this paper, a quite new theorem on almost summability of Fourier-Jacobi series
has been established. Our theorem extends and generalizes all previously known results of this line

of work.

1 Introduction

The study of summability of Fourier-Jacobi series by Nérlund (IV, p,) summability
method has been made by a number of researchers like Gupta [6], Choudhary [4],
Thorpe [18], Pandey and Beohar [13], Beohar and Sharma [1], Pandey [12] and
Tripathi, Tripathi and Yaday [19]. After a good amount of work in ordinary Nérlund
summability of Jacobi series at the point = ¢, Khare and Tripathi [8] discussed
generalized Norlund (N, p,q) summability of Jacobi series. The Norlund (N, py,)
summability of Fourier-Jacobi series has also been studied by Prasad and Saxena
[17]. Recently, the result of Prasad and saxena [17] has been generalized by Chandra
[3] for generalized Nérlund (N, p, ¢) summability. Therefore, the purpose of present
paper is to generalize the result of Chandra [3] to a more general class of almost
matrix summability of Fourier-Jacobi series. Our important theorem extends and
generalizes all previously known results of this line of work.

Here it is important to note that the almost matrix summability method includes
as special cases the methods of almost (C, 1), (C,6), (N,pn), (N,ps) and (N,p,q)
summability methods.

2 Definitions and Notations
Let f(z) be a function defined in a closed interval [—1, 1] such that the function

(1—2)*A+2)°f(@) e L[-1,1];a> -1, 8> —1.

2010 Mathematics Subject Classification: 42B05; 42B08.
Keywords and phrases: (N, p,) summability; (N, p, ¢) summability; Almost matrix summability;
Fourier-Jacobi series.
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The Fourier-Jacobi series corresponding to the function f(z) is given by

f@)=>"a,P ") (z) (2.1)
n=0
where
_Cnta+ B+ I(n+ ) I'(n+a++1)
fn = 2040 (n+a+ 1) T (n+ B+ 1)

1 (2.2)
'/(1 —2)*(1+2) P, (2) f(x) da

-1
and PT(LO"B ) (x) are the Jacobi polynomials defined by the generating function

208 (1 — 23t +2) 7 /?

=> PP (x)t".
n=0

[1 (- 2xt—|—t2)1/2}_a [1 +t+(1- 2xt+t2)1/2}_6

(2.3)

2.1 Definition.

Lorentz [9] has given the following definition:
A sequence is said to be almost convergent to a limit s if

n+m

1
Z s = s uniformly with respect to m.
k=

im
n—oon + 1

Let T' = (an,k) be an infinite triangular matrix satisfying the Silverman-Toeplitz [20]
condition of regularity i.e.

n
E anr — 1 as n— oo,
k=0

ank =0 fork>n

and

n
Z lank| < M, a finite constant.
k=0
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Now, let us introduce the concept of almost matrix summability with respect to an
infinite regular matrix 7" = (a, ;) such that the elements a,, ; are non-negative and
non-decreasing with k, and being

-
Apr = Zan’n_k, App=1Yn. (2.4)
k=0
o0
Under these circumstances, if for a series ) u, with partial sums { s, } we denote
n=0
1 n—k+m
Sn—km = m Z Sv, (2~5)
v=m
o0
we say that ) w, is almost matrix summable (7') to the sum s if
n=0
n n
tn,m = Z Qn kSk,m = Z Ann—kSn—km —7 S (26)
k=0 k=0

uniformly with respect to m.
Seven important particular cases of matrix means are as follows:

1. (C,1) mean when a, = n%rl,for 0<Ek<n.

2. Harmonic mean when a, = L

(n—k+1) logn -
n—k+5+1>
o—1
3. (C,§) mean when a, =
’ n+9
(57
1 s
_ q
4. (H,p) mean when a, j = o i ) ql;IO log?(k +1).

n
5. Norlund mean [10] when ay,, j = p},;’“ where P, = Y pg.
k=0

6. Riesz (N,p,) mean when a,j = 2.

7. Generalized Norlund (N, p,q) mean [2] when a, ) = where R, =

Pn—k 49k
R

n

> Pkn—k-

k=0

We use the following notations:

F(¢) = {f (cos p) — A} (Sin <§>2a+1 <Cos (2]5)2ﬁ+1
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where A being a fixed constant.

