Surveys in Mathematics and its Applications

ISSN 1842-6298 (electronic), 1843-7265 (print)
Volume 6 (2011), 195 — 202

FINITE RANK INTERMEDIATE HANKEL
OPERATORS ON THE BERGMAN SPACE

Namita Das

Abstract. In this paper we characterize the kernel of an intermediate Hankel operator on
the Bergman space in terms of the inner divisors and obtain a characterization for finite rank

intermediate Hankel operators.

1 Introduction

Let D be the open unit disc in the complex plane C, T the unit circle, and L2 (D) the
Bergman space, consisting of those analytic functions on ID that are square integrable
on D with respect to area measure. The Bergman space is a closed subspace of the
Hilbert space L?(D) of all square integrable complex-valued functions on D. The
inner product in L?(ID), and hence in L2(D), is given by the formula

(f. ) = /D F(2)9(2)dA(2), f.g € LA(D),

where dA(z) = ldzdy, the normalized area measure on D. The associated norm

is denoted by ||.||2. Let L>(D, dA) denote the Banach space of essentially bounded
measurable functions on D with

[flloo = ess sup{|f(2)] : z € D}.

Let H>(D) be the space of bounded analytic functions on D. The function K (z,w) =
1 jz 1s the reproducing kernel [7] for the Hilbert space L2(D). Let K,(w) =

(1—zw
K(z,w). Let L2(D) be the subspace of L?(D) consisting of complex conjugates of
functions in L2(D). For p > 0, let

Ep:spmﬂzpkzn,k:o,...,p; n=0,1,2,---}.
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For ¢ € L>*(D), we define the intermediate Hankel operator pr : L2 — E, by

pr(f) = P,(¢f), f € L2 where P, is the orthogonal projection from L?(D) onto

E,. Note L2 C E, C ((L2)o)* where (L2)o = {g € L? : g(0) = 0}.

In this paper we characterize the kernel of an intermediate Hankel operator in
terms of the inner divisors of the Bergman space and obtain a characterization for
finite rank intermediate Hankel operators. Similar characterizations for finite rank
intermediate Hankel operators were also obtained by E. Strouse [6] using different
techniques. We use the invariant subspace theory for the Bergman space developed
in [2],[3] and [4].

2 Intermediate Hankel operators

For p > 0, let E, be the closed subspace of L?*(D) described above. For n > m and
j€{0,---.p}, let

[Li<icpri(n—m+1+7) 1 .
[Li<icpra(n+0)  jllp—H(-1)r~7 H (m —1).

0<i<p

%]

n7m —_—
AT =

It is not so difficult to check that

0 if n<m;
zt2™ if n>m,0<m <p;
Ay™EvTm 4 AT A g
co AT EVTTAPP i n > mym > p.

The details are given in [6, Lemma 1].

Lemma 1. Suppose ¢ € L>°(D). The operator Hf” =0 if and only if p € E;-.

Proof. Note pr = 0 implies ¢f € EpL for all f € L2(D) and hence in particular
¢ € Ey. Conversely, if ¢ € Eo- then (¢,[z|**2") = 0 for all n € Z,n > 0, and
k=0,1,---,p.

Let f € L2(D) and g € E, and g(2) = |2[*2",n =0,1,2,--- ;k=0,1,--- ,p. Then
(H," f,9) = (Py(6f).9) = (¢f.9) = (¢, fg) = 0 as fg € E,. This implies H,” f =0

for all f € L2(D) and thus H," = 0. O
Proposition 2. If Q : L? — L2 is the Bergman projection, then (pr)* = Q(of).
Proof. 1f | € By, g € L2 then ((H,")*f,g) = (f,H,"g) = (f, Po(69)) = (f,¢9) =
(6f.9) = (Q(&f).g). Thus (H,”)" : F, — L} such that (H,”)"f = Q(@f). O
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3 Inner functions and kernel of a finite rank intermediate
Hankel operator

Definition 3. An invariant subspace of L2(D) is a closed subspace I such that
zI C I; in other words zf(z) is in I whenever f is in I.

Definition 4. A function G € L2(D) (G € H?) is called an inner function in
L2(D) (respectively, H?) if |G|*> — 1 is orthogonal to H*™.

