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GLOBAL EXISTENCE OF SOLUTION FOR
REACTION DIFFUSION SYSTEMS WITH A FULL
MATRIX OF DIFFUSION COEFFICIENTS

K. Boukerrioua

Abstract. The goal of this work is to study the global existence in time of solutions for some
coupled systems of reaction diffusion which describe the spread within a population of infectious
disease. We consider a full matrix of diffusion coefficients and we show the global existence of the

solutions.

1 Introduction

We are mainly interested in global existence in time of solutions to reaction-diffusion
system of the form

0
%—aAu—bAU:H—f(u,v)—au in ]0,+o0[ x (1.1)
v .
a—cAu—aAv:f(u,v)—av in ]0,+o0[ x Q2 (1.2)
with the following boundary conditions
?):; = gf’ =0 in ]0,4o0[ x 09 (1.3)
and the initial data
u(0,z) =ug, v(0,2) =v9 in Q. (1.4)

where Q is an open bounded domain in R” with boundary 9Q of class C*, 8%

denotes the outwards normal derivative on 02, A denotes the Laplacian operator
with respect to the = variable, a,b, ¢, are positive constants, ¢ > 0 satisfying the
condition (b + ¢) < 2a which reflects the parabolicity of the system, IT > 0.
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We assume that b < c,and the initial data are assumed to be in the following
region

Y= {(uo,vo) € R? such that v > \/g | ug \}

For more details, one may consult [6].
The function f is nonnegative and continuously differentiable function on
such that

f(_\/zn’n) =0 and f(\/En,n) > %,for all n>0. (1.5)

In addition we suppose that

Em) e =0<f(&n) <e©)1+n)° (1.6)

where > 1 and ¢ is nonnegative function of class C'(R) such that

im £ _ o, (1.7)
E——o0 f
B. Rebai [10] has proved the global existence of solutions for system (1.1)-(1.4), in
the case b = 0, ¢ > 0 (triangular matrix).The present investigation is a continuation
of results obtained in [10].

In this study, we will treat the case of a general full matrix of diffusion coefficients
satisfying a = d . Here, we make use of the Lyapunov function techniques and
present an approach similar to that developed in [8] under the assumptions (1.6)-
(1.7).

The components u(t,x) and v(t,x) represent either chemical concentrations or
biological population densities and system (1.1)-(1.4) is a mathematical model de-
scribing various chemical and biological phenomena (see, e.g. Cussler [3]).

2 Local Existence and Invariant Regions

Throughout the text we shall denote by [|[|, the norm in LP(), ||| the norm in

L>(Q2) or C(9) .

For any initial data in C'(€) or L?(Q), p € |1, +o0[, local existence and uniqueness
of solutions to the initial value problem (1.1)-(1.4) follow from the basic existence
theory for abstract semilinear differential equations (see D. Henry [5] and A. Pazy
[9]). The solutions are classical on |0; 77|, where T denotes the eventual blowing-up
time in L*°(92).

Furthermore, if T* < +o00, then
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Reaction diffusion systems with a full matrix of diffusion coefficients 107

lim (

T u(t)llo + llv(®)llo) = 400

Therefore, if there exists a positive constant C' such that

[l + lv®)lloe < C,¥E €10, T7,

then T = +o00.
Multiplying equation (1.1) through by /¢ and equation (1.2) by v/b, subtracting
the resulting equations one time and adding them an other time we get

%f_(a+\/%)Aw:ﬁn_(\/a_\/B)F(w,z)—aw in 0,7 [ xQ,  (2.1)
%_(a_\/&)m:_ﬁn+(ﬁ+\/5)p(w,z)—azin 0,7 [xQ, (2.2)

with the boundary conditions

ow 0z
—_— — = 1 j—p‘< Q 2.
on ~ on 0 in ]0, 77 x 0, (2.3)
and the initial data
w(0,x) = wo(z), 2(0,z) = 2p(z) in Q, (2.4)

where,

wt,z) = Veult,z) + Viu(t, z), (2.5)
2(t,x) = —veu(t,z) + Vbo(t,z),

for any (¢, ) in]0, T*[ x © and

F(w,z) = f(u,v) for all (u,v) in X. (2.6)

To prove that ¥ is an invariant region for system (1.1)—(1.4) it suffices to prove that
the region

¥ = {(wo,zo) € R? such that wy > 0, 29 > 0} )

is invariant for system (2.1)—(2.4).