(1) = / IF (¢)] do.
0

n—k+m
M 2a+5+1 Z Gnpn—k Z >\VP1£Q+I’B) (COS ¢)
v=m

integral atof1 [1]
T = integral par —=|—=].
o lo

-
An,’r = E Apn—k-
k=0

1

= integral part ofl— —

3 Previous Results

Dealing with the Norlund summability of Fourier-Jacobi series, Prasad and Saxena
[17] have established the following:

3.1 Theorem 1.
If

¢ 20+2
A :/|F(¢)|d¢:o<%> as =0 (3.1)
0

where

F(6) =11 (eos0) = A} (sin g ) o (cos%) o

Y (t) and 0 (t) are non-negative, monotonic increasing functions of t such that

Y (n)logn =0 (0(P,)) as n — oo,

n(etD/2 = 4 (P,) as n — oo
and
kz_z kG D2 logk 0 <n(2a+1)/2) asmn — oo (3.2)
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then the Fourier-Jacobi series (2.1) is summable (N, py,) at the point x = +1 to sum
A, provided that the condition

1t
2 2 2
and the antipole condition
b
/ (142)2 94 (2)]dz < oo (3.3)
-1

are satisfied, where b is fixed and (W, pn) 18 reqular Norlund method defined by the
real non-negative and non-increasing sequence {p,} such that P, — oo as n — oo.

Generalizing Theorem 1, Chandra [3] has proved a following theorem:

3.2 Theorem 2.

Let (N,p,q) be a generalized Norlund method defined by a real non-negative, non-
increasing sequence {pn} and a real non-negative, non-decreasing sequence {qn}.
Let ¢ (t) and X (t) non-negative, monotonic increasing functions of t such that

Y (n)logn = O[A(F,)] (3.4)
anFPrn = O [(p * q) log ] (3.5)
and
- Py (p*q), ©
(2atl) =0 ( (2at1) (3.6)
k=2 k2 logk: gnn 2

as n — oo where ¢ is a parameter with the restriction that 0 < ¢ < 1.
n
In equation (3.5) and (3.6), the term (p*q) = > Pp—kqk-
k=0
If

! 2a+2
R = [ IP@las—o (U0 L) ®.7)
0

as t — 0, where 7 = [}] then the Fourier-Jacobi series (2.1) is summable (N,p,q)

at the point © = +1 to the sum A provided that the condition

1
>_7
8>3

N |

L <a<
—- <
5 =
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and the antipole condition
b

/(1 )50 D/2| £ (2] de < 00
-1

are satisfied, where b is fized.

4 Main Theorem

The object of present paper is to generalize Theorem 2 of Chandra [3] to more
general class of almost matrix summability of Fourier-Jacobi series. In fact, we
prove a following theorem:

4.1 Theorem.

Let T = (ank) be an infinite regular triangular matriz such that (an k) is non-
negative and non-decreasing with k, n(2a*1)/2An,n — 0asn — oo.
For the range —3/2 < a < 3/2, B> —1/2 and for fixed b, the antipole condition

b
/(1 + )2 (1) | de < 0 (4.1)
-1

must be satisfied.
Now, if

= j ‘{f st -4 (s02) " (cs2)
0

<t2a+1 )
dp=0|—=~ | ast =0
36

(4.2)
where & (t) is positive, non-decreasing with t such that £ (n) — coasn — oo and

g An,k o 1
2. k@atD/2¢ (k) 0 (n(2al)/2 ) (4.3)

a

where ‘A’ being a fixed positive integer then Fourier-Jacobi series (2.1) is almost
matriz summable (T) at x =1 to the sum ’A’.

5 Lemmas

The following lemmas are required for the proof of the theorem:
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5.1 Lemma 1.