This definition of inner function in a Bergman space was given by Korenblum and
Stessin [5]. If N is a subspace of L2(D),let Z(N) = {z € D: f(z) =0 for all f € N},
which is called the common zero set of functions in N. Hence if z; is a zero of
multiplicity at most n of all functions in N, then z; appears n times in the set
Z(N), and each z; is treated as a distinct element of Z(N).

Lemma 5. IfT is an invariant subspace of L2 (D) of finite codimension and Z(T) =
{z€D: f(z) =0 for all f € I} then Z(Z) is a finite set and T = 1(Z(Z)) = {f €
L2(D) : f(2) =0 for all z € Z(T)}.

Proof. For proof see [1]. O

For notational convenience, henceforth we shall assume that p is a fixed positive
integer.

Theorem 6. Let ¢ € L*°(D) and pr be a finite rank intermediate Hankel operator

on L2(D). Then keerp = GL2(D) for some inner function G € L2(D) and the
following hold.

(1) Ifa= {aj}é-v:l = Z(k;eerp) then G vanishes on a.

(1) |Gllzz = 1 and G is equal to a constant plus a linear combination of the
Bergman kernel functions K(z,a1), K(z,a2), -, K(z,ay,) and certain of their
derivatives.

(i4i) |G|*> — 1 L L} where L} is the class of harmonic functions in L' of the disc.

E E
Proof. Note kerH,” = {f € L3(D) : H,”f = 0} = {f € L3(D) : Py(¢f) = 0} =
{f € L2D) : ¢f € Ef} = {f € L2D) : (¢f,[z[**2") = 0 forall n € Z,n >
0and k=0,1,--- ,p}.
Nowif f € keer” then (¢f, |2|?*2") =0for alln € Z,n > 0and k = 0,1, -- ,pand
therefore (z¢f, |2|?k2") = (¢f, |2|*)2" 1) = 0for alln € Z,n >0andk =0,1,--- ,p.
Hence zof € EpL and then zf € keerp . Thus keer” C L? is invariant under
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multiplication by z, and keerp has finite codimension since pr is of finite rank.

Let Z (keerp )=a=1{q; };VZI Let G be the extremal function for the problem

sup{Ref™0): f e L2, || fll;2 <1,f =0 on al,

where £ is the multiplicity of the number of times zero appears in a = {a; }szl (k=0
if 0 ¢ {aj}é-vzl). It is clear from [2, 3, 4] that G satisfies conditions (i)-(iii), and G
vanishes precisely on a in D, counting multiplicities. Moreover, for every function
f € L2(D) that vanishes on a = {aj}é-vzl, there exists g € L2(ID) such that f = Gg.
Thus kerH,” = GL2(D). 0

If Hf” is of finite rank, then rankH(fp = number of zeroes of G counting multiplicities.
We now make the link between inner functions and finite rank Hankel operators as
follows.

Proposition 7. Suppose ¥ € L>®(D) and pr s a finite rank intermediate Hankel
operator. Then there exist functions ¢ and x such that ¥ = ¢ + x, where x € EpL

and ¢z € E,N(GL2)*, for allk = 0,1,--- ,p and for some inner function G € H*.

Proof. Suppose ¥ € L*>°(D) and ng is a finite rank intermediate Hankel operator.

Let ¥ = ¢+x, where x € E;- and ¢ € E,. By Lemma 1, pr = 0. Hence H\f” = Hf”

and therefore, Hf" is a finite rank intermediate Hankel operator.

By Theorem 6, there exists an inner function G € L2(ID) such that keer” =
GLZ(D). Thus ¢G € Ey. So (¢G,h) = 0 for all h € E,. That is, (Gh,¢) = 0
for all h € E,, and so ¥ = ¢ + Y, where Y € ET' and ¢ € E, N (GE,)*. By
Theorem 6, G vanishes precisely at a = {aj}j-vzl, a finite sequence of points in D,
counting multiplicities. Now ¢ € E, N (GE,)* implies (¢, G|z|*2") = 0 for all k =
0,1,---p,n € Z,n > 0. Hence (pzF, GzF*m)y =0 for all k = 0,1,---p,n € Z,n > 0.
Thus ¢z* € E,N (GL2)* for all k =0,1,---p. O

Corollary 8. If ¥ € H*® and ng is of finite rank then for all k =0,1,---p,

Ik AN (k) 0"
vz :Z CJV ﬁ bJ( )
j=1 v=0 J
wherecg-lz) are constants for allk =0,1,---pandj=1,--- N andv =0,---m; — 1.

