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CERTAIN THEOREMS ON TWO DIMENSIONAL
LAPLACE TRANSFORM AND
NON-HOMOGENEOUS PARABOLIC PARTIAL
DIFFERENTIAL EQUATIONS

A. Aghili and B. Parsa Moghaddam

Abstract. In this work,we present new theorems on two-dimensional Laplace transformation. We
also develop some applications based on these results. The two-dimensional Laplace transformation
is useful in the solution of non-homogeneous partial differential equations. In the last section a

boundary value problem is solved by using the double Laplace-Carson transform.

1 Introduction

R. S. Dahiya proved (1990) certain theorems involving the classical Laplace transform

of N-variables and in the second part a non-homogeneous partial differential equation

of parabolic type with some special source function was considered [4]. J. Saberi

Najafi and R. S. Dahiya established (1992) several new theorems for calculating

Laplace theorems of n-dimensions and in the second part application of those theorems
to a number of commonly used special functions was considered, and finally, one-

dimensional wave equation involving special functions was solved by using two

dimensional Laplace transform [5]. Later the authors, established (2004, 2006,

2008) new theorems and corollaries involving systems of two - dimensional Laplace

transform containing several equations [1, 2, 3].

Definition 1. The generalization of the well-known Laplace transform

LIf(t): 5] = / T et i ()t

0
to n-dimensional is given by

Llf@isl = [ [T [ eon-sns@paan
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166 A. Aghili and B. Parsa

where t = (t1,t2, ..., tn), 5= (S1,82,...,8n), 8.t = > i siti,and Py (dt) = [[,_, dt.

In addition to the notations introduced above, we will use the following throughout
this article.
Let tv = (t},¢5,...,tY) for any real exponent v and let Py (%) be the k-th symmetric
polynomial in the components ¢ of t. Then
@)PL(E) =t + 15 + ... + 1)
(n)]_Dn(t“) =t{.ty.. .t
Py(t?) =1 ect.
Similarly for 5 = (s1,s2,...,8n), P2(3") = >°0';_; ;; 575} and so on.
The inverse Laplace Transform is given by

L YF(5);1} = 22 /aa+m /ddﬂoo /CCHOOe_StF(g)Pn(E)dE (1.1)

—100

Remark 2. In case of two dimensions, one has the following relationship

a+ico pd+ico
flxy) =L HF(p,q)p.q} = ( %in / /d P"TUYE (p,q)dpdg  (1.2)

Example 3. Using (1.2) to evaluate

1
Ly

2(p— (g +vVp+A)

A, ioare real numbers. By complex inversion formula for two dimensional Laplace
transform one has the following relation,

ct+ioco  pd+ico 1
f(z,y) / / ePrravy }dp dq
i e—ico Jd— 2(p — (g +vp+A)

or equivalently,

1 c+i00 ebT 1 d+ioco ey
2im c—100 2(p - ,u) 2w d—ico ¢ T VDT A

If we calculate the integral in the curly bracket, then one has

}

f(z,y) = dp. (1.3)

2

1 c+i00 epx—y\/p—i-)\
/c—ioo 2(]) - M)
At this point, in order to avoid complex integration around a complicated key-hole

contour,we use the appropriate integral representation for the exponential term as
follows,

A
/ 2 (P‘Xu)y du _ e_y\/m
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Two-dimensions Laplace transform 167

substitution of the above relation in (1.8 ) leads to the following

c+1oo 1 o) e (p+ >y ebr
/ / e du}
c ﬁ 0 :u

changing the order of integration, yields

w2 1 c+100 ep( —41“;72) }
) / Tl
f 27” c—100 Pp—H

introducing the change of variable p — p = s , in the above integral, leads to

2
ehT [0 o O+wy? 1 atico (= a2
— e 4u? { b 7ds}du
ﬁ 0 211 a—ioo S

finally, the value of the inner integral is equal to H(x — %) , therefore, we obtain

fz,y) =

el [0 2 Odwy?

fz,y) = N e du

Interesting consequences of the two - dimensional Laplace transform will be given
as follows.