(Szego [16]). If a« > —1,8 > —1 then as n — oo,

PR (cosd) =0 (n) 0 < 9 < (5.1)
1
= B << i
O(n),ﬂ' n_qS_Tr (5.2)
1 ~(2a-+1)/2 —(28+1)/2
= ———|sin ? cos ?
(mr)lﬂ 2 2
M+ a+h+1 o1 1 1
. AT ETET Y s — - <p<m— =
COS{( 2 >¢ (2a+1)4}+nsin¢’n_¢_7r n
(5.3)
5.2 Lemma 2.
(Gupta [6]). The antipole condition (4.3) implies that
7 b (26-1)/
/ <cos 2) |f (cosp) — Al dp < o0 (5.4)
6
which further implies that
/ 128-D/2 | 1 (Zcost) — Aldt = O(1). (5.5)
0

5.3 Lemma 3.

(Rhoades [15]). Let {u,} and {v,} be two real sequences and {u,} be non-negative.
If {v,} is non-increasing then

< vy max Zuk (5.6)
If {v,} is non-decreasing then
T
Kl < QUnlglgicn kZ_luk . (5.7)
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5.4 Lemma 4.

Under the conditin of the theorem on (an 1) for large n, uniformly in 0 < ¢ < m,0 <
a<b<n,

Z Qpn—k n_§mya+; COS{(V—FP)QZ) _ ’I"} | =0 {na_%AnT} (58)
n—k+1 = 7
where p = “H0*2 apdr = — (a + 3) 7.
Proof.
Z nn—k n_fmuo“% cos{(v + p) ¢—T}] ‘
n—k+1| &

b a4 mEm 1.
B kz njji;;_fl Real part of [ Zm vt e’{(l’-i-ﬂ)(ﬁ—r}]
=a

b a . n—k+m
_rnn—k ats Li{re}

— zb: _OInn-k { (n— k)a+%ei{<n—k>¢>}} |
k

ot (pp—r)

IN

—n—k+1

b
_ nn—k hatir —ike iné
B ;n—k—l—l{(n k)TTE e } ‘

1) = Gn,n—k ka-i-l —iko ; An,n—k k) +3 _—ik¢
= - " — 2 7 o Thfemh _ o 7
kgn—k—i—l{(n ) € }’+ kzz;n—k—i—l{(n ¢ }‘
= { “ 1/2} Zann k +O{ }ann T Z e ko
T<k<r<b

by Abels Lemma and Lemma 3

o—iTt { 1— (e—it)T_T‘H}

o} Aur 0o |

0 {1} s+ 0 fu VY [ [

o a0 a1} oo

o{nia,,}+0{ a”%tﬂ}. (5.9)
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Now
-
Apr = npi (5.10)
k=0
= Qnpn + Ann—1 + ...+ anpn—r
2 app—r+ Qnn—r+ ...+ ann—r
= (T + 1) Qn.n—r
_ 1
> Gnn—t since T = [}
T t
then a
% =0 (4nr). (5.11)
By (5.9) and (5.11), we get
b [I— e a1 a—1/2
kz:n,—kj—}—]_ l;n v 2C08{(V—}-p)¢)—7“} :O{n ATL,T}‘
=a =

5.5 Lemma 5

Under the hypothesis of the theorem

nzl Ann—k nfmy %:O(na—%>
P On—k:—i-l
Proof.
n—1 R n—k+m Wl n—1 Gk a1
Z —k+1 > v 2:Z:n 7k+10{(n_k) 2}

kfo v=m k=0

5.6 Lemma 6

n—k+m

M, (¢) 2a+ﬁ+1z< an;f1> Z A, P,(e+18) (cos @)
n-— =m
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where
_ 2= @B (v 4 a+ S+ 2) o 9—(a+p+1) Lot
v Fa+1)T(v+p+1) [(a+1)

then, for % > > —%, B> — % and if (an 1) satisfies the hypothesis of the theorem,

(5.12)

<m (5.13)