Here b = {bj}évzl is a finite set of points in D and m; is the number of times b;
appears in b.
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Proof. By Proposition 7, ¥ = ¢ + x, where y € EpL and ¢zF € E, N (GL2)*, for
all k = 0,1,---,p and for some inner function G € H*>. Since ¥ € H>® y = 0.
Thus Hy = Hy is a finite rank operator and W2* = ¢2F € E, N (GL2)*, for all
k=0,1,---,p and for some inner function G € H*. Further, keer” = GL2(D).
Now Wz* € L2 C E,. Thus ¥2* € L2NE, N (GL2)* = L26 GL2. Let b = {bj}év:l
be the zeros of G (counting multiplicities). From [2, 4], it follows that

87711—1 amN—l
{Kbl’“.7WKbl7”.’KbN"”’WKbN}
form a basis for (GL2(D))*, hence the result follows. O

Notice that ¥ is a polynomial of degree < p if and only if ranka” < p. The
proof of this fact is given in [6]. For the sake of completeness, we are presenting
the proof of [6] here: If ¥ is a polynomial of degree less than or equal to p then
rankﬂgp < p. This is so because if @(z) =ap+aiz+---+ap2F k< p,aj # 0 then
for m > k, Hy?(2™) = Pp(¥2™) = Py((do + @1z + -+ + dxz¥)z™) = 0. If U € L2
then (see [7])), W(z) = S5, ¥(n)z", ¥(n) € C and =, 0L <« oo, Now if Hy?
is of rarik < p and @Eis not a polynomial theri the functions H\fp(l) =V, Hg”(z) =
2(¥ —W(0)), -, Hy"(2P) = 2P(¥ — Zf;%)\ll(n)fn) are linearly independent and
rankap > p+ 1 which is a contradiction. Let v = ?:o A;nJrk’mZk“'jzj. Notice
that vy L v; for k # . Now if for some m > O,pr(zm) = 0 then since H\f”(zm) =
S0 W (m + E)( ?ZOA?+k’m2k+jzj); hence W(m + k) = 0 for all k = 0,1,2,--- .

This implies ¥ is a polynomial of degree < m and in which case H\fp (z") = 0 for

all n > m. Thus rankH\fp < p implies V¥ is a polynomial of degree < p.

Theorem 9. IfV € (E,)*®H> and Hf” is a finite rank operator of rank p—+r then
U = x+0O+¢ where x € (Fp)J—, © is a polynomial of degree < p, and mnkaél <r
for some inner function G1.

Proof. Suppose ¥ € (E,)t®H® and H, 5” is a finite rank operator of rank p+r. Then
¥ =Y+ Q where ¥ € (E,)* and Q € H®. Since Hy = 0 if and only if ¥ € (E,)*,
hence H\f” = ng is a finite rank operator of rank p 4+ r. By Theorem 6 this implies
there exists an inner function (a finite zero divisor) G € H* such that kengp =
GL2(D). Let Z (kerﬂg’” ) =1{¢; é\le repeated according to their multiplicities. From
2, 3, 4], it follows that G(z) = J(0,0)féB(z)J(z,O), where J(z,() is the kernel
function of the Bergman space L2(w(z)dA(z)) with weight w = |B|P, and B is the
finite Blaschke product associated with {¢; };V: 1- Without loss of generality assume

that G has no zeros at the origin. That is, B(z) = Hﬁ[:l E—:‘fﬁ% Let Bi(z) =
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—2 nl €n—2 1
P_ '%'% and Ba(2) = TN, 11 '%'% Then G(2) = J(0,0)"2B(2)J(z,0) =

J(0,0)_%Bl(z)J(z,O)Bg(z) = (1(z)B2(z) where G1(z) is an inner function in the
Bergman space L2(ID) and Bs(z) is a classical inner function , in fact a finite Blaschke
product. Notice that G; has p zeros and By has N — p zeros counting multiplicities.
Now kerHS” = GLZ(D) implies Hy”(GL2) = {0}. Hence, QG € (E,)*. That is,
Q € (GE,)* or Q € (GE,)*. But observe that (GE,)* = (G1E,)* @ [(GE,)* ©
(G1E,)] = (G1Ep)* @ (GE,)* NG1E,]. Thus, Q = © + ¢ where © € (G1E,)* and

¢ € (GE,)* N G1E,. Hence ng = ng + Hf”. We shall now verify that Hg” is a

finite rank operator of rank < p and 1r3L111<:.F](Z];J(’;1 <r.