Problem 4. The heat transfer for cooling of a very thin semi - infinite rod into the
surrounding medium satisfies,

@ 82u
ot 8 ox2

with boundary conditions,

—hu x,t>0 h,rkeR" (1.4)

w(z,0) =0, lim u(z,t) =0, u(0,t)=1t%"
Tr—>00
Solution 5. Let L{u(z,t);p,q} = U(p,q). Application of the two dimensional
Laplace transform to (1.4) and after performing some easy calculations, we get [3]
MNa+1) _; /hte
U(x,q) = ————e S 1.5

(0:0) = G pper (15)
The inverse Laplace transform of the above equation is not available in tables and
very difficult to evaluate (see [3]), but by using the following expressions and convolution
theorem [6], we find the inverse as follows

1 - toePt
(g—p)tt" D(a+1)

LY
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L eV =
Qt%\/mr

thus, we get
zelt

2\/ KT

t s z?
u(z,t) = /o E72(t— f)ae*M*(’”ﬂﬁd@

We shall evaluate only for some particular values of o, 3, h and k. [6]

Case (i)
Foraz—%,hzﬁzO, we get

3.t — 12kta? + 12242 22

u(zx,t) =T e dnt.
(8 =I5 16K2t2 /7

Case (i)

Foroz:—%,ﬁzmzl,hzo, we have

W2 — 22

el | a2 /°° Ji(Vu? — z?)
0
Case (zii)
For a = ”7_3,11 = [ =0, we obtain

r(zt) p g

————=—"_He
1/Qntn-i-l7T n(1/2/£t

where He,(x) is Hermite polynomial.

u(x,t) =

2 THE MAIN THEOREM

Theorem 6. Suppose
(zi) Lo{f(z,y);z,y} = F(p.q)
(wii) Lo{f(V2,\/9); 2,4} = @(p,q) then

L PV} = o) H el )

Proof. We start with the operational relation

o" 52

L{e™2 5o (e )ia) = (-1)"Vap™s e VP
S

for n = 1, we have

1 52
L{gm_%se_ﬂ; z} = /me VP

2
e T du}.

JeTim n=0,1,2,...

(1.7)

(2.1)

(2.2)
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1 _3 _ﬁ —tf
L{gy 2se Wiy} = Vme Ve
by multiplying the above equations to get

32 t2

1
L{Z(xy) Stse dr v cx,y} = me VPV

at this point, we multiply both sides by f(s,t) and integrate with respect to s and
t over the first quadrant, to obtain

/ / tse 1w 4y f(s,t)dsdt; x,y —/ / me SVPTIWIf (s, t)dsdt

we make the change of variables s> = u and > = v on the left hand side to get

/ / e 1y f(/u, o)dudv; z,y = / / e SVPIWAf (s t)dsdt

(2.3)
finally by using (1.2) on the left hand side and (2.3) on the right hand side we have

NJ\C/J

LQ{

N\O-

Lg{

L3 PRV} = g (@) (g o)

Example 7. Let f(z,y) =e *Y |, then
F(p,q) = —e"Ei(—pq)

o(p,q) = 4(v/4pq — 1 — arctan(\/4pq — 1))
’ [4pg — 1|\/Apg — 1

using (2.1) and simplifying, leads to

2 /xyarctan( V;&gy)) — /1 —4duxy
[dzxy — 1|\/zy(1 — 4dzx) .

Ly H{—eVPBi(—\/pq)} =
Example 8. Let f(z,y) = sin(azy), then
1 . Pq pq . pqg. . /DPq
F(p,q) = ——{Ci(") cos(™? —)sin(~—
(p,q) a{C’z(a)cos(a)—FSz(a)sm(a)}
2am
e(p,q) = T .3
(4pg + a?)2
using (2.1) and simplifying, we get

o

Lg{—ﬁ; Ty} = C’z(\/;) cos(g) + Sz(\/>) sin(
(14 4a2zy)2 «

|3
Q
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170 A. Aghili and B. Parsa

Remark 9. In order to calculate the inverse Laplace transform of p%q%F(\/ﬁ, V@)
for all values of i and j , it is sufficient to use relation (2.2) for different value of
n by applying the same procedure as in Theorem 6. In the following we give two
theorems.

Theorem 10. Let

(2i) Lo{f(z,y);z.y} = F(p,q)

(i) Lz{y’ff(\/i VY, y} = (p,q)

(ziii) Lo{y2 f(Vz,\/Y)iz,y} = ¢(p, q) then

LG PWR VDY = gyma (g ) — (o) el ) (24

Proof. To get (2.4), we start with (2.2) for n = 1,2. The rest of the proof is similar
to the proof of Theorem 6. O

Example 11. Let f(z,y) = sin(azy), then

F(p,0) = = {Ci(%) cos(™) + 8i(%) sin(™)}

_ 2a 7
N
Y(p,q) = (Ipg + a?)?

using (2.4) and simplifying,leads to

a?(4azy — 1) B VP4 VPq VP, . /P4
Lz{\/@(m%wl)g,w Y=V Ci(— )COS(—)—&—S@(—)sm(T)}.
Theorem 12. Let

(zi) Lo{f(w,y);x,y} = F(p,q)

(zii) Lo{yf(Vz, Y)iz,y} = ¢(p,q)

(ziii) Lo{f(Vx,\/y); 2y} = ¥(p,q) then

1 3 7 1 1 3 3 _5
Ly aF (VoV} = g1 PR ) T et W ) (29)

Proof. To get (2.5), we start with (2.2) for n = 1,2. The rest of the proof is similar
to the proof of Theorem 6. O

Example 13. Let f(z,y) = In(zy), then

1 — 2y —In(pq)
2pq?

o(p,q) =
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Two-dimensions Laplace transform 171

27y + In(pg
pq
using (2.5) and simplifying,we get

_1,v/4(4y + In(pq) 1 1 s
— In(16zy) — 2 1)).