Proof. For 0 < ¢ < %,

n—1 n—k+m
M, () = O <2a+5+1) Z na_"Zlk : 19, <2—(a+ﬂ+1)) Z V2(a+1)] by (5.1)
k=0 v=m
n—1 a . n—k+m
_ n,n— 2(a+1)
=0 Z n—k+1 Z g ]
k=0 v=m
n—1
_ Unon—k (. _ py2(a+l)
=0 ankle(n k) ]
k=0
20‘+1 [Z pp— k] by Lemma 3
— 2a+1 Z - k]
=0 (n2a+1) Amn
=0 (n20‘+1) since Ay, = O (1)

For m — % < ¢ <, using (5.2), we have

n—1 n—k+m
_ n,n—k /3 (a+1>
M, (¢) = [§ i § ow)’o(v (5.15)
k=0 =m
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n—1 n—k+m
_ Ann—k )ot5+1)
=0 Z —k+1 Z Ol
k= 0 =m
n—1
_ n,n—k (a+B+1)
= —k
O ];) S (n +m)
n—1
_ (a+B+1) Gn,n—k
__()(n/+‘7n) 22% ET:TZ;ETI by Lerﬂnﬂa:g
= 0(n)"*70 (1)
=0 (naJrB) .
If % <op<m-— 1 , with notation as in Lemma 4, then we have
— An.n—k
M (¢)=0(1) Zm
k=0
n—k+m —a—% —ﬂ—% 1
. { > { (ot3) (sm %) (cos g) cos (Vo + pdp —r) + VOsi(n)<b }} by(5.3)
n—1 n—k+m 7&7% 75,%
=0(1) kz:% naj Z:fl 2 { y(a+%)(sin %) (cos %) cos (u¢+p¢—r)}:|
n—1 P n—k+m il ) ¢ 7(17% (]5 ,57%
+O(1)k2:0n777k+k1 l;n o Jr2)<Sln 5) (cos 5)
n—1 n—k+m —_a— 3 —p—1
o An,n—k (Oé+ %) : ? 2 ? 2 _
_O(l)kZ:On*kJrl V:Zm {1/ <51n2> (cos ) cos (v + po r)}}
n—1 n—k+m a7% ,B,%
+0(1) kzzo naj,z_—:l 2 { p(o—2) (sin %) (cos g) }:| by Lemma 4

¢ —a— % ¢ —B— % n—1 G n—k+m (a+ l)
=0 (sini) (0055 Zm Z {1/ 2 cos(y¢+p¢*r)}
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6 Proof of the Theorem

Following Obrechkoff [11], the partial sum of the series (2.1) at the point x = 1 is
given by

7 20+1 28+1
sy (1) = 2°‘+B+1)\y/ <Sin Z) <cos ¢> f (cos @) s, (1,cos ¢) do
0

where s/, (1, cos ¢) denotes the v** partial sum of the series

n—k+m
> P(O"B) (1 )P,(na’ﬁ) (cos @)

k=m

9m

where
Quta+p+)T(w+1)T(v+a+6+1)

Im = 20081 v+ a+ 1) T (v+ B +1)
Rao [14] has shown that

si, (1,co8¢) = A, P+ (cos )

therefore

#\ 20! $\ 25+
sy (1) — 2a+’5+1)\y/ <sin 2> <cos 2) {f (cos ) — A} PL2H10) (cos ¢) dp
0

= 20FFHI)

14

F ()P (cos ¢) do

o

where )\, is defined as in Lemma 6.

Then
n—k+m
Snkm (1) — A = k:+1 Z {Su (
1 n—k+m 7r
_ a+6+1 (a+1,8)
e i DL AV/F@)PV (cos ) do
rvyr=m 0
Now

> et (o (2) = A4} = [ F ()M, (0) o
k=0

0
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Let us denote

Y

t/n+ ]: F (6) My (9) do
R

L 5
[ /+/+
0 1

where ¢ is a suitable constant such that 0 < n < .
Now in order to prove the theorem, we have to show that

I=0(1) asn— o0
for which we need to prove
I =0(1) asn — ooforj =1,2,3,4. (6.1)

Let us first consider,
1
n=0| [1F @) 1M (0)]
0

=0 (n**) | [ [F(9)ldg| by (5.12)