Now, to prove that the region ¥ is invariant for system (2.1)—(2.4), it suffices to
show that (v/cIT—(y/c—vD)F (0,2)) > 0 for z > 0 and (—/cIl+(\/c+Vb)F (w,0)) >
0, for w > 0, see [10].

Sk ok sk sk ok ok okook >k ok skok sk ok sk ok ok okook skook skok skok sk ok ok sk sk sk ok skook skok skok sk ok sk ok ok ko skok skok ok skok sk sk sk skok ok skok skok skokok ok skok skokskokskok

Surveys in Mathematics and its Applications 9 (2014), 105 — 115
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v09/v09.html
http://www.utgjiu.ro/math/sma

108 K. Boukerrioua

From (1.5), its clear that the region ¥jis invariant for system (2.1)—(2.4) and
from (2.5) we have

u(t,z) = 2\1/6(10(75, x) — z(t,x)), (2.7)
1
v(t,z) = m(w(t,x) + z(t, x)).

3 Existence of global solutions

By a simple application of comparison theorem [[10], Theorem 10.1] to system (2.1)-
(2.4) implies that for any initial conditions wy > 0 and zy > 0, we have

i
0 < w(t,z) < max(||wol . \f) = K,

To prove the global existence of the solutions of problem (1.1)-(1.4),one needs to
prove it for problem (2.1)-(2.4).To this subject, it is well known that,it suffices to

derive a uniform estimate of the quantity H—ﬁl‘[ + (Ve +Vb)F (w, z) — O'ZH for
p

some p > 3, i.e.

H—ﬁl’[ + (Ve+ V) F (w, z) — azH <O,
p
where C' is a nonnegative constant independent of ¢.
From the assumptions (1.6) and (1.7), we are led to establish the uniform bound-
edness of the ||z, on ]0,T*[ in order to get that of [|z[|, on ]0,T™[.
For p > 2, we put

be _pa+1 VeIl

mva(p)— p—1 7Mp:K+0a(p)

We firstly introduce the following lemmas, which are useful in our main results.

a= . (3.1)

Lemma 1. Let (w, z) be a solution of (2.1)-(2.4). Then
d
pm wdm—i—(\/E—\/I;)/F(w,z)daﬂ—a/wd:v:ﬁH\Q]. (3.2)
Q Q Q

Proof. We integrate both sides of (2.1) satisfied by w, which is positive and then we
obtain

4 wdr = /cIl|Q] — (\/E—\/E)/S]F(w,z)da:—a/ﬂwdx.

dt o
O
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Lemma 2. Assume that p > 2 and let

Gy = | [qw+exp<— =Ly a(p)(My — w))2? | di,

pa+ 1

where (w, z) is the solution of (2.1)-(2.4) on |0, T*[. Then under the assumptions
(1.6) -(1.7) there exist two positive constants ¢ > 0 and s > 0 such that

d
@Gq(t) < —(p—1)oGy+s.
Proof. The proof is similar to that in Melkemi et al [8].
Let 1
I —
hw) = = 7 e @) (M — w)). (3.3)
Then
Gu(t) = q [ wis -+ N () (3.4
where
N(t) = / W) 2Py, (3.5)
Q
Differentiating N (¢) with respect to ¢ and using the Green formula one obtains
In_mis (3.6)
- ’ '
where
0 = —(a+ Vi) / (' ()2 + B (w))eh® 2 (V) 2da
Q
—2pa/ W (w)e" ™) 2P~ IV wV zda
Q
- (a - \/%) / p(p — 1)eM®) 2P=2(v2)%du,
Q
and