Since © € (G1E,)*, we have ©G; € (E,)* and hence kerlﬁfg’D O G1L2. Thus
(kelrﬂg”)l = rangeH5"» < (G1L2)* N L2. Since G1L2 C L? and (G1L2)* has
dimension p; the space keng” has finite codimension and dim range ng < p.
Hence © is a polynomial of degree < p. Thus © € H* and therefore ¢ € H*°. Now
¢ € (GE,)* N G1E,. This implies ¢ € G1E, and ¢ L GE,. That is, (¢G1, Bag)
(¢,G1Bag) = (¢,Gg) = 0 for all g € E,. Thus ¢G; € (B2E,)*. That is, ¢G1
(B3E,)*. Hence 1raunl<:Hf(’§1 <r.

O m

Theorem 10. If pr is an intermediate Hankel operator on L2(D), and keerp =
{f € L2(D): f =0 on b} whereb = {bj}521 is an infinite sequence of points in D,
then there exists an inner function G € L2(D) such that keerp = GL2(D)NL3(D).

Proof. The proof follows from the result of Hedenmalm [4] as ker H fp is an invariant
subspace of the operator of multiplication by z. O

It is not known for the Bergman space whether the invariant subspaces determined
by infinite zero sets are generated by the corresponding canonical divisors (see [2, 4]).
Now let b = {b;}32; be an infinite sequence of points in D. Let Z = I(b) = {f €
L2(D) : f =0 on b}. Let G}, be the solution of the extremal problem

sup{Ref™(0): f € L, fllz2 <1}, (3.1)

where n is the number of times zero appears in the sequence b(that is, the functions
in Z have a common zero of order n at the origin). The natural question that arises
at this point is to see if it is possible to construct an intermediate Hankel operator
Hf" whose kernel is G, L2 N L2. In the case that b = {b; }jvzl is a finite set of points

in D, it is possible to construct an intermediate Hankel operator Hf” such that
keerp = GpL2(D), as follows.

Theorem 11. Ifb = {bj}évzl is a finite set of points in D, = I(b) = {f € LZ(D) :
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f =0 on b} and Gy, is the solution of the extremal problem (3.1),

m;—1

N k)ay
:;Z JVabV Ky, (2)

(k)

where c;,
of times b; appears in b, then keer)” = GpL:(D).

are constants, c 75 0 for all j, v,k = 0,1,--- ,p and m; is the number

mll

Proof. {Kp,,- - R e Ky, Ky, - Ky, } forms a basis for (Gy, L2(D))*.
By the Gram—SChmldt orthogonalization process, we can obtain an orthonormal basis
{\Iij}é-zl for (GpL2)*. Since ¢zF € (GpL2)*t, hence (¢p2¥, Gpz"2F) = 0 for all k =
0,1,---,p,n € Z,n > 0. This implies ($, Gp|z|?*2") =0 for all k = 0,1,--- ,p,n €
Z,n > 0. Therefore (|z|?*2",¢Gy) = 0 for all k = 0,1, ,p,n € Z,n > 0. Thus
oGy € E]DL and Gy € keerp . Since keerp is invariant under the operator of
multiplication by z, hence

amN—l
Y armpy—1
N

GpL2 C kerH,”. (3.2)

Suppose [ € kerHE”, then of € E;-. That is, (¢f,|z|**2") = 0 for all n >
0,n€Z,k=0,1,---,p. Hence (|z|**¢f,z") =0 foralln >0,n € Z, k=0,1,---,p
and therefore (|z|?*¢f,g) = 0 for all g € L2 and k = 0,1,---,p. So in particular,
(|21*¢ f, Kp,) = 0 for all j =1,2,--- ,N;k=0,1,---,p. Thus ¢(b;)|b;|** f(b;) = 0
for all j = 1,2,--- ,N;k = 0,1,---,p. In particular, ¢(b;)f(b;) = 0 for all j =
1,2,---,N.

Since Wb]) # 0 for all j = 1,2,--- , N hence we have, Tbj) = 0 for all j =
1,2,-+- ,N. Thus f € Z. Since G}, is the solution of the extremal problem (1),
f € Gp,L2. Hence

kerH}” C GpL2. (3.3)

From (3.2) and (3.3), kequ;Ep = Gp L2 = T as required. O
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