2 { NG }= -2 2y 2 (In(16ay) — 2(y +1))
In the following example, we give an application of two dimensional Laplace
transform and complex inversion formula for calculating a series related to Lageurre

Polynomials.

Example 14. Show that

> 1
(n) n_ _ - ,a,—A
HZ:%TG @ LN = fr—gyv"e (V) (2.6)
T (x) is sonine polynomial and defined by
Tén)(gj) - &L(n) (z)

Ma+n+1)

Solution 15. It is well known that

L{Ln(x),p} = ;<1 - ]19)"
L{T{M(y), q} = W

taking two - dimensional Laplace transform of the left hand side, leads to the following
Lo{)  Ln(x) TS ()X, p, q} = / / O La(@)T{M (y) e P~ ) dwdy
n=0 0 0 n=0
changing the order of summation and double integration to get,

Lo 3 L (2)T™ (1) A", p, (y)A"e PT= dxd
DIAE " g} = Z / / )

the value of the inner integral is

A1 1. (1—¢q)" 1 _A=De-1
S e[ [ ey -3 S Ll g
q

| a+1
—nlp p pq

using complex inversion formula for two - dimensional Laplace transform to obtain,

Alg=1)(p—1) 1

—1{ I } _ a —/\10(2\/7)

pq‘”rl Ta+1)”
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Definition 16. The two-dimensional Laplace - Carson transform of function f(z,y)
is defined by Ditkin and Prudnikov [6] as follows:

FYp,q)=:qu£ LK; e P f(x, y)dady

and symbolically is denoted by F (p, q)=f(x,y) where the symbol= is called ”operational”.
The correspondence between f(x,y) and F(p,q) may be interpreted as transformation
which transform the function f(x,y) into the function F(p,q) .

3 Solution to non-homogeneous impulsive parabolic type
P.D.E

Problem 17. Let
Uze — Uy = 20(y) sin(x) — 6(zx) sin(y) x,y > 0 (3.1)
with boundary conditions

u(0,y) =y*, u(z,0)=sin(z), lm u(z,y)=0 (3.2)

T—>r00
Solution 18. The transformed equation takes the following form
pT(a+1) pq
P -a) P+ —q)

where H(q) is a Laplace-Carson transform of uy(0,y). At this point, we take the
inwverse of each term with respect to p only, then we obtain

U@ﬂ%=@2+£é2+n4ﬂﬁﬂw+

VA ) sinh(,/qx) MNa+1) N
,q)=—Y"{sinh - +—Y "7 H(q)+—— cosh + h
u(zx, q) PEY 1{sm (v/qx)—+/qsin(x)} /i (q) - cosh(y/qz) 211 sinh(\/qz)
o 1 H r 1
. - +
u(z, q)==eVe®| va + (4) + (a )+ 2\/a ]
2 qg+1 V4 q® - +1
1 H r 1
— e VAT Va + (g) Tla+ )—|- 2\/6 | — g sin(x). (3.3)
2 q+1 V4 q® q“+1 q+1
Since, the limit of u(x,y) is bounded as x tends to infinity, we must have the following
relationship
H Na+1
Vi @)+ Wa )+ X@ =0 (3.4)
g+1 g q P +1
by replacing (3.4) in (3.3) we get
r 1
u(x,q)i(ai—l_)e*\/ax - sin(x).

q“ q+1
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Inverting the above relation with respect to and using the fact that

where Dy(x) is Struve’s function [0].

Conclusion 19. The two-dimensional Laplace transform provides a powerful method
for analyzing linear systems. It is heavily used in solving differential and integral
equations. The main purpose of this work is to develop a method of computing
Laplace transform pairs of two-Dimensions from known one-Dimensional Laplace
transform and making continuous effort in expanding the transform tables and in
designing algorithms for gemerating new inverses and direct transform from known
ones. It is clear that the theorems of that type described here can be further generated
for other type of functions and relations. These relations can be used to calculate
new Laplace transform pairs.

Acknowledgement. The authors are grateful to the referee of his/her remarks.
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