S~

I
Q

(n2a+1) O <n2a‘|j§(n)) by(4.1)

n — oo by hypothesis of the theorem. (6.2)

In order to estimate I we employ the asymptotic relation given in (5.14). Thus

0 —a—3 9 \ —a-3
L=0 /|F (6)] 7O 3 Apr (sin;b) do| +0 /yF (6)| no=3 (mé’) d
= Ir1 + I22 (say). (6.3)
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=0 () / i 40

J s
2a-1 2a+1 o 2041
o) (75 ), - s )

P 1
9
. - 2a+1
o) o0 ) o 05 [y (i) o

—o(1)+0(1)+o0 (n%) /n <u(2afl’;/g£w> du,

5

% = u,by the hypothesis of theorem andr = integral part of% = [%]

B 20-1Y\ Ap e [ 1
_0(1)+0<n 2 >§a:k(2‘"+1)/2§(k) where a—[d}—kl,nZ[t]

Using (4.2),
Iy =o0(1). (6.4)

Now consider,

é —(2a+5)/2
Lo = /\F n(2a=3)/2 <sin <2>> do

5
=0 (n(Qa_3)/2> / 2a+5)/2
5

6
— O (n(2a-3)/2 1 (¢)**+Y ] [ @
L ) {<¢><2“+5> ( ) )f." / o)

6 _
Y (n(2a73)/2) to (n(2a73)/2> (”_(;?;)3)/2> to (n(2a—3)/2> /(¢£)((2f/;;/2 do

n
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Using second mean value theorem for integral,

)
_ (. (2a-3) R na=d/2 (20-5)/2
By = o (n® 2)+"<5<n>)+0< 30 1/“)) @

B n(20-3)/2 (¢)(2a—3)/2 0 _3 3

_0(1)“( £(n) > {(m a2, 2 =" 2

B n(20-3)/2 (2a—3)/2 ~(2am3) /2
_0(1)+0<§(n) ) ( )

=o(l)+o M +o ( )

B £(n) £(n)

=o0(1)+o0(1)

=o0(1) asn — oo by the hypothesis of the theorem. (6.5)

Now we consider,

ool

B ’ ( )|14 201 1)/2
I3=0 / 4 (2a+3)/2 5 (2ﬁ+1)/2d¢
(15 8) 7 (con9)

é 2

3=

+0( (20~ 3)/2 5/ )(2”5‘52(?)‘

sin & COS

2

(28+3)/2 do
3

/N

_ 0 (n2a=/2 ? R
=0 |(n Ap, ]F cos @) — A| { cos cos do

-l

0 (nt2e-912) / IF (cos d) — A <cos‘§

+

(28-1)/2
I

-0 (n 2a—1)/2An7n) 10 (n(2a—3)/2)
o(1)
)

+o0(l) asn— oo by (5.4)
as mn — oo. (6.6)

o(1
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Finally we consider,

=0 (w) | [ |F (@)l do| by (5.13

[« (2a+1) (28+1)

=0 (na+ﬂ> / |f (cos¢) — A (sin 2) <cos 2) d¢
[« (28+1) (20-+1)

=0 (naJrB) / |f (—cost) — A| (sin ;) <cos ;) dt| taking m—¢ =1
0

=0 (naJrﬁ) /\f (—cost) — A| ()P Vat
0

1

=0 (n(Za—S)/2> /]f (—cost) — Al (t)(%_l)/gdt since _73 <a< g
0

=o0(1) as n — oc. (6.7)
Combining from (6.1) to (6.7) yields,
I=0().

This completes the proof of the theorem.

7 Particular Cases

1 If any = 252 and & (z) = loiw, the result of Gupta [6] becomes the particular
case of our main theorem.
2. The result of Tripathi, Tripathi and Yadav [19] becomes the particular case of our
main theorem if a,, i is defined as in particular case 1 and § (x) = @, 0<e< 1.

n
3. Ifapy = Z% where Ry, = > prqn—k and & (v) is as defined in particular case
k=0

1 then the result of Khare and Tripathi [8] becomes the particular case of our main
theorem.
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