S = ﬁﬂ/ h’(w)eh(w)zpdx +
Q
/Q [pzp_l(\ﬁ-i- VO)F (w,z) — (ve — V)R (w) 2P F (w, z)} @) g

_O'/ h,(w)weh(w)zpd$——pa/ eh(w)zpdm—pﬁﬂ/ eh(w)zp—ldl“
Q Q 0

We observe that H is given by
H= —/ Qe dz,
Q
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where
Q= (a + \/%) (W (w))? 4+ 1" (w))2P(Vw)? + 2pah/ (w) 2P~ VwV 2
+ (a — \/%) p(p —1)2P2(V2)?
is a quadratic form with respect to Vw and Vz, which is nonnegative if
(2pah/ (w) 2P~ 12 — 4(a® — be)p(p — 1) (B (w))? + " (w))z*P~2 < 0. (3.7)
We have chosen h(w) such that

1 "w) = a(p)
), —w) ") = ), —w)?

It is easy to see that the left hand side of (3.7) can be written as

o [ ] 1 - a(p) 1+ a(p) _
@b o | oo~ oI e ) =

hi(w) =

Since
pa —pa(p) + 1+ ap) =0,

the inequality (3.7) holds, @ > 0 and we have

H = —/ QM) dx <0,
Q

the second term S can be estimate as

S < /(\/EHh'(w) — op)e W) Pdx + (3.8)
Q
/Q [pzpfl(\ﬁ—i- Vb)F (w, z) — I (w)2P(v/e — Vb)) F (w, z)} "W dy
< —(p- 1)0/ W) Py +
Q
/Q {(\@%- Vo)pzP~LF (w, 2) — (Ve — VD)W (w) 2P F (w, z)] "Wy,
We have
h’(w) _ 1 < 1 0
a(p)(My —w) ~ a(p)(M, — K) /el
and
P ~1 -1
T S, e s, .
1 el
h(w) < o) In pa
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Taking into account the fact that z > 0, and from (3.9), we observe that
P (Ve + VO)F (w, 2) — H(w)2 (Ve — VB)F (w, 2)

pP— 1 p
< (p(Ve+ Vbt - a(T)Mp(ﬁ_ Vb)) F (w, 2).

Then for ny = %(a(}?)Mp +1) >0, and for 0 < ¢ < K,n > 1y, we have

p— 1 P
("~ (Ve + ﬁ)—m(ﬁ—\ﬁ’)n )E(&,m)
_ |pVet V) (Ve-Vh)| o,
= [ p oL, | F(&n) <0,
on the other hand, we deduce that the function (&,7) — p(y/c+vVb)nP~ - W (v/e—

\/l;)np is bounded on the compact interval [0, 7], then there exists ¢; > 0 such that
pP e+ VO F (w,2) — (Ve — VD) (0)2PF (w, 2) < e1F (w, 2) . (3.10)

From (3.5), (3.8) and (3.10), we deduce immediately the following inequality

=1y, Vel
S < —(p—l)aN—l—cl/ F(w,z) MW gy < —(p—1)oN +cre=® In 5 / F(w, z)dz,
Q Q
we put
Cleﬁ;)ln \/§H
9= —F—F—F
(Ve —Vb)

by (3.2), we have
d
S < ~(p - VoN +avell|) - g5 [ it o
Q
and from (3.4), it follows that

5 <~ VoG, +allp— VoK + A (0]~ 0%y [ it ),

and from (3.4) and (3.6), we conclude that
d
2y < —(p = DoGy+s, (3.11)

where
s=q((p—1)oK + /) |Q].
]
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Now we can establish the global existence and uniform boundedness of the solu-
tions of (2.1)-(2.4).

Theorem 3. Under the assumptions (1.6 ) and (1.7), the solutions of (2.1)-(2.4)
are global and uniformly bounded on [0, +oo[ x Q.

Proof. Multiplying the inequality (3.11) by e(P=1ot and then integrating ,we deduce
that there exists a positive constants C' > 0 independent of ¢ such that:

G,(t) < C.

From (3.3), we observe that

eh(w) > eﬁ;) In(ev(p) Mp)

Y

it follows from (3.1) that for all p > 2,

/szdx < eatp EP)+3 )Gq(t) < Ci(p),

where

C1(p) = Ceatn ME@+4D)

i

select p > % and proceed to bounds H—ﬁﬂ +(Ve+ VbB)F (w,z) — oz
Let

p

A= max ,
Eo<E<Ky 4,0(5)
where 1
K= —+K
1 QVQE )

and & is such that
§§€0:>90(§)"< |§”

since limg_,_ % = (0 < Ve > 0, there exists & such that for £ < £y,we have
‘@‘ < g, using (1.6) and (2.6), we deduce that

—

F (wvz) = f(uvv) < gp(u)(l + U)ﬁ7

which implies,
[ FPwads < [ ey o=
Q Q
[ wrasoPiss [ o)y +oPi
u<&p

&o<u

< / (P (1 + v)Pda +Ap/ (14 v)da
u<&o

&o<u

Sk ok ok sk ok ok okook ok ok okok ok ok ok ok ok okook okook skok skok skok sk sk sk sk ok skok skok skok sk ok sk kook ko skok skok skok skok sk sk sk skok ok skok skok skokok ok skok skokskokskok

Surveys in Mathematics and its Applications 9 (2014), 105 — 115
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v09/v09.html
http://www.utgjiu.ro/math/sma

Reaction diffusion systems with a full matrix of diffusion coefficients 113

using (2.7), we have
P = | a0 = stt.0)| < (2wt + 5(0, )

then

IN

1pw 2)P szﬁpw
| Gl s s )

1
—i—Ap/ 14+ ——(w + 2))°Pdz
[ e+

< max(4?, ()10)(/<£ (w + 2)P(1 + 2\1/5(10 +2))Pda

4};* w z p X
w gt

IN

max(A?, <2\15>p>< /Q (w+ 2)P(1+ 21ﬁ<w + 2))PPda
1 B
+’/£(1‘+’2\/b(U)+‘Z)) pdx).
We also have
p —1 w4+ 2))PPdx
/Q(w—i-z) (14 5w+ )

Bp—1 1
< 9 Pq Bp/ (B+p g
< (/Q(w—l—z) m+(2\/5) Q(w—l—z) x)
< 2P =2(KP Q| + Ci(p))

(25+1)p—2(i)ﬁp(K(5+1)7’ 1 + C1((B+1)p))

+2
2v/b

= Cb(ﬁ,p,](,(”,

and

Lw zﬁpm
/Q(“m( 4 2))PPde <

2" (19 + <21¢5>6p % 291 (KP | + Cy(Bp))) = C3(B. p, K. )

Consequently,
/ FP(w,z)dz < Cy(A, B,p, K,Q).
Q
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Finally

H—ﬁﬂ + (Ve + V) F (w, 2) — az‘

‘ p

< (et V) |F (w,2)], + o ||z]l, + v/ |Q]
< (Ve+ V) {/Cu(A, B,p, K) + o {/Ci(p) + VIl |9

- C%</4767p7}(7gh(7)

Using the regularity results for solutions of parabolic equations in [5], we conclude
that the solutions of the problem (2.1)-(2.4) are uniformly bounded on [0, +o0[ x €.

By (2.7), its easy to see that the solutions of the problem (1.1)-(1.4) are also
uniformly bounded on [0, +o00[ x €. O

Remark 4. The condition of parabolicity implies that det (A) = a® — bc > 0,where
A is the matriz of diffusion.

Remark 5. Noting that if (£,n) € X, then £ € R andn > 0.

Remark 6. Because 0 < w(t,z) < K and z(t,z) > 0, we deduce that

—oc0 <u(t,z) = L(w(t,:zc) —z(t,x)) < LK =K.

NG =